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PREFACE 


The purpose of this book is to give the theory of Mathieu functions 
and to demonstrate its application to representative problems in 
physics and engineering science. It has been written for the techno- 
logist, and is not addressed in any sense to the pure mathematician, for 
whom I am not qualified to write. Between the outlook of the two 
parties lies a gulf as wide as that between sinner and saint or vice 
versa! Although, by virtue of necessity, the technologist may occa- 
sionally deviate from the narrow path followed rigorously by the 
pure mathematician, it must not be forgotten that the consequences 
of such deviation may be practical results of considerable benefit to 
the community at large. Since the pure mathematician profits by 
these technological advances, any criticisms of methods used by the 
technologist should be entirely of a ccmstructive and helpful nature. 

The text is in two parts, (1) Theory, (2) Applications; but there is 
no need to peruse the whole of (1) before reading (2). For instance 
a study of the second half of Chapter IV will enable the reader to 
cope with most of the ai)plications in Chapter XV. Some theory is 
associated with computation of parameters, and of coefficients in 
series. Other parts of it, not applied directly, are included in the 
hope that future needs will be met. The reader is expected to have 
an elementary knowledge of (a) Bessel functions, because they play 
an important role in Chapters VIII, X, XI, XIII, XVII-XVIII; 
(6) convergence of infinite series and integrals, and the consequences 
of uniform convergence, e.g. continuity of a function, term-by-term 
differentiation and integration of series. If these subjects are un- 
known, the requisite knowledge should be acquired [202, 2J4, 215, 
218]. 

The chapter sequence is such as to reduce forward references to 
a minimum; unfortunately they are unavoidable. The original 
memoirs from which information was taken are indicated in [ ], 

which denotes the number in the reference list on pp. 373-81. The 
analysis herein is seldom the same as that in the original memoir. 
In writing the manuscript I realized that there were wide gaps which, 
if left unfilled, would have rendered the text discontinuous. The 
filling of these gaps has eptailed considerable labour; in fact more 
than one-third of the text is new. The main part of it is in Additional 
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Results^ and in Chapters IV, V, VII-XI, XIII, XIV, XVII, Appen- 
dixes I, III. The new method of computing the coefficients in the 
periodic part of the series representation of fe,„, ge,„, Fe,„, Ge,,^ in 
Chapter VII is a joint contribution with W. G. Bickley. 

Symbolism. The variety of notations encountered in the literature 
on the subject, the introduction of new forms of solution, new 
multipliers, etc., necessitated a careful survey of and a decision on 
notation. The first item for consideration was the form to be taken 
by Mathieu’s equation. The canonical form chosen is 

0-f.(a— 2 ?co8 2z)j/ = 0, (1) 

More than two years after this decision had been made, H. Jeffreys 
pointed out that the form used by Mathieu in his original memoir 
[130] was 

^ + (i?-2A2cos 2ol)P = 0. (2) 

dor 

Thus after encircling the point at issue for about three-quarters of 
a century and encountering many branches, we have at last returned 
(quite unwittingly) to the initial or starting value ! The coincidence 
seems significant. If we take k == -f the arguments in the Bessel 
series solutions of (1), and its three other forms, have no fractional 
factors. Symbols used for various classes of solution have been 
selected to avoid confusion with other mathematical functions. The 
basis of the notation is ‘e’ for elliptic cylinder function, introduced by 
E. T. Whittaker some thirty-five years ago. He used ce, se, to signify 
‘cosine-elliptic’, ‘sine-elliptic’, and associated Mathieu ’s name with 
these periodic functions. Herein the generic designation ‘Mathieu 
function’ applies to all solutions of (1) in its four forms, which have 
the appropriate multipliers and/or normalization. The functions are 
classified, for q real, in Appendix III. For second (non-periodic) 
solutions of (1) which correspond to se^(2,9), the letters f, g 

are used. Thus the respective second solutions are written ie^{Zy q), 
ge„j( 2 ,g). When iz is substituted for z in ce^(z,q), etc., we follow 
H. Jeffreys [104] and use capital letters. Accordingly we have 
q)y Se,„( 2 ;, g), Fe^( 2 , q), Gejiz, q). There are also second solutions 
involving the F- and A'-Bessel functions, which take precedence over 
the two latter. They are designated Fey^iz, q), Gey„,( 2 ;, q)y Fek„y{Zy g), 
Gek„,(z, q). Fey„,( 2 , q) is a particuUir linear combination of the even 
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first solution oe^{z,q), and the corresponding odd solution fej^z^q) 
of (1), in which z is replaced by iz. For wave propagation problems, 
combination solutions akin to the Hankel functions have been intro- 
duced. They have been allocated the symbols Me, Ne, M being for 
Mathieu and N the next letter of the alphabet. Owing to the war, it 
was not till the summer of 1946 that, as a result of correspondence 
with G. Blanch, I became aware that in references [23, 211] Stratton, 
Morse, Chu, and Hutner had defined functions represented by series 
of F-Bessel functions (similar to some in Chapter VIII), and also 
combination functions akin to Me, Ne. 

The Mathieu functions of positive integral order are solutions of 
(1) in its four forms when the parametric point (a,q) lies upon one 
of the characteristic curves a^, of Figs. 8 and 11. The functions 
of fractional order, namely, ce^+p{Zyq)y se,„_^^( 2 ;,g), 0 < < 1, have 

been introduced to provide standard solutions when (a, q) lies within 
a stable region of Figs. 8, 11. If jS = pja, a rational fraction, alunys 
presumed to be in its lowest terms, the functions are periodic in z real, 
with period 2^77, « > 2. The functions ceu^ 4 .^(±z,g) have been intro- 
duced to provide standard solutions when (a,g) lies in an unstable 
region of Figs. 8, 11. ^ is real and positive, and ‘u’ signifies that the 
solution pertains to an unstable region. If q is negative imaginary, 
ce^(z, q) is a complex function of z, so in Chapter III, cer,,^ z and cei^ 2 , 
have been used to denote its real and imaginary parts, respectively. 
Symbols in heavy type signify ‘per unit area', or ‘per unit length'; 
m, n, p, 8 usually represent positive integers including zero, except 
in §§ 3.40-3.51 where 8 is real and positive; r represents any integer; 

means ‘approximately equal to’; ~ signifies ‘asymptotically equal 
to’, ‘approaches asymptotically to’, or ‘asymptotic form’; R( 2 ;), 
Im(z) or Imag( 2 ;), indicate the real and imaginary parts of z, respec- 
tively; superscripts signify the order of the function, 

while the subscripts denote that of the coefficient itself; the sub- 
scripts in 6^, indicate the order of the function of which 
etc., is the characteristic number. Wherever possible a standard 
summation from 0 to -f-oo is used. Other symbols employed are 
those generally found in advanced mathematical texts in English. 
References to Fig. 8 are to either 8 a or 8 b, whichever is the more 
convenient. 

Tables. The values of the characteristic numbers a^; fej,..., 
computed by Ince, and abbreviated by him to 7 decimal places [95], 
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are given in Appendix II for the range g = 0 to 40. For q imaginary, 
some computed by Goldstein and MulhoUand are given in Table 4, 
p. 51 [57]. No other tabular values are reproduced, since they are much 
too extensive for inclusion here. An interpolable table of a^,..., 

for the range q = 0-25, compiled by the National Bureau 
of Standards Mathematical Tables Project, became available after 
completion of the manuscript. By its aid, the stability chart of 
Fig. 8 a may be extended considerably for a positive. To obtain a 
more uniform vertical spacing (a-axis), a* should be plotted instead 
of a. There are no tabular values of Ce^, Se^, Fey^, Gey^, Fek^, 
Gek^, and this restricts the use of Mathieu functions in applications. 
Functions of integral order suitable for tabulation are listed in 
reference 8. To the list may be added an interpolable table of a, a*, 
g, j8, /Lt. This would enable a large chart akin to Fig. 11 (but 

much extended) to be plotted using different coloured inks, thereby 
rendering visual interpolation possible. If, as mentioned above, 
is plotted instead of a, the interpolation is approximately linear when 
|g| is not too large. A chart of this type would be of inestimable 
value for solving Mathieu equations. 

Acknowledgements, Prof. W. G. Bickley and Mr. T. Lewis under- 
took the arduous task of reading much of the manuscript. To them 
I express my sincere thanks for help and advice which has been in- 
valuable. I am indebted to Prof. Bickley for additional terms in 
(2), (4), (6) § 2.151. My thanks are also due to Prof. T. A. A. Broad- 
bent and Dr. J. C. P. Miller for criticizing certain sections of the 
manuscript. I take this opportunity of thanking Dr. Gertrude Blanch 
for pointing out the relations in § 4 of the additional results. She 
obtained (l)-(6) § 3, and (1), (2) § 8 independently. The whole of the 
proofs have been read and the analysis checked by Messrs. T. V. 
Davies and A. L. Meyers. To them I tender my best thanks for the 
meticulous care which they have exercised, and for their valuable 
suggestions. I am much indebted to Dr. L. J. Comrie for the loan 
of books and reprints of papers; also to him and Miss Dorothy 
Reynolds for checking some of the calculations in Chapter VI, and 
for computing the numerical data, using analysis in Chapter V, from 
which the important iso-jS/i chart of Figure 11 was plotted. Sir 
Edmund T. Whittaker kindly loaned me a large number of reprints 
of papers by various authors, while Mrs. P. Ince kindly gave me copies 
of the late Prof. E. L. Ince’s published works. Prof. A. L. Dixon, 
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HISTORICAL INTRODUCTION 


The majority of functions used in technical and applied mathematics 
have originated as the result of investigating practical problems. 
Mathieu functions were introduced by their originator in 1868 [130], 
when he determined the vibrational modes of a stretched membrane 
having an elliptical boundary. The two-dimensional wave equation 


^-i.^+PF-0 


( 1 ) 


was transformed to elliptical (confocal) coordinates, and tlion split 
up into two ordinary differential equations, if - \lc^h, h being 
the semi-interfocal distance, and a an arbitrary separation constant, 
the equations take the form 


dH 


-f (a— 25 cos 22 ;)e ^ 0, 


(‘-i) 


~ — {a— 2q cosh 2z) v 


0 , 


(3)t 


i.e. -j^^ + {a-2qcos2zi)v -- 0. (4) 

In Mathieu's problem the parameters a, q were real. 

It is evident that (3), the second of the two equations into which 
(1), exj^ressed in elliptical coordinates, was resolved, may be derived 
from (2) by writing for z, and vice versa. This reciprocal relation 
is sometimes considered to be a fluke! Equations (2), (3) will bo 
regarded herein as the Mathieu and modilied Mathieu equations 
respectively, for q > 0. Eor the elliptical membrane problem, the 
appropriate solutions of c(|uation (2) are called (ordinary) Mathieu 
functions, being periodic in z with period tt or 2tt, As a consequence 
of this periodicity, a has special values called characteristic numbers. 
The corresponding solutions of (3), for the same a as in (2), are known 
as ynodijied Mathieu functions,]: being derived from the ordinary type 

t In roferenco this is termed the ‘modified Mathieu e(cmtion\ 

J Some writers refer to thorn as ‘associated’ functions, and others as ‘hyperbolic^’ 
Mathieu functions. Tlioy could bo designated Mathieu functions of imaginary argu- 
ment. In view of the analogy with the derivation of the modified Bessel functions 
/, K, Iho term ‘modinod’ seems to 1)0 proforablo. Also Ineo in [85] uses the word 
‘associated’ to dofino an entirely different set of functions. 

4Util « 
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by making the argument imaginary. The second independent sets 
of solutions for the same a are not needed in the membrane problem. 
They are non-periodic, and those for (2) tend to infinity with z real. 
Sometimes the solutions of (2), (3) are designated elliptic and hyper- 
bolic cylinder functions, respectively, just as the J-, F-Bessel func- 
tions are termed (circular) cylinder functions. 

Following the appearance of Mathieu’s work, some ten years 
elapsed before anything further was published on the subject. In 
Kugelfunkiionen [196] Heine (1878) defined the first solutions of 
integral order of (2) by cosine and sine series, but the coefficients 
were not calculated. These series fulfil the conditions for Fourier 
series, but the coefficients are not obtained by integration in the 
usual way. They have been called Fourier series by many authors. 
Heine also gave a transcendental equation for the characteristic 
numbers, pertaining to the first solutions, in the guise of an infinite 
continued fraction. This form was used to great advantage about 
half a century later by Goldstein [52], and by Ince [88, 92, 93], for 
computing the characteristic numbers and the coefficients in the 
series. Heine also demonstrated that one set of periodic functions 
of integral order could be expanded in a series of Bessel functions. 

G. W. Hill, in a celebrated memoir, investigated the ^Mean motion 
of the Lunar Perigee’ [70] by means of an extended or generalized 
form of Mathieu equation, namely, 

-^-\-\a~2q^{2z)\y — 0, (5) 

where in Hill’s case -~~2qifj{‘lz) — 2[02cos22;-f cos 42:4- ..], d — 
the d being known parameters. The work, done in 1877, was pub- 
lished in 1886. The subject of infinite determinants was introduced 
into analysis for the first time, and Hill’s name is now associated 
with an equation of form (5). 

In 1883 G. Floquet published a general treatment of linear dif- 
ferential equations with periodic coefficients, of which Mathieu’s and 
Hill’s equations are cases in point [49]. Lord Rayleigh studied the 
classical Meldef experiment by aid of Hill’s analysis in 1887 [155, 
207] . He also dealt with the problem of wave propagation in 
stratified media, and the oscillations of strings having a periodic 
distribution of mass [155]. In Melde’s experiment one end of a hori- 

t Pogg, Ann, 109, 193, 1860. 
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zontal thread is fixed, the other being attached to the prong of a 
massive low-frequency tuning-fork mounted vertically. When the 
fork moves along the thread, and the tension is suitably adjusted, 
the thread vibrates at right angles to its length, i.e. transversely, at 
a frequency one-half that of the fork. As we shall see in due course, 
this svh-harmonic of half-frequency is consistent with the periodic 
solutions of equation (2), of odd integral order, whose period is 27 r. 

In 1894 Tisserand [213] showed how the solution of (5) could be 
obtained in the form of a Maclauriu expansion. He also described 
Lindstedt’s method of solving (2) by aid of continued fractions, the 
convergence of which was investigated by H. Bruns [17]. The theory 
of Mathieu functions was extended by E. Sarchinger in that year [158]. 

The first appearance of an asymptotic formula for the modified 
functions in 1898 was due to R. C. Maclaurin [122]. Some years later 
W. Marshall published a different but more detailed analysis [128]. 
Neither of these authors obtained the constant multipliers, which 
are indispensable in numerical work. In 1922, however, Marshall 
produced the multiplier for his series [129]. D. Hilbert discussed 
characteristic values and obtained an integral equation, with a dis- 
continuous nucleus, for the periodic solutions of (2) in 1904 [09 j. 
The theory of the functions was treated in certain respects by 
S. Dannacher in 1906 [20], while W. H. Butts extended the treatment 
and computed some tabular values in 1908 [19]. In that year 
B. Sieger published an im])ortant paper on the diffraction of electro- 
magnetic waves by an elliptical cylinder. Amongst other topics 
he dealt with orthogonality, and developed integral equations by 
means of which he reproduced Heine’s solutions in Bessel function 
series. Using an integral equation with a different nucleus, he derived 
a solution of equation (3) as a series of Bessel function products, 
and discussed its convergence [102]. This paper does not seem to 
have been known to British authors, whose contributions after 1908 
sometimes cover similar ground. 

It appears that, apart from Sieger’s paper, the subject attracted 
but scant attention in the period 1887-1912, owing possibly to a 
dearth of physical applications, and to analytical difficulties; for the 
Mathieu functions camiot be treated in a straightforward w^ay like 
Bessel or Legendre functions. In 1912, however, E. T. Whittaker 
started the first systematic study of the subject by a paper read 
before the International Congress of Mathematicians [184]. Therein 
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he gave an integral equation for one set of the periodic functions of 
integral order. A similar equation for the modified functions was 
published in 1908 by Sieger {supra), and Whittaker was obviously 
unaware of this. Next year ^1913) Whittaker published a new 
method of obtaining the general solution of (2) when a is not a 
characteristic number for a function of integral order [186]. Using 
this method as a basis, A. W. Young, one of Whittaker’s pupils, 
gave a treatment of general solutions and discussed the question of 
their stability, i.e. whether the solution tends to zero or to infinity 
as 2 -^ -foo [191]. Recurrence formulae for the Mathieu functions 
cannot be deduced by the direct procedure used for functions of 
hypergeometric type, e.g. Bessel and Legendre functions. Whittaker, 
however, evolved a new method, and in 1928 applied it to obtain 
recurrence relations for the modified Mathieu functions [187]. 

From 1915 till his early decease in 1941, the chief contributor to 
the subject was E. L. Ince, a pupil of Whittaker. During this period 
he published eighteen papers on Mathieu functions and cognate 
matters. In his first paper (1915) he obtained the second non-periodic 
solution of equation (2) when a is a characteristic number for a func- 
tion of period tt, 27t, this being the first solution [80]. Following this 
he treated Hill’s equation on the lines of [186], and obtained formulae 
different in character from those given by Hill [81-3]. Many aspects 
of the subject, including characteristic numbers, periodicity, zeros, 
were covered [87-97]. He introduced the stability chart (Fig. 8 a) 
for functions of integral order in 1925 [88]. The culminating point 
was perhaps his almost single-handed feat in calculating the charac- 
teristic numbers, coefficients in the cosine and sine series for the first 
solutions of integral order, zeros of these functions, turning-points 
and values of the functions. The tables occupy some sixty pages of 
print and appeared in 1932 [95, 96]. 

A general study of Mathieu ’s equation was made by J. Dougall 
in three papers published between 1916 and 1926 [36-8]. As well 
as a genqjal solution, he obtained asymptotic expansions for the 
modified functions with large z, and a contour integral which, under 
certain conditions, degenerates to one for the J-Bessel function. 
Unaware of Sieger’s work in 1908, Dougall derived a solution in 
terms of Bessel function products. The method of derivation was 
different from that of Sieger. 

Until 1921 the only known periodic solutions of Mathieu ’s equa- 
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tion (2) had period it or 277. In that year E. G. C. Poole generalized 
the position and showed that with appropriate values of a for an 
assigned g, (2) would admit solutions having period 2^77, s being an 
integer ^ 2 [150]. These solutions coexist and their sum, with the 
usual arbitrary constant multipliers, constitutes a fundamental 
system. About the same time Ince proved that two solutions of 
period tt or 277 could not coexist (for the same a, q), i.e. if the first 
solution had period 77 or 277 , the second would be non-periodic [84]. 
A different proof of this was given a few years later by Z. Markovic 
[ 1 26]. He introduced some new integral equations of Volterra type in 
1925 [127J. 

The second solution of (2), a being a characteristic number for 
a periodic function (first solution) of integral order, was studied by 
S. Dhar in 1921 using a method different from that of Ince [30]. 
Dhar’s publications from 1921 to 1928 cover various aspects of con- 
vergence, and integral equations for the second solution [29-35], 
Using expansions in Mathieu functions (ordinary and modified), he 
reproduced Rayleigh’s formulaf for the diffraction of electromagnetic 
waves due to a long metal cylinder of elliptical cross-section [193]. 
In 1922 P. Humbert discussed a modified form of Mathieu equa- 
tion,]; whose solutions he called ‘Mathieu functions of higher order’. 
He showed the relation between tliese and the Gegenbauer poly- 
nomials [79]. 

It often happens that the zeros of functions which occur in practical 
applications are essential in connexion with boundary conditions. 
The solution for a vibrating circular membrane is expressed in terms 
of J-Bessel and circular function products. The zeros of the Bessel 
functions determine the vibrational pulsatances and location of the 
nodal circles, while those of the circular functions define the positions 
of the nodal radii. In the case of an elliptical membrane, the solution 
is expressed in terms of modified and ordinary Mathieu function 
products. The zeros of the modified functions determine the vibra- 
tional pulsatances and confocal nodal ellipses, while those of the 
ordinary functions define a system of confocal nodal hyperbolae. 
When the eccentricity of the bounding ellipse tends to zero, the nodal 
ellipses tend to become nodal circles, and the nodal hyperbolae tend 
to nodal radii. Analytically, apart from constant multipliers, the 

; Phil, Mag. 44, 28, 1896. The analysis in Rayleigh’s paper is devoid of Mathieu 
functions. % Not equation (3). 
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modified Mathieu functions tend to J-Bessel functions of the same 
order, and the ordinary functions tend to circular functions. 

In 1923 E. Hille published a lengthy discourse on zeros and cognate 
matters. He also gave anothei;, proof of the non-periodic nature of 
the second solution of (2), when a is a characteristic number for the 
first solution of period tt or 27r [71]. A table of zeros of eight of these 
latter functions was published by Ince in 1932 [96]. At the time of 
writing, there is no table of zeros of the modified functions, but for- 
mulae are given herein from which the larger zeros may be computed. 

During recent years the problem of frequency modulation in radio 
transmission has assumed importance, in particular since the fre- 
quency was raised to 45 megacycles per second or more. The subject 
was studied analytically by J. R. Carson in 1922, who dealt with 
the simple case of a resistanceless oscillatory electrical circuit having 
a periodically varying capacitance. An approximate differential 
equation for a circuit with capacitance C{t) = (7o+Ci cos 2coC where 
Cj Co,.is a Mathieu type. Values of the circuital parameters were 
such that the solution could, with adequate approximation, be 
expressed as a series of circular functions whose coefficients were 
t/-Bessel functions. These coefficients give the relative amplitudes 
of the ‘side-band frequencies’ on each side of the central or ‘carrier 
frequency’. The latter is said to be ‘frequency -modulated’ [21]. 

In 1934 A. Erdelyi studied the problem above, when the circuit 
contained resistance. Solutions were obtained for stable and unstable 
cases, by aid of integral equations. Both solutions were better 
approximations than that of Carson, and revealed the fact that 
‘amplitude modulation’ of the ‘carrier’ occurs as well as ‘frequency 
modulation’ [44]. 

In 1936 Erdelyi obtained a solution of equation (3) by aid of the 
Laplace integral. He derived another form of asymptotic expansion 
and gave relationships of the type yi{ze^^^) == [jl = ni, n an 

integer [47]. 

In the period 1932-6 W. L. Barrow treated problems on electrical 
circuits with periodically varying parameters, both analytically and 
experimentally [2, 3, 4]. 

Sometimes in applications the parameters of a differential equation 
are such that it lends itself to approximate methods of solution. In 
1923 H. Jeffreys gave an analysis pertaining to approximate solu- 
tions of (3). He also obtained asymptotic formulae. The results were 
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applied in an investigation of the vibrational modes of water in a 
lake whose plan view is elliptical, this problem being of special 
interest in hydrodynamics. Numerical data were obtained for a 
number of the lower modes, their periods and the tide heights being 
computed [101-4]. 

The making of numerical tables usually receives little encourage- 
ment, while the thanks offered by the user are parsimonious rather 
than plentiful. We have already referred to Ince’s philanthropic 
gesture in computing tabular values. In 1927 S. Goldstein published 
the results of extensive work on Mathieu functions, and included 
a set of tables for five of the periodic functions of integral order [52]. 
Following Heine and Sieger the tabulated functions are defined as 
sine and cosine series, the coefficients and the characteristic numbers 
being given for a wide range of q. A new and acceptable normaliza- 
tion of the functions was adopted, this being based upon their ortho- 
gohal properties. The same publication contained additional integral 
equations (akin to those of Sieger and Whittaker), some asymptotic 
expansions for z large and q large (complete with multipliers), an 
asymptotic formula for the characteristic numbers,! and formulae 
for the larger zeros in q of the modified functions. There is also 
a general discussion relating to the second solution and an extension 
of Heine’s expansions in Bessel function series, the /-type being 
introduced. In additional papers Goldstein extended Jeffreys ’s 
investigation on elliptical lakes, and his own researches on charac- 
teristic numbers [53-7]. 

The problem of eddy currents in a straight conductor of elliptical 
cross-section was investigated by M. J. 0. Strutt in 1927 [167]. He 
assumed constant current density at the surface. As this is untrue 
in practice, his analysis is mainly of academic interest. In common 
with other boundary-condition problems, the wave equation ex- 
pressed in elliptical coordinates is separable into two Mathieu equa- 
tions like (2), (3), but in the above problem q is negative imaginary. 
Strutt has solved a variety of technical problems involving Mathieu 
functions, e.g. diffraction of plane waves at a slit [173]. In 1929 he 
published a detailed study of the characteristic exponent /a in Hill’s 
equation (5) [171]. A list of his other works will be found in the 
references at the end of the book. 

t Identical with that found independently by Ince using a different procedure 
[ 92 , 93 ]. 
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When experimenting with a moving-coil loud-speaker in 1925, the 
author found that under certain conditions the coil, although 
actuated by a sinusoidal current, moved out of the magnetic field of 
the magnet. The analysis, published in 1933, involved a Mathieu 
equation. Its solution for the a'^ial (lis[)laeenieiit of the coil was 
characterized by a dominant term having a period much greater 
than that of the driving current. Reduction in amplitude of the 
latter resulted in an increase in the period of the dominant term, 
and vice versa [201]. 

Oseen’s approximate differential equation is familiar in hydro- 
dynamics. As might be anticipated from this equation, calculation 
of the vorticity in a viscous fluid flowing past a very long elliptical 
cylinder in its path necessitates the use of Mathieu functions. This 
subject was studied by M. Ray in 1936 [154], and by D. Meksyn in 
1937 [137]. In 1938 T. Lewis published a general treatment of the 
problem of circular and elliptical cylinders, and a flat ])late in a 
viscous fluid [116]. He showed that the solution given by Meksyn 
required modification to avoid infinite circulation of fl\iid. In 1941 
T. V. Davies made a detailed study of the flat plate using modified 
Mathieu functions, whose behaviour he investigated in the neigh- 
bourhood of the origin [28]. 

About fifty years ago, the transmission of electromagnetic waves 
within hollow metal cylinders was contemplated by J. J. Thomson. f 
O. J. LodgeJ verified the theory qualitatively using a hollow metal 
cylinder having a spark ga]) and traiismitter at one end, the other 
being open. Three years later Lord Rayleigh§ showed that there 
was a plurality of modes in which electromagnetic waves could be 
transmitted within a perfc^ctly conducting uniform circular tube of 
unlimited length. Using modern electronic devices, it is compara- 
tively easy to incite the transmission modes of lower order within 
a hollow metal cylinder, now called a ‘wave guide’. No cylinder is 
perfectly circular, so to ascertain the influence of deviation from 
circularity, L. J. Chu in 1938 investigated the propagation of electro- 
magnetic waves within a hollow cylinder of elliptical cross-section. 
As might be expected, the final result entailed products of ordinary 
and modified Mathieu functions of integral order, the former having 
period tt, 27t [22]. 

t Kecent Rfsearckfn (1893). J Rroc. Boy. Instilulion, 14, 321, 1894. 

§ Bhil. May. 43, 125, 1897. 
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In 1940 W. G. Bickley published new solutions of (3) with ? < 0, 
these being expressed as expansions in /- and A"-Bessel functions [6]. 
He also gave integral and asymptotic formulae for these solutions. 
During the same year J. G. Brainerd and C. N. Weygandt published 
data rega<rding general solutions of equation (2), when a is not a 
characteristic number for functions of integral order. The data were 
given up to 2 = 0*37r, using the Maclaurin method of solution (see 
§4.40), with terms as far as Beyond z = 0*37r the solutions, 

given in the form of curves, were extended by alternative means [12]. 

In 1943 S. Lubkin and J. J. Stoker applied Mathieu equations to 
investigate the stability of columns subjected to a steady pull with 
a periodically varying force superimposed [121]. 

Wliat })rece(lcs is merely a brief survey of salient matters relating 
to Mathieu functions and their applications to technical problems. 
The work of other authors, too extensive to be examined in detail, 
is given in titular form in the list of references on pp. 373-81. 

The occurrence of Mathieu functions in practical applications may 
be divided into two main categories. First there are the boundary - 
condition problems arising from solution of the two-dimensional 
wave equation (1), when expressed in elliptical coordinates. As 
stated previously, this yields a pair of Mathieu equations like (2), 
(3).t The appropriate solution of (2) is usually a periodic Mathieu 
function of integral order, while that of (3), in the cases of the 
elliptical membrane and the wave guide, is obtained by making the 
argument of this solution imaginary. Secondly there are what may 
be regarded as initial-value problems, in which only one equation 
like (2) is involved. Usually a is not then a characteristic number 
for a function of integral order having period tt or 27r , and the solution 
is general in type. It may (a) have period 26*77, s an integer ^ 2, 
(b) be non-periodic but bounded as 2 -> +oo, (c) be non-periodic but 
unbounded as 2: -f oo. Frequency modulation and the moving-coil 
loud-speaker (see Chap. XV) are examples of the class of problem 
in question. The majority of applications, to date, pertain to the 
first category and involve the wave equation. 

t In the analysis of Molde’s experiment, the differential equation is in a; and t 
coordinates, the solutions of the two resulting equations being circular functions in 
and periodic Mathieu functions of integral order in t. 



PART I 

THEORY OF IVIATHIEU FUNCTIONS 

II 

FUNCTIONS OF INTEGRAL ORDER 

2.10. Canonical form of Mathieu’s equation. In solving the 
problem of the elliptical membrane [130], Mathieu obtained a dif- 
ferential equation of the type 

^+(o-23C08 2z)t/ = 0. (1) 

We shall regard this as the canonical form — ruled by general usage — 
of the equation. At times it may be expedient to replace -\-q by 
The parameters a, q = will be limited to real numbers, unless 
stated otherwise, but z is usually unrestricted. The equation is a 
particular case of a linear type of the second order with periodic 
coefficients. Its solution takes different forms according to the values 
of a, q. For the present we shall confine our attention to solutions 
having period tt or 27 t in z. In the membranal problem, the displace- 
ment from the equilibrium position is a periodic function of one of 
the coordinates.! Thus if q is assigned, y will have period tt or 27 t 
in z, provided a has one of an infinite sequence of particular numbers. 

2.11. Solution of (i)§2.10 when g = 0. Under this condition 
the equation becomes 

S+.. = o, 0, 

and it is convenient that the solution of (1) § 2.10 should then reduce 
to cosmz or sin m 2 :. Accordingly we put a == m^, m = 1, 2, 3,..., 
thereby obtaining the pairs of distinct solutions +COS 2 :, + 8 in 2 :; 
+ cos 225, +sin 225 ; and so on. When m = 0, we take the respective 
solutions to be -f 1, 0. Also until and unless stated otherwise, we 
shall adopt the convention that the coefficient of cosm25 and sin m 2 ; 
is unity for all q [130]. 

t Fqr a circular membrane the displacement at any radius depends upon 

andis, therefore, a periodic function of 0 [202, p. 27]. The displacement of an elliptical 
membrane is periodic iiTthe elliptical coordinate rj (z in (1)), as shown in § 16.11. 
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2.12. Dependence of a upon q for a periodic solution. When 
g 0, a, g must be interrelated for the solution of (1) § 2.10 to have 
period tt or 277, so a is a function of q. If we write 

a = m^+(x^q-\-oL^q^+oc^q^+.,., (1) 

the desired form a = is obtained when g = 0, and the equation 
then reduces to ,2 

-£ + mhj = 0 , ( 2 ) 

whose solutions are ± cos m 2 ;, i sin m 2 :. Conventionally we adopt 
a ^positive sign. 

2.13. Periodic solution of the first kind. To illustrate one 
method of finding a particular periodic solution of (1) § 2.10, we take 
the case where a = m* — 1 when g = 0. Then by (1) § 2.12 we have 
for g ^ 0 

a = l-{-ociq-\-(X 2 q^+(x^q^+ . (1) 

Since the solution is to reduce to, say, cos 2 ; when q vanishes, we 
assume that 

y = C0S2:+gCi(2;)+?2^2(2:)+g3c3(2)+..., (2)t 

Cj, C2,.- being functions of z to be determined. Substituting (2) into 
(1) §2.10 and using the valuer of a from (1) above, we get 

ay ^ C0S2:-i-g'(CiH-aiC0S2;)4-gr2(c2+aiCi+a2C0S2)+ 

— (2gcos22:)y = —q{cosz-\-QOsSz)~2q^c^cos2z— 

— 2qH^Q0^2z —,^, . ^ 

Equating coefficients of like powers of q to zero gives 
q^ cos 2 :— cos 2 : = 0, (4) 

q cJ+Ci— co8 32;-f-(ot|— l)cos 2 : = 0, (5) 

of which the particular integral corresponding to (ai-~l)co8 2 is the 

t In ref. [158] it is shown that the solutions of Mathieu’s equation, having period 
TT or 2 it consist entirely of cosine or sine terms, and not a combination of the two. 

In ref. [223] it is shown that if one solution is even, the other must be odd. Thus 

two independent even or two independent odd solutions cannot occur. The only 
singularity of (1) § 2.10 is an essential one at infinity due to cos 2z. Hence every 
solution is an integral function of z. 
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non-periodic function |(1— 0 ^ 1)2 sin Since y is to be periodic, this 
term must vanish, so , 

== 1 . (6) 

while cJ+Ci = cos Sz. (7) 

Now the particular integral of — A cos mz is ~A cos mzKrn^—l) 
(m ^ 1), so with A and m = 3, 


Cl ~ cos 32. 

^ 8 


( 8 ) 


sin 

Inclusion of ^^^2 [complementary function of (7)] in (8) would 
» sin 

involve a term in u 2 in the solution. By §2.11 the coefficient of 
^cos ^ 

cos 2 is to be unity for all q\ also sin 2 is odd. Hence the C.F. of 
(7) and subsequent equations is omitted. 

cl-\-C2-\-(XiCi—2ciCOs2z-{-oc2COSz == 0. (9) 


Substituting for from (6), (8) and expressing cos 22 cos 32 as 
a sum of two cosines, we get 


c J + Cg — ^ cos 32 + ^ cos 52 + (~ 

o o \o 


g-f-ajjcosz = 0. (10) 


As before, the particular integral pertaining to ( 1 +^ 2 )^^®^ i® 
periodic, so I 

0^2 (11) 


while 


C 2 +C 2 


1 o 1 « 

- cos «12 COS 52. 

8 8 


(12) 


By aid of the general formula above, the particular integral is 

Proceeding in this way leads to the results: 

1 1 /I o r . 1 ^ \ 

-^^(3COs32--cos52 + -cos7zj, (14) 

and so on. 

Substituting for Cj, Cj,... in (2) gives a solution of Mathieu’s 
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equation, periodic in 2, with period 27r. It is denoted by cei(2,g)t 
and represented by the series 


1 


cei(2, 5) = cos 2 — - g cos 32 + 


^ ^ * cos 32 + ^ cos 52 j — 


512^ \3 


4 1 \ 

cos 32 — cos 62 + - - cos 72 1 4- 
3 9 ^18 


4096^ \9 


cos 32 -f- ^ cos 5z — cos 72 -}- cos 92) -j- 0(3®). (16) 
o 12 1 80 J 


The value of a necessary to yield this solution is found by sub- 
stituting the OL into (1). Then we get 

11 


a = l-j-g— — i_g 3 { — 

8 ^ 64 ^ 1536 ^ 


36864 


q^+0(q^), (17) 


For a given q, the value of a found from (17) is called the charac^ 
teristic number of the Mathieu function 00^(2, g^). When g = 0, a = 1, 
and the r.h.s. of (16) reduces to cos 2. 

The notation ce^(2, q) signifies a cosine type of Mathieu function 
of order m, which reduces to a multiple of cos mz when g = 0. Since 
m may be any positive integer, there is an infinite number of solu- 
tions of type (16). These functions are even in 2, being unchanged 
if —2 is written for 2. 


2.14. Another periodic solution of the first kind. In accor- 
dance with our convention in §2.11, if ~ 1, the second solution of 
(1) §2.10 reduces to sin2 when g = 0. If we assume a solution 

y = mnz+qs^(z)-\-q\(z)+q%(z) + ,„ (1) 

and proceed as in §2.13, we obtain a sine type of Mathieu function 
designated sej (2, Thus 

sei(2, q) = sin 2 — - g' sin 32 + { sin 32 + ^ sin 52) — 

8 64 \ 3 / 

- n“" ’") + 


t ‘ce' is an abbreviation of ‘cosine-elliptic', intro<iuced by E. T. Whittaker. 
X ‘se’ is an abbreviation of ‘sine-elliptic’. 
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provided 

a = 1— o — io2 4-— —q* ?^gs+0(g»). (3) 

This particular value of a is the characteristic number for the Mathieu 
function 861(2, g), periodic in z with period 2^7, which reduces to sinz 
when g = 0. Since 861(2, g) = — sei(— z,g), the function is odd in 2. 




Fio. 2 , Graphs of 861(2, 2 ), se,(2, 2 ), 86^(2, 2 ) o\'^r a period 27 r. 

If in (16) §2.13 we write for 2 and — g for g, (2) above is 

reproduced, and vice versa. Since the values of a differ for the two 
periodic functions cCi, sei, these functions are not solutions of the 
same equation except when g = 0. The graphs of these functions 
for 5 = 2 are shown in Figs. 1, 2. 
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2.150. Periodic solution of (1) § 2.10 of order m. To derive 
this, we assume for the cosine type of function that 

y = co8mz+qCi(z)+q\{z)+q%(z)+... (1) 

and o = • (2) 


The solution obtained is either of the class or 

according as m in (2) is even or odd. If w = 2, we find that 

062 ( 2 , 3 ) = 008 22 — i3|?cos42— 2j + ^-^g*cos 62 — 

1 o , 43 . , 40\ , 

-5F2^ + + 


with 


^ 2 763 . 

4H a*— q* 

^ 12 ^ 13824 ^ 


10 02401 
796 26240 


g*+0(5(»). 


(4) 


Then a reduces to 4 and ccg to cos 2z when g = 0, which is in 
accordance with our convention in §2.11. When g ^ 0, the function 
has a constant term whose value is 


4*^ 192 


5 « 1363 c I y. 

^«^ + 2 2n8}« +"<«*■ 


(5) 


The graph of 062(2;, 2) is shown in Fig. 3. This function is periodic 
in z with period tt. 

In the particular case of m == 0 in (1), (2), we obtain 

9 ) — ^ 9^ ^ 62—7 cos 2z] -f- 

2 o2t 128 W / 


+ 73728^*^*’”® 82— 320 oos 42)+ 0(g*), (6) 


with „ = m 

Then a — 0 and ce^ = 1 for g = 0. Here again the function has 
a constant term. In general this holds for all the functions ceg^, 
but not for ce2n+i. 

To derive the sine type function of order w, replace cos m2 in (1) 
by sin m2 and c^(2) by s^{z). The solution obtained is either 862^+1 or 
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®®2n+2»t according as m is odd or even. If m = 2, we have 

“ 8in22— -?_gsin42; + ;^^2gi,^(52:_ 

12 584 


+ 


- — - q^(— sin 8z — ^ sin 42) 

612^ \45 27 / 

4 - (/^/— -sin I()2 — - — sin62Wo(5®), (8) 

^4U9fi^ \540 540 j ' '' 




Fio. 3. (Graphs of oeo(c:, 2), ceo( 2 , 8), 002 ( 2 , 2). oo 4 (c, 2) over a period tt. For q finite 0, 
ceo > 0. As q f 00 , ceo(w7r, q) -> 0. 

Fig. 4 . Graphs of se,(^, 2 ), 804(2, 2 ), 8ee(-r, ) over a period n. 

When g ~ 0, a reduces to 4 and 862(2:, 0) ~ sin 2 z. The function 
862(2;, g) is periodic in z with period tt. This is shown graphically 
in Fig. 4. 

2.151. Formulae for a. We designate the characteristic numbers 
for and se^j(2:,g) by a,„, 6^, respectively. Then 


1 2 




7,r+ 


128" 


29 . , 68087 . , ... 


2304 


f>t 


49 


18S 743(58 
11 


1636^ 36864 


- (754- 

UA ^ ' 


ig*- 


65 


'6 89824^ 94 37184 

a, = write —q for q in (2) 


g’- 


265 


1132 46208 


( 1 ) 


3«-l-0(g»). (2) 

(3) 


t The significance of 2nd- 2 in place of 2n is that n represents the number of real 
Jteroa of ce,,^, 86,,,+, in the open interval 0 < « < (see Chap. XII). 
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^ 13824^ 


2^ _ 

796 ^240^ 


21391 


«2 - 4 + ^2? “1^4 




1^024(H 
796 26240 


3“- 


45 86471 42400 
16690 68401 


45 86471 42400 


g8+0(gio). 

(4) 

( 6 ) 


o , 1 2 1 3 , 13 

® “*" 16 ® 64 ^ "^20480 


== write — g for q in (6). 




16384 


3 


1961 


235 92960 
609 


1048 57600 


1 


317 , , 10049 B , 8, 

2 + .TW,— ?*+^>(9*)- 


8 64000 
433 


^^"^30®* ' 8 64000 


27216 00000 

5701 6 \ m 

^ ~ 272161K)006 ® 


g«+ 

(6) 

(7) 

( 8 ) 
(9) 


*6 = 25 + 132- 


11 1 *17 

11- - (74 .. qU 7®+0(g’). (10) 

7 74144^ 1 47456^ ^8918 13888^ ^ / v / 


aj == write —q for q in (10). 

6b = 36 + -l 32 _j_ _J;67 — 

e ^70^^439 04000^ 
1 1 

a . -.= 36 +— 321 q 

8 ^70^^439 04000^ 


58 61633 


9293 59872 00000 
67 43617 

'9293 59872 00000 


3« -1-0(3®). 
3«+0(3®). 


( 11 ) 

(12) 

(13) 


When w ^ 7, the following formula is correct as far as and including 
the term in 3*: 




2(m2 


— 321 __ 

1 )^ ^32(to' 


5w2+7 


64(m2 


l)®(m2-4) 

9»««+68to 2^+29 
l)®(w2— 4)(m2 


34+ 


-9) 


3«+.-. (14) 


These formulae may be used to calculate a when 3 is small enough 
and of either sign. For equal accuracy, 3 may increase with increase 
in m. It must not be inferred from (14) that when m > 7, a„ — 6„,. 
Series (12), (13) for 6g, Og are identical up to 0(3^), but not there- 
after.f An extension of (14) to higher orders of 3 would show the 
same behaviour. As I3I -> 0, a,„ ^ 6„,, but for |3| >0, (a^—b^) + 0, 

t For m > 3, the series for a^, are identical iij) to or 7”! -2 according as m 
is odd or even. 
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although it is very small near q 0. Under this condition the 
characteristic curves for ce^, se^ are substantially coincident (see 
Fig. 8). In (14) when is much greater than any subsequent term, 
almost constant, so the diaracteristic curves are practically 
parallel to the g-axis. 

2.152. Remarks on the periodic Mathieu functions of inte- 
gral order. 

1. The functions ce 2 ,i, n = 0, 1, 2,..., have period tt. There is a 
constant term in the series, which is a function of g. As a con- 
sequence, cCq is never negative, although oscillatory. 

2. The functions ccg,, ,_i, = 0, 1, 2,..., have period ‘Itt. There is 

no constant term in the series. 

3. The functions ^ have period There is 

no constant term in the series. 

4. The functions se 2 ,< ™ 0, 1, 2,..., have period tt. There is no 

constant term in the series. 

5. All the above functions have n real zeros in 0 < 2 < |;r. 

2.153. Dynamical illustration. The differential equation may 

be written ,2 

^ + “2/ = (2? cos 2t)y. ( 1 ) 

Referring to Fig. 5(a), if a = sjm, 2g = (1) becomes 

my"-{-sy {f^ooH2l)y, (2) 

whicli is the differential equation of the mechanism illustrated there, 
provided y/Z 1, co — 1. A mass m is fixed to a massless helical 
spring of stiffness and driven along the linear axis of the si)ring 
by a force (/ocos2^)i/, which depends upon the displacement y. If 
m, 5, /o have the appropriate values, y may take any of the forms 
ceg,^, ^^ 271 +v s® 2 n+ 2 * Suppose y = cei(^,g), then the motion is 

described by (10) §2.13, and the component cos^ is a sub-Jiarmonic 
of cos2^ in (2) above. This remark applies also if .v, /q are such 
thaty sei(/,g), by virtue of the component sin ^ in (2) §2. 14, Hence 
in any system (dynamical, electrical, etc.) re|)resented by (2), if the 
parameters a, g have certain interrelated values, there will be a sub- 
harmonic of/ocos2<. In any event, so long as the parameters are 
those for a function having period tt, the displacement (or its 
equivalent) has an infinite number of harmonic components corre- 
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spending to the various terms in the series, e.g. (16) § 2.13, (2) § 2.14, 
(3) §2.150. Additional comment is made in §§ 15.40, 15.41. 


(a) I 




Fio. 5. (a) Schematic diagram (plan) of mechanism illustrating Mathieu's equation, 
(n) Curves illustrating motion of m and the point B when a sub-harmonic of pulsa- 

tance a> ocjcurs. 

2.16. Mathieu functions of fractional order. t We define a 
function of order v (real but either rational or irrational and positive), 
to be one which satisfies Mathieu 's equation and reduces to cosv^:, 
sinvz when y = 0. The normalization in this section corresponds to 
that of §2.11, so the coefficient of cosvz, sinvz is unity for all q. If 
we assume that » 

ce^( 2 , g) = cos VZ+ 2 ( 1 ) 

r-1 

00 

8e„(z,g) = smvz+ (2) 

r=l 

a = v®-f2«r3^ (3) 

r=l 

t Although the title of this chapter implies functions of integral order only, those 
of fractional order are introduced here because their expansions under the normaliza- 
tion o/ § 2.11 are obtained in ascending powers of 7 by a procedure akin to that used 
for the former. A different definition is given in § 4.71 under the norrhalization of 
§ 2 . 21 . 
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and proceed analytically as in §2.13, the following results are 
obtained: 


, . 1 [008(1^+2)2 COS(v— 2 ) 2 ' . 


.1 of COs(j/+ 4)2 . cos(i/— 4)2 
+ lT(^f 2) 1 ){v~ 2). 


1 3r(i^^+4i/+7)cos(v+2)2 (^'2— 4 j/+7)cos(i/--2)2 

r28'^' [Iv- l)(v+I)»'(i^) 0J+ l)(v-l)3(v-2) 


008 ( 1 ^+ 6)2 


cos(v— 6)2 ] 

v-2)(v-3)J 


se^{z,q) — sinvz 


+ ; 


‘6(v-\-l)(v+2){v+:i) 3(v-l)( 

rsiu(v I 2)z Hin(v— 2 ) 2 ! 

sin(v-4)z 1 
32^ | (^.(.l)(^ + 2)'^(v-l)(v-2)j 

+ 

^ 2 (»/ 2 -.l)^ ^32 (i<2-1)V“4) 

ni/'*f-58t>M-29 6 

64(r‘^- !)''’( 1/2 — 4:)(v^ — 9)^ 


+ . 


(4) 


(5) 


(b) 


These formulae arc suitable for comj)utation when q^j2(v^~-l) v^y 
V > 0. a has the same value for both solutions for any so (4), (5) 
coexist, and are linearly independent. Thus the complete solution 
with two arbitrary constants is 

y =- ylce,( 2 ,g) + J?se,( 2 ,^), (7) 

provided v is non -integral. (4), (5) constitute a fundamental system. 

Since ( 6 ) is even in y, the characteristic curves, showing the rela- 
tionship between a, q, for CG^,{z,q)y ^e^iz^q) are symmetrical about the 
a-axis. Put v -- ( 7 ?^+j 3 ), m being a positive integer, and 0 < < 1 . 

If j3 ~ 2 )ls, a rational fraction in its lowest terms, the functions have 
period 27t,s in 2 , .s > 2 . If jS is irrational, the functions are non- 
periodic, but they are bounded and tend neither to zero nor infinity 
as 2 -> + 00 . 


2.17. Preferred form of series for ce^/ 2 , g), se^( 2 , q). The form 
of the series given hitherto precludes the application of standard 
convergence tests. In [180] it is shown that by constructing a ‘func- 
tion majorante’, the series for 00 ^( 2 , (/) converges if 145^12 < 1 . This 
is the only case which has been treated. Generally the series appear 
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to converge if q is small, but diverge when it is large enough. The 
preferred form of the series is given below [52, 88, 95, 162, 196] for 
q positive: 

Characteristic 

number 


ce2„{2,?) = f ^^*”>cos2rz (ajJ (1) 

r»0 

ce2„+i(z,g) = 2 ^2r+i”cos(2r f-l)z Khu) (2) 

r=0 

se2„+i(z,«?) = f 5^^^V^siu(2r+l)z (fhn^i) (3) 

r=0 

8e2„+2(z.?) = 1 ^2r+^S»»(2'--F2)2 i*) 

r=0 

In these series A, B are functions of q. This will be evident if we 
express (16) §2.13 in the form (2). with n - 0. Then 

cei(2:,(/) ~ ^iCos2:|-^3COs32:H-..l5Cos52;+-- > (6) 


where under the convention of §2,11 

A, = 1 for .11 .4, ^ >,+ 

■l-5'l + Ti«’+ •)• »'"> o"- 

When the A, B are obtained by the method used in §3.13, and the 
solutions are normalized in accordance with § 2.21 , their convergence 
is readily demonstrated. This is left until §3.21. 

2.18. Changing the sign of q. If in (1) § 2.10 wo write ±(i^dz^) 
for 2 ;, it becomes 

y " + (a +- 2? cos 2z)y -= 0. ( 1 ) 

Consequently the solutions of (1) §2.10 with ])eriod tt, 2tt, q being 
negative, are obtained if the above substitution is made in (1)~(4) 
§2.17. Hence, standardizing on (In—z), we get [52, 95j: 

ce^Jz, -q) = 

= (-1)” f (-lM2f^cos2ra (OjJ, (2) 

r=0 

ce 2 „n(z, -q) = (-l)"sea„.,i(^7r-2,g) 

= (-1)" I (-l«Vi‘>co,s(2r+l)z (fc2„4i). (3) 

r=0 
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se2„+i(2,-?) = (-l)"ce2„+i{ifl— z,?) 

r=0 , 

se 2 „+ 2 ( 2 . -q) = (-l)'*8e2,H2(k-2.9') 

= (-ir I (-imf+t">8m(2r+2)z (5) 

r=sO 

Since ce2n,+i(z, ~~q), ~9) entail cosine and sine series, respec- 

tively, they are derived from se2„+i(2J, q) and ce2^+x(2, q). Accordingly 
the Ay By and the characteristic numbers are interchanged, i.e. (A yd) 
and (Byb) accom])any each other. The multiplier (—1)^*^ ensures that 
when q Oy the functions reduce to + cos m2: or + sin ms as the case 
may be. 

Any linear difTerential equation of the second order has two 
linearly independent solutions, that is to say, they are not propor- 
tional. All solutions of integral order obtained hitherto are of the 
first kind. The second solutions require separate consideration, and 
being of less practical importance than the first kind, are treated in 
Chapter VII. 

2.19. Orthogonality of the periodic functions ce^^, se^. Let 
Vv 2/2 solutions of 

y " -f (a — 2^ cos 22)// ^0, ( 1 ) 

for the same value of but usually different values of a, e.g. a^, ag. 
Then 

.Vi+K~-2?cos22:)yi = 0 and cos 22)^2 = 0. (2) 

Multiplying the first of these equations by the second by and 
subtracting, gives 

y\yi-y\yx = («2-«i)'/iy2- (3) 

Integrating both sides of (3) between the limits z^y Zg, we get * 

Zt Zi Zi 

f 2/2 (^y'l - / 2/l (iy'z = {«2-«l) / 2/l 2/2 (4) 

Cl C| Zi 

which after integration by parts becomes 

Z2 

[2/12/2-2/2^1]’’ =- ( 02 -«l) / 2/1 2/2 ( 5 ) 

Zl 

For a given q, the a corresponding to ^ y^ — 00^(2, <j^). 
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m ^ p, are different. These functions have period n or 27r, so with 
2 i = 0, ^2 27r, the l.h.s. of (5) vanishes. Hence, if m p, 

2ir 

f cem(2.3)cep(2,?) dz = 0. (6) 

0 

When m ™ 2n, an even integer, from (1) § 2.17, we have 


00 00 

I celJz,g^)dz= f ^ [A< 2 ^'^U^os 2rz]^ dz == ^ f [Ai^^^]^cos^2rz dz, 

0 0 0 ^ 7 ) 

since by §3.21 the series concerned are absolutely and uniformly 
convergent, term-by-term integration being permissible. The other 
integrals vanish by virtue of orthogonality of the circular functions. 
Thus 

r celJz. q) dz 27T[A^rn^+7T | (8) 

J r=l 


The results given below may be established in a similar manner: 

27r 


f ceL-,.i(2,?)<^2 = IT 2 [^Ssr+VI 

J r=0 

2n 

J sejz,q)se,,(z,q) dz -- 0 (m p). 

0 

I ni-y<l) dz - TT ^ 


+ 1)12 


(i>J 

( 10 ) 

( 11 ) 


An 

J ce^^^{z,q)^Qjj{^,q) dz - 0, m, positive integers. (12) 
0 

27r ^ 

f sei„,,(2,^) rf2 = ^ (13) 


r-0 


These results are valid for all values of q, and lead us to th(‘ 
important conclusion that orthogonal. This 

fundamental property is used in §§4.90, 10.00, 


2.191. A fundamental identity. In (5) §2.19 let y/i, t/., he 
independent solutions of (1) §2.19 for the same u, q. Then with 
Zi =z Oy Z 2 = Zy we get the Wronskian 

!/i(2)y2(2)— !/2(2)yi(2) ^ 2/i(ll)2/2(l>)-!/2(ll)y'i(ll) = Constant. (1) 
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If yi{^) = y 2 (^) = = y'lW = O, = l and we obtain 

yiM(^)-y2(^)yii^) ^ i- (2) 

For a given pair of independent solutions, will in general vary 
with q. 

2.20. Orthogonality of functions of rational fractional order. 

Since i/i, in (5) § 2.19 are any solutions for the same q, the formula 
is vaUd for functions of rational fractional order v. Then by §2.16 
the period is Ins, so with — o, Zg ~ 27ts in (5) § 2.19, we have 

27rs 2n8 

j ce^(z,q)ce^(z,q) dz = J s%{z,q)sG^{z,q) dz 

0 0 

2rt8 

= J ce^{z,q)se:^{z,q) dz = 0, (1) 

0 

provided v ^ y. in the first two integrals. Also 

2tt8 2tts 

I ce*(z,?) dz ^ 0, J se 2 ( 2 ,g) dz ^ 0. (2) 

0 0 

Hence the imiodk functions of (rational) fractional order are ortho- 
gonal. The value of tliese integrals is given in §4.72. 


2.21. Normalization of ce^( 2 ;, ^), se,„( 2 :, g). In §2.11 we intro- 
duced a convention that the coefficients of coi^inz, sin?/?;: should be 
unity for all values of q. Thus in (l)-'{4) §2.17 we should tlien have 
== 1 for all q. It will be shown later that constancy of 

these coefficients leads to undesirable consequences. Accordingly we 
now introduce an improved convention based upon §2.19 [52, 95]. 
We shall make definite or normalize the functions se^„( 2 ;,g) 

by the stipulation that 



for all real values of q. Then by (1) above and (8) § 2.19, we have 

(2) 

Now ceo( 2 ;, 0) 1 by our convention of §2.11, so to normalize in 
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accordance with ( 1 ) above, its constant term must be = 2 "* for 
3 = 0 , since 2 ir 


1 

-TT 


/ 


dz = 


2 . 


(3) 


0 


For ce 2 n+v ®® 2 n +2 havc, respectively, [52] 


1 = I = 2 = 2 (4) 

r =0 r ==0 r ==0 

The normalization ( 1 ) entails a mean square value of 1/2 over the 
interval (0, 27r), which is the same as that for the circular functions. 
It is convenient in applications when the orthogonal properties of 
the Mathieu functions are used. 

The functions of fractional order may be normalized in like manner, 
but this is postponed till § 4.72. 


2.22. Relationships. The following are easily established from 
what precedes: 


^^'"(WTT + Z) = 

z), 

(1) 

se„ 

-SOm 


(^ir+z) = 

{-l^y ihn-z), 

(2) 

®®m+l 





(3) 

se„. 




From these relationships it is seen to be sufficient to give tabular 
values of the ordinary Mathieu functions in the interval 0 ^ z ^ 
for g > 0 . When g < 0 , the appropriate values may be derived from 
the foregoing by aid of (2)-(5) §2.18. 

Also ce 2 „+i(r +|)77 = 8 ea„^.l(r^r) = 8 e 2 „^.^(ir 7 ^) = 0. (4) 

When z-> 

( - 1 )” ce 2 „( 2 , q), ( - 1 )” ce 2 „+i(z, g)/co 8 z, 

(-l)"se 2 „+i(z,?), (-I)»se 2 „+ 2 (Z,( 7 )/C 08 2 , ( 6 ) 

are positive. 

2.23. Transformation of y"+ {a— 2q cos 2z)j^ — 0. 

1 ". Substitute x = u{z), a continuous function of z, and we get 


4tt«1 


K 
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liu ~ 2kcosZy q ~ (1) gives the transformed version of Mathieu^s 

equation as 

= 0 . ( 2 ) 

2®. Let y = u(z)f(z)y u,f being continuous functions of z, then we 
obtain 

u''+2{f 'If )u' + [a+(f "If )--2q cos 2z]u = 0. (3) 

Take f(z) == then /'// == /"If = so (3) becomes 

t^''4-2/cw'+[(a+/c^) — 2gcos2z]2^ = 0. (4) 

The solution of (4) is u = where ^ is a solution of Mathieu's 

equation. 

2.30. Modified Mathieu functions of the first kind of integral 
order, q positive. If in (1) § 2.10 we write iz for z, the equation 
becomes 

^ — (a— 2g cosh 2z)y = 0. ( 1 ) 

dz^ 

This is the canonical form of the second equation found by Mathieu 
in his analysis of the elliptical membrane. For the values of a corre- 
sponding to ce„j(z,g), se^(z,g) the first solutions of (1) are derived 
by substituting iz for z in (1)'“(4) §2.17. Thus we have 

Ce 2 „( 2 , q) = ce 2 „(tz, q) = f, cosh 2rz (Oj^), (2) 

r=0 

Ce2„+i(z,?) = cea„+i(*2,?) = f ^<*';.V>co8h(2r+l)0 (3) 

Sea„+i(z,«) = -i8e2„+i(i2,g) = f 5|*^V’8inh(2r+l)z {6a„+i), (4) 

r=o 

Sea„+2(2,?) == -»8ea„+a(«.3) = 1 5^’5.t®*sinh(2r+2)2 (6a»+*). (5) 

r=0 

These are defined to be modified Mathieu functions of the first kind 
of integral orderf for g > 0. (2), (5) are periodic in z, with i)eriod 
Tfi, whilst (3), (4) are also periodic with period 2m. 

2.31. Changing the sign of g. Equation (1) § 2.30 then becomes 

(o4-2gco8h2z)y = 0. (1) 

This is obtained if z in (1) §2.18 is replaced by iz, or if (^jn-fz) is 

■f The use of capital letters to denote the modified Mathieu functions is due to 
H. Jeffreys [104, p. 469]. 



2.31] 


FUNCTIONS OF INTEGRAL ORDER 


27 


written for z in (1) § 2.30. Changing the arguments in either (2)-(6) 
§2.18 or in (2)-(6) §2.30 leads to the following solutions of (1): 

Cej„(z, -q) = cea„(tz, —q) 


= (- cosh 2 r 2 (aj„), 

Cei 5 „+i(z, -q) = cei,„+i(»z, -q) 

= ( - 1 )" I ( - 1 cosh(2r+ 1 )z 

r=0 

Se*„+i(3,-g) = -ise^n^-i(iz>-9) 

= (-1)" 1 (-ir^^nV’8inh(2r+l)z 

r = 0 

Se2»+2(3. ~q) = -ise 2 „+ 2 (tz, —q) 

= (- ir i (- im?n*>8inh(2r+2)z ( 62 „+ 2 )- 

r=0 


( 2 ) 

(3) 

(4) 

( 5 ) 


(2), (5) have period ni, while (3), (4) have period 27ri in z. The inter- 
change of the coefficients B, and characteristic numbers (i2n+if 
^ 2 n+i> (3)) (4) §§2.30, 2.31, should be observed — see remarks in 

§2.18. The multiplier (—1)^ ensures that when ? = 0, the functions 
reduce to +coshm 2 ;, or +sinhmz, as the case may be. (2)-(5) may 
be regarded as modified Mathieu functions of the first kind for q 
negative. 
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CALCULATION OF CffARACTERISTIC NUMBERS 
AND COEFFICIENTS 

3.10. Recurrence relations for the coefficients. If each series 
(1)~(4) §2.17 is substituted in turn in — 2qcos2z)y = 0, and 

the coefficients of cos 2rz, cos(2rH- 1)2, sin(2r+ 1)2, sin(2r+2)2 equated 
to zero for r = 0, 1, 2 ,..., the following recurrence relations are 


obtained [52, 88]: 

uAff—qA^ = 0 ^ 

for cej.„(z,g'), 


(a—i)A^-q{A^+2A^) = Of 


(1) 

(a-4rV2/.-g(^2r+a+^2r-2) = J 

r > 2. 


(a— 1— gMi— = 0 ) 

1 for cej8„+i(2,g), 

(2) 

[a — {2r-\-l)^liA^^i ?(-d2,.+3+-<42,_i) = 0 J 

r > 1. 

© 

II 

1 

+ 

1 

1 forseg„+i(2,g), 

(3) 

\a — (2r4'l)^]B2,.4.1 — ?(^2r+3+^2r~l) — ^ ^ 

1 r > 1. 

{a^4:)B2-qB^ = 0 ] 

1 for 8e,„+2(2,5-), 

(4) 

(a — 4T^)B2r 9'(-®2r+2~f"^2r-2) = 0 j 

' r > 2. 

For simplicity the superscripts 2n, 2w+l, 2n-{-2 have been omitted 

from the A and B. The respective recurrence relations for 002^(2^, - 

-?). 


etc., Ce 2 n{z,q),,,,, Ccg^iC^, ~q)y- are identical with those above.J To 
ensure convergence of the series in §§2.17, 2.30 it is necessary that 
0, 0 as m -> +oo. 

3.11. Calculation of a and the A, B, If q is small enough, the 
formulae for a given in §2.161 may be used. In general, however, 
a must be calculated using one of the methods illustrated below. 
We adopt the normalization of §2.21, thereby entailing coefficients 
which differ from those obtained using the normalization of §2.11 
[62, 88]. 

We commence with the function ce^iz, 8), i.e. q == S, which is well 
outside the range of the formulae in Chapter II. First we derive an 
infinite continued fraction. From the second formula in (1) §3.10, 
we have 

{4^a)A2+q{A^+2Ao) - 0 . ( 1 ) 


t Note the factor 2 for Aq, 


t Using q or — g as the case may be. 
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Writing Vq = i42Mo’^’2 ™ Dividing (1) by 


Aq and making these sul)stitutions, gives 

(^-a)v^+q(v^v^+2) - 0, (2) 

so —VQ-=r. lq/[l-^l(a-~qv^)]. (3) 

In the same way from the third formula in (1) §3.10, with 

^2r-2 ~ ^2r/^2r~2» ^2r ~ '^2rf2/“^2r» 

we get (^r^"(l)V 2 r ~2 + Q('^ 2 r^ 2 r- 2 +^) ^ 

SO (r > 2) -iV-2 == (g/4r2)/[U-(l/4r2)(a-(?r2,)J, (4) 

which may be regarded as an alternative form of recurrence relation. 
Substituting r ~ 2 in (4) yields 

“^2 = (5) 

and on inserting this in (3) we get 

Putting r = 3 in (4), we obtain a formula for which is now sub- 
stituted in (6). Proceeding thus we ultimately get the infinite con- 
tinued fraction 


-r = k hkf ?Vl6r2(r-l)^ . 

® 1 — ia— 1— ^a— l—gVt— 

From the first formula in (1) § 3.10, Vq = AJAq = a/y, so (7) becomes 
a =r jhf -2mf /ox 

which is in effect a transcendental equation for 02 ^. Since a, q are 
finite, the denominator of the general term apj^roaches unity as 
r -> + 00 , while the numerator tends to zero. Hence (8) is convergent. 


3.12. Computation of torq — 8. We commence by finding an 
approximate value of by trial and error. Neglecting all members 
on the r.h.s. of (8) § 3.11 except the first, we get 

Uq = 32/(1 — 

so ao == 2±(132)1 -9-5 or 4-13-5. (1) 

Substituting -f 13*6 in the first three members on the r.h.s. of (8) 
§3.11 gives the following: 


5l6?V(l-3V^)-= 0-178, ^ 

-43-6, 

~Jg2/(l-~|a4-43*6) - -0-776. ^ 


( 2 ) 
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The great discrepancy between 4-13*6 and —0*776 indicates that we 
chose the wrong root of (1). Suppose we start with a© = —10, then 
to a first approximation 




32 1 0*111 

3*5— r625— 1*278 


- 11 * 2 . 


( 3 ) 


This is numerically greater than —10, so we now use the average, 
namely, — 10*6, and repeat the calculation. Before doing so, we shall 
obtain an estimate of the number of members from (8) § 3.1 1 to give 
a reasonable approximation. The general component is 

[g2/16r2(r- (4) 

and as r increases, we see from (4) §3.11 that ?? 2 r -2 decreases, while 
in (4) the term 1» provided r is large enough. Taking 

r ^ 6 in (4) §3.11, and neglecting 

-Vio (1/18)/[14-(10*6/144)J = 0*052, (5) 

so < |?^4 oI/^^^ 36 0*0029. We shall presume, that for the 

purpose of illustrating the method of calculation, the accuracy will 
be adequate if (8) §311 is terminated at the fifth member on the 
r.h.s. Thus assuming that be neglected, we get [88] 

r 5 [q^/l6r^r—l)^]/(l--a/ir^) 

-- (1/1UO)/[14-(10*0/100)] = 0*00904 0, 

r - 4 (l/36)/[14-(l0*6/64)-0*00904] -= 0*02402 0, 

r == 3 (l/9)/[l + (10-6/36)-0*02402] =- 0*08746 0, 

r = 2 l/[14-(10*6/16)-() 08746] = 0*63490 4, 

r = 1 -32/[14-(10*6/4)-0-63490 4] -= = —10*61326 0. (6) 

The trial value of Oq was — 10*6, so (6) differs from this in the fourth 
significant figure. Taking the averagef gives ~ —10*60663 0. If 
this is used instead of —10-6 and the calculation repeated, the new 
value^of Uq to six significant figures is -10*6067. A more accurate 
result may be obtained by using this value of a^, and repeating the 
computation with r 7. To seven decimal places 

= - 10-60672 92. 

It is apposite to remark that a formula of the type (7) § 2.15 could 


t This procedure is not always expedient. 
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not be used in the present case where q — 8. Even for q = 0’8 the 
accuracy would be low'. 

3.13. Computation of coefficients for ceQ(«, 8). From (5) § 3.12, 
Vjo ~ —0-062, so using (4) §3.11, with ~ —10-6 to demonstrate 
the procedure, we obtain 

r = 6 - Vg = (2/26)/[ 1 + ( 1 0-6/ 1 00) - (2 X 0-062/25)] 



~ 0-0726 = 


(1) 

r = 4 — «4 

= (2/16)/[l-f-(10-6/64)-(2 X 0-0726/16)] 



Ci 0-108 = - 

-AJAf, 

(2) 

r = 3 — 1;4 

= (2/9)/[ 1 -f (10-6/36) -(2x0-1 08/9)] 

0-175 = - 

-AJA„ 

(3) 

r = 2 -Vt 

= (2/4)/[l-f(10-6/16)-(2x 0-176/4)] 

~ 0-318 = - 

-AJA,. 

(4) 

By (3) §3.11 

-Vq = 4/[l-f(10-6/4)-2x 0-318] 

c=; 1-327 = - 

-AJAf^. 

(5) 


Normalizing the function in accordance with the convention of § 2.21, 
we have 

l=^2Al+Al+Al+Al+..., ( 6 ) 

so \IAl^2+(AJAor+{AJAo)^+{AJAo)^+.... (7) 

From (5), —A^ = l-327ylg, so by (4) 

^4 = 1 -327 X 0-31 8^0 ~ 0-422.^0. (8) 

In the same way we find that 

A^ = -0-073Mo> ' 

0-00798^0, (9) 

Aio = — 0 - 00068 .do. ^ 

Using these numerical values in (7) leads to 

l/Al = 3-9445, so A„ = 0-6036, (10) 

the positive sign being chosen. A more accurate value may be 
obtained by using «„ = — 10-60672 92, starting at r — 6 and working 
to, say, eight decimal places. Then Aq = 0-60376 81, so our approxi- 
mate computation errs in the fourth significant figure. We can now- 
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calculate the other using ^0 at (10), and obtain 


^2 — -0-668 ' 

—0-66791 64, t 

0-212 

, 0-21197 32, 

~ —0-037 

. -0-03707 27, 

Ag 0-004 

0-00400 65, 

A 10 ^ -0-00029 ; 

-0-00029 09. 


Hence to a first approximation the first and periodic solution 
(cosine) of 

10-6...- 16cos 22)1/ = 0, (12) 

under the normalization of § 2*21, is 


ceo(2;, 8) — ()-504—0*668cos22+0*2r2cos4a;— 

— 0*037 cos 62:+^'004 cos 82;— 0*0003 cos 102:-|-... . (13) 

The graph of (13) is shown in Fig. 3. 

Checking the solution. To check the solution at z — 0 , tt,..., wtt, 
we have from the differential equation (12) 

y'\n7T) == (16+10*6...)2/(n7r). (14) 

From (13), 

ce;(n7r, 8) 4 x 0*668- 16x0*212+36 X 0*037- 

—64 X 0*004+100 < 0*0003 0*388, (16) 

and 

(26*6...)ceo(ri7r, 8) 26*6... (0*504-0*668 + 0*212— 

-0*037+0004-0*0003) == 0*391. (16) 

The results in (16), (16) agree within 1 per cent., which is sufficient 
for purposes of illustration. Tlie solution may be checked at any 
other point, e.g. z ~ \it. 

Remarks on the coefficients in (13). There are two salient features: 
(a) beyond a certain term the coefficients decrease rapidly with 
increase in i*, (b) they alternate in sign, (a) entails the rapid con- 
vergence of the series. For 0^q< 3-2, tabular values show that 
\Aq\ is the largest coefficient, being 2-1 at j = 0. When q > 3*2 
approximately, IJgl takes precedence, e.g. in (13). The relative 
values of some of the early coefficients in the series for ce2(2:, 2), 
863(2;, 2), 665(2;, 2) are depicted in Fig. 6. 


I The figures in this column are correct to seven decimal places [95]. 
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3.14. Evaluation of for 062 ^( 2 , g), n > 0 . Writing (r+l) for r 
in (4) §3.11 and multiplying both sides by we get [62] 

= [?7i«''V+l)‘]/[l - (1) 

_ g 7 l 6 r*(r+l)* J*/16(r+l)*(r+2)* grVl6(r+2)2(r+3)* 

~ i-a/4(r+l)2- 


1— o/4(r+2)* — 1 — a/4(r+3)* — 

( 2 ) 


10 






cei 

ses 

0*5 


II 

ro 

g-1 


1 

4- . 1 

_ . 1 

/ 


1 ^^6^ ^ A^3 a 


Fia. 6. Relative magnitudes of the coeflicients in the series for 063(2, 2 ), 863(2, 2 ), 
063(2, 2 ). For ^ = 2 , the coefficient of functional order is the greatest. 


If a = the characteristic number for oe^ni^yq)^ g 7 ^ 0 , none of 
the denominators in the components of ( 2 ) vanish. Then the C.F. 
is convergent, since the denominator of the general term approaches 
unity and the numerator tends to zero as r -> + 00 . 

We shall now derive an alternative terminating C.F. to represent 
the l.h.s. of ( 1 ). After division by 4r2, the recurrence formula prior 
to (4) §3.11 may be written 


1 » I 

4r2 4r2 ^2r-2 


( 3 ) 


a g2/16r2(r— 1)2 
4r2‘^gryij,_2/4(»--l)2 


(r ^ 2 ). 


( 4 ) 


Now write (r— 1 ) for r in (4), thereby obtaining a formula for 
— gi? 2 ;._ 2 / 4 (r— 1)2. Substituting this in the third member on the r.h.s. 
of (4), we get 


g^2r ^ 

4r^ 4r^ 


— [g7l6r*(r-~ 




qVir-JMr—2)^ . ■ 


F 


f5) 


4961 
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Continuing this process leads to the terminating C.F. 

2 ® g*/16r^(r— 1)* g®/16(r— l)*(r— 2)* gf*/64 

~ 4r2 l^/4{^iy2-~T^I^7r-2)2“' ‘ 

( 6 ) 

Since Vg = o/g by (1) §3.10, (2) §3.11 may be written 

igva = -(l-Ja+g2/2a). (7) 

Substituting from (7) into (6) gives 


where 


_ 1 ^ p 

4r2 “ 4r^ 


( 8 ) 


P _?^*(r-l)* gVl6(r-l)2(r-2)2 ?2/64 ^ 

l-o/4(r-lp- i_a/4(r-2y _-_i_a/4+2a' 

For the recurrence relations (1) §3.10 to be consistent, (2) and (8) 
must be equal, so 

l~al4r^~Fg„ (10) 

and for convenience in computation we may write 

= l-al4r^~E^-F^^ {r > 1). (11) 

The appropriate value of a corresponds to = 0. To obtain Og, 
for ce,, 004,... we use (11) with r = 1, 2, 3,... initially. 

3.15. Evaluation of for 064(2, 8). To start the computation we 
have to find a trial value of a^. By (9) § 2.151, O4 = 16 when g = 0, 
and increases with increase in q, so let us assume that o = 20 for 
3=8. In the r.h.s. of (4) §3.14 take r = 2, substitute for from 
(7) § 3.14, and we get 

l-H«-[(y/84)/(l-iaH-g*/2a)] = l-/»a-F4 ('• = 2). (1) 

The first two members in (2) §3.14 give 

E, ~ !/ 51 - ( 2 ) 

‘ 1-0/36-1—0/64 ' ' 

Then (1) is approx. 0-166 while (2) is approx. 0-271, so 

6*4 = 0-166—0-271 ~ —0-105. 

Examination of the formulae in §3-14 indicates that O4 < 20, so we 
now try O4 = 19 and obtain 0-297 for (1) and 0-26 for (2), i.e. 
G4 c;! +0-037. Thus the value of O4 lies between 19 and 20. By 
linear interpolation (see Fig. 7 a), O4 ~ 19+a: = 19-26. Using this 
value in (1), (2) yields 0-261, 0-263 respectively, so Og ~ —0-002. 
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A second linear interpolation gives 19*263. If now, with this 
value of a^, we take r == 7 in (2), (9) §3.14 and repeat the computa- 
tion, the value of correct to seven decimal places is found to be 
19*25270 61. 



19-25 Values of <7 19-26 

Fia. 7 (a, b). Illustrating linear inter[)olation. 


3.16. Evaluation of coefficients for ce^(z, 8). By the first recur- 
rence relation in (1) §3.10 

Vf, = AJAo = ajq == 19-25271/8 ci 2-4066. (1) 

From (7) §3.14, 

V2 = AJA^ = — 4(1 — Ja— 

= — (1 — 4-8132+l-6624)/2 
= 1-0754. (2) 

(3) § 3.14 may be expressed in the form 

r 2 r = -(a— 4r*) — (r ^ 2), (3) 

q V2,_2 
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SO 

V 4 = AJAt = 2-4066—2-0-9298 (r = 2) 

= -0-6232, 

(4) 


V, = ^ 8/+8 = 2-4066—4-6+1-9113 (r = 3) 
= —0-18^1, 

(5) 


Vg = +io/. 48 = 2-4066-8+6-4916 (r = 4) 

= — 0-1019.t 

(6) 


As the computation proceeds, it becomes evident that V 2 r is the small 
difference between two comparatively large numbers. For reasonable 
accuracy, therefore, it is imperative to use more decimal places than 
we have had hitherto. However, our purpose is merely to illustrate 
the method of computation, not to attain high accuracy, so we shall 
now evaluate the coefficients in accordance with the normalization 
of §2.21. Following the routine in §3.13, we find that 

A 2 = 2 * 4066 ^ 0 ^ ^ 

= 2-589.4o, 

^=-1*356^, ^ (7) 

A, = 0-247Ao, 

A^q = —0-0245^0. > 

Then by §2.21 

l/Al = 2+{AJAoV+iAJA,)^+{AJA,r+...+ 

+{AJAor+... ~ 16-392, (8) 

so Ao = 0-247. (9) 

We now calculate . „ 

Ai = 0-695, 

A^ = 0-639, 

= —0-335, (10) 

As = 0-061, 

^10 = —0-00606. , 

The signs of the coefficients are in accordance with the remarks at 
the end of §3.33. Inserting these coefficients in (1) §2.17, the first 
solution of 

2/”-^ (19-2527... — 16cos2z)y = 0, (11) 

to a first approximation, is the i)eriodic function 
064 ( 2 , 8 ) = 0-247+0-695cos22+ 0-639co8 42— 

—0-335CO8 62+0-061 cos 82— 0-0061 cos IO2+... . (12) 

t The value of f, correct to live decimal places is 0-09971. 
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Check on the solution. By (14) §3.13, we have 

y"(n7r) (16-19-253)y(w7r) = -.3-253y(n7r). (13) 

Now ce4(n7r, 8) = —3*86, and — 3-253ce4(w7r, 8) = —3-9, so the 
agreement is of the order 1 per cent. To better this, it would be 
necessary to give the values of the coefficients to more than three 
decimal places. 

3.20. Characteristic numbers and coefficients for ceg^+i, 
®^2n+i» s®2n+2* Thesc may be calculated in a similar way to those for 


ceg,^, using appropriate formulae derived from (2)-(4) §3.10. 

For with 

= («-!-«)/?. (1) 

-t’2r-i = [?/(2r+imi-a/(2r+l)H3W(2r+l)*] (r > 2). (2) 

For 8e2„+i, with 

Vi = {a-l+q)lq, (3) 

”“^2r-i = at (2) above. (4) 

For 8e2„+2. with v^r = j 

Vi = (a-^)/q, (5) 

(q/4r^)/[l—a/4r^+qv2r/4r^] (r ^ 3). (6) 

3.21. Convergence of series for ce,^{z,q), se,„{z,q). The third 
relation at (1) §3.10 is a linear difference equation. Writing (r+1) 
for r, wo get 

[a_4(r+l)2]^2r+2-?{^2r+4 + ^2r) = 0. (1) 

Dividing throughout by .4 2, and putting = ^2rf2/'^2r> gives 

[a-4(r+l)2]r2^— 3(u2,+2t;2,+ l) = 0, (2) 

so t;2,+2+;^ = [«-4(>-+l)*]g-^ (3) 

^2r 


Then V 2 r+ 2 -\ > ~co monotonically as r -> +oo, and it is evident 

^2r 

that V 2 r cannot: (1) oscillate boundedly, (2) tend to a unique 
limit other than zero. Hence either V2r‘^ ^ l^2rl for 

convergence of the series representing ce 2 fi(z,q), .dg,. -> 0 as r -> +oo, 
so Vjjr must also tend to zero. Consequently, as r -> +oo, one solution 
of (1) tends to zero, and the other to infinity. In the present instance 
the latter solution is inadmissible. Thus in (2), when r is large 
enough, V2r+2^2r ® ^(r+l)^, and with a, g finite 

l^2rl ~ ?/^(^+ 1)^ 0 as r -> +00. 


(4) 
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If z is real, |cos 2 r 2 ;| < 1, so it follows by the ‘itf’ test that the 
series for ce 2 „( 2 :,^) is absolutely and uniformly convergent. More- 
over, it represents a continuous function for all z real. 

In like manner the series for ce2n+i(25>3)> be proved 

to have the above properties. Hence all ordinary Mathieu functions 
are continuous for z real, and the series may be differentiated or 
integrated term by term provided the resulting series are uniformly 
convergent. This can be proved to be true. These conclusions apply 
to the series for g < 0. 


3.22. Convergence of series for ce\'j^\z, r/), se^^^(z,q). The pth 
derivative of ce 2 n(^> Q) 

i ^■7;- 

dZP r=«i (— l)’^+^^sin2r2; ) ^ odd. 

Thus the ratio of the coefficients of the (r-(-l)th and rth terms is 


( 1 ) 


U, 




Then by (4) §3.21, 

\Ur+i/Ur\ -> 0 as r -> + 00 , 


( 2 ) 

(3) 


so all derivatives of 002 ^ 1 ( 2 ,?) are absolutely and uniformly conver- 
gent for z real. The same conclusion may be reached in connexion 
with ce 2 „+i( 2 , 5 ^), se,,,( 2 :,g) by similar analysis. This, and proof of the 
validity of term-by-term integration, are left as exercises for the 
reader. 


3.23. Convergence of series for Ce,,,( 2 ;, q), He, ,,( 2 ;, q), and deriva- 
tives. The series are merely those for q), se,,j( 2 ;, q) with zi 

written for z. Hence, by (2) §2.30 and (4) §3.21, 

g cosh( 2 r+ 2 ) 2 ; 

4(r+l)^ cosh2r25 

In §3.21 we proved that the series for Ge^^{z,q) is absolutely and 
uniformly convergent for all z real. Hence the series for 
conforms to this when z is imaginary, i.e. R{z) — 0. Now when 
R{z) + 0, from (1), 


~ g62i+4(r+l)2 -> 0 as r -> +00 (2) 

provided jB( 2 :) is finite. Hence the series for € 02 ^ 1 ( 2 ,?) is absolutely 
convergent under this condition. By applying the ' test it may 
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be proved uniformly convergent. Hence the series is absolutely and 
uniformly convergent in any finite region of the 2 :-plane or in any 
closed interval of z real. The same result may be reached for the 
three remaining functions, and for the pth derivatives of all four 
functions (see § 3.22). 

3.24. Characteristic curves for ce,^( 2 ;, ±q), ±q), q real. 

There are tabular values of a^, Uj,..., and fcj, fig,..., fig in the range 
q == 0-40, given in Appendix 2 [95]. When these are plotted using 
cartesian coordinates, the chart of Fig. 8 a is obtained [88]. It is 
symmetrical about the a-axis. fi 2 nf 2 > ^^e characteristic curves 
for ceg^, se 2^^.2 respectively, are symmetrical about this axis, but 
® 2 h+i» ^ 2 n+i corresponding to ccg^^^j, scg^^^i are asymmetrical. Never- 
theless the symmetry of the diagram is maintained, since the curves 
for the functions of odd order, i.e. mutually sym- 

metrical, e.g. Ug, fig. When q is positive and large enough, the curves 
ag^, fig^+i approach and are mutually asymptotic, but have no 
independent linear asymptote. A similar remark pertains to a^, fi^+j. 
When q is negative and large enough, ag^^ ^ ^ 2 n+i> fi 2 n+i ^ 271 + 2 * 
It should be noted that of the corresponding pairs of functions one 
has period tt, the other period 27r. 

Excepting the curve a^, which is tangential to the y-axis at the 
origin in Fig, 8a,b, all curves intersect this axis twice, one value of 
q being positive, the other negative. Thus each characteristic has two 
real zeros in q. For the functions of even order ccg^, scgy^+g, the zeros 
are equal but opposite. The zeros of ceg,^^.i are equal but opposite 
to those of scgn+i. Since Mathieu’s equation has only one solution of 
type ce^ or se„j {q ^ 0), two characteristic curves cannot intersect. 

Approximate values of q ^ 0 for which a is zero are given in 
Table 1. 


Table 1. Zeros in q 0 of a^, fi^ 


Characteristic 

number 

Oo 


«1> ^2 

®2» ^3 

feffli i. »» > 3 

Value of q 

0 

0-88 

^■5] 

21-28 

0-86(27?i-|-l)*t 


For m > 3, the q interval between the zeros of and is 6*88(m-f 1). 


t This formula was obtained by taking several terms of (1) § 11.44, putting a — 0 
and solving for q. 
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3.25. Continuity of the characteristic numbers as functions 

of g. By considering successive convergents, it may be demonstrated 



Fig. 8 (a). Stability chart for Mathieu functions of integral order. The characteristic 
curves Uq, 6i, Uj, 6g,... divide the plane into regions of stability and instability. The 
even-order curves are symmetrical, but the odd-order curves are asymmetrical about 
the a-axis. Nevertheless the diagram is symmetrical about the a-axis. 

that the continued fractions for computing the a (see §§3.1I, 3.14, 
3.16) may be expressed as the quotient of two integral functions. 
The denominator of this quotient cannot vanish if the value of a is 
a characteristic number for a periodic Mathieu function of integral 
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order. Hence the continued fraction is continuous for any pair of 
values {a^q) which satisfy the relationship regarded as a trans- 
cendental equation for a. It follows, therefore, that 6^, the 
characteristic numbers for ce^,, se^, are continuous! functions of q. 
Since the transcendental equations for the a are derived primarily 



Fig. 8 (b). niuHtratiiig variation in the parameter a in stable aial unstable 
regions q > 0 and 7 < 0. i are mutually asymptotic and -> - 00 as 7 -> -f-oo. 

®m» ^«i+i mutually asymptotic and~> —00 as 7— > —00 (see § 12 . 30 ). 


from the recurrence relations, the coefficients are continuous! 

functions of q (see Fig. 9). 


3.26. Additional comments on normalization. We are now 
able to. comment upon the normalization of § 2.11, where the coeffi- 
cient of cos mz in cej{z,q), and that of sinmz in soj^z^q) is unity for 
all values of g. We shall show that under this convention the 
remaining coefficients are infinite for certain values of q ^ 0 [62]. 
Consider ce 2 ( 2 , q) whose characteristic number is Ug. Then (1) § 3.10 

8^^®® g/a2 = ^oM2. (1) 


4961 


t And single-valued. 
Q 
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Now by §3.24, — 0 for ^ ±21*28, so -4 q/^ 2 i® infinite, 

and since Aq = oo. Also with a^ — ^ in the second formula 

in (1) §3.10 we have 

2^Ao±4^2-I-?^4 = 0, (2) 

and since Aq = oo, A^ — ^y 9 # 0, we get A^ — — oo, and so on. 
Thus when 92 ~ ±21-28, = 0, and all the coefficients except A^ 

become infinite. 

A similar conclusion may be reached for the coefficients of any 
Mathieu function of integral order, excepting ceo, ce^, seg. We 
shall now examine these singular cases. For cOq, (1) § 3.10 gives 

= ?/«o- (3) 

Since Aq = I for all 9, and never vanishes in 9 > 0, Ag is always 
finite. It is shown in §12.30 that —2q as 9 ->±00, so 

A^jA^-^ as g->±oo. By employing the second recurrence 
formula for cCq, we can demonstrate that A^ is finite, and so on. 

For cei, (2) §3.10 gives 

= S'/K-l-ff). (4) 

and since A^ — X for all q, while by Appendix 2 (aj— 1— g) 0 in 

j > 0, Aj cannot become infinite. Since —2q as +oo, 

The functions sej, sea amenable to similar 

treatment. 

Apart from the above exceptions, it appears — although we have 
not given a general proof — that for functions of order 2n, 2n± 1 
there are n values of > 0, and an equal number for 9 < 0, for 
which all coefficients, save that of the same order as the function, 
become infinite. The positive and negative q are equal numerically. 
We see, therefore, that the convention of §2.11 is inadmissible for 
general purposes, although it is sometimes useful when 9 is small, 
and series for ce,„, se,,^ are given in ascending powers of 9 (§ 2.13et seq.) . 
Accordingly we shall now enumerate the advantages of the conven- 
tion of §2.21, which is based upon the orthogonal properties of the 
Mathieu functions. 

3.27. Advantages of the normalization of § 2.21. 

1*^. By (2), (4) §2.21, none of the coefficients is infinite for any q, 

2®. When 9~> 0, it is shown in §3.32 that the coefficient of the 
same order as the function tends to unity, f while the remainder 
tend to zero.J Hence cejl^z^q) cos m2, se,„(2,g) -> sin m2, and these 

t Except for ce® which as shown in § 2.21 is 2“1. In this section m 0. 

I As stated in § 3.32, this is independent of the normalization. 
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are the formal solutions of y'^+ay == 0, a = which is Mathieu’s 
equation with = 0. The vanishing of the coefficients entails 
-^2nMo> » being infinite, but this is inconsequential. 

3*^. The integrals at (1) §2.21 are independent of q (real). 

4^. The mean square value of the function for the interval (0~27r) 
is the same as that of cosmz, sin m2;, i.e. 

3.30. Properties of the A , B under the normalization of § 2.2 1 . 

Referring to (12) §3.16, we see that (a) beyond a certain term the 



Fig. 9. Illustrating as single-valued continuous functions of g > 0. 

When ^ 0, AqCT. q, A^ -> 1, A^oc q, A^cc q^, and so on. 

A decrease rapidly in numerical value with increase in r, (6) after 
the term in cosiz, they alternate in sign, (c) I.44I is the largest, but 
this depends upon the value of g, e.g. jylgl > 1^4 1 when g = 9. The 
values of the A, B vary with q, and by §3.25 the variation is con- 
tinuous in g > 0. This is illustrated in Fig. 9 by data from [52, 95]. 
In the range 0 < g < 40, tabular data show that A^^\ A^^\ A^^^, A^^\ 
Bf\ each have one zero in g. Bf^ has a zero in g > 40. 
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1". Coefficients in series for c©,, cej, sej, soj. For cco, (1) § 3.10 gives 

AJAo = Oo/?- (1) 

From Fig. 8, Oq is negative in g > 0, so the r.h.s. of (1) is negative 
also. By § 3.27, Aq, A 2 are hni£e, so neither has a zero in > 0. 
From the first two relations in (1) §3.10, we get 

^4/^2 = [(«o- 4 )/g]- 2 ?/ao. ( 2 ) 

Thus AJA 2 will not vanish in g > 0 provided ao(ao— 4) > 2g2. 
Tabular values show that AJA^ does not vanish in 0 < g < 1600 
[62]. Beyond this range we take a, ~ — 2(g'— g*) from (7) § 12.30 and 
find that the above inequality is. satisfied. Hence A^ has no zero in 
q > 0. Similarly it may be shown that the remaining A have no zeros 
in g > 0. This conclusion is valid for the coefficients in the series for 
coj, soj, se 2 . It is confirmed up to g = 1600 by tabular values in [52]. 

2". Jteal zeros of in q > 0, n > 0. 

For cejn, (1) §3.10 gives 

AJAq = a^Jq. ( 1 ) 

When n > 0, vanishes once in j > 0 (see Fig. 8), and since by 
§3.27.4oisfinite, andby (l)aboveitha8nozero ing > 0,.42 = Owhen 
a,„ = 0. With q large enough, by (7) § 12.30 Ojn ~ — 2g-f (8»+2)gi, 
so AJAq -> — 2 as g -> +°o. and A^ never vanishes in g > 0. From 
(1) §3.10 we obtain 

AJA 2 = -{2g*+4a2„-a|„)/ga2„. (2) 


Then at the two intersections of 
(g>0),weget ^^2 = 0. 


and the curve 


( 3 ) 


Hence vanishes twice in g > 0. Proceeding thus we find that 
vanishes thrice in g > 0, and so on. The coefficients for other func- 
tions may be treated in a similar way. 

The zeros of some of the A in ceg are given in Table 2. The second 
zero of A^^\ the second and third of A^^\ and all four of -4^^^ lie beyond 
q = 1600. Tabular data indicate that the coefficient of equal order 
with the function has the smallest zero in g. 


Table 2 


Coefficient 

First zero in 
q {approx.) 

Af 

21-28 

■ AS" 

373-6 

A?' 

1352-8 

A® 

>1600 
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Although we have not given a general proof, under the normaliza- 
tion of §2.21 it appears that if w > 0, 

each has r real zeros in g > 0. These correspond to the infinities 
under the normalization of § 2.11 (see § 3.26). It may be shown that 
when r = 0 none of the above coefficients has a zero in g > 0. 

3.31. Numerical check on § 3.30. The values of q at the inter- 
sections of the straight lines or curves for a null numerator, e.g. as 
in 2® §3.30, where 2g2*f a|„ — 0, and the appropriate charac- 
teristic curves (Fig. 8), were calculated for several functions 

and are given in Table 3. They are in satisfactory agreement with 
the zeros in q of the coefficients A, B computed by interpolation 
from tabular values. The limited range of q in the tables permitted 
checking of the first zeros only. 


Table 3. Approximate zeros in 0 < q ^ 40 of A^\ 



Aim) for ce„,( 2 , q) 

Bim)for 80 „,(z^ q) 

m 

2 

3 

4 

5 i 

3 

4 

5 

6 

a 

21-28 

15-6 

17-4 

20-7 1 

> 40 

37-3 

31-4 

31-8 


have no zeros in (/ > 0. 


3.32. Behaviour of coefficients as <7 -> 0. 

062(2,3) 


lo .423/4, 


and since A 2 is finite, .4^ -> 0 as 3 -> 0. Also 


From (1) § 3.10 for 

( 1 ) 


(a2-4)A2 = 3(2.4 o+^4)- (2) 

Substituting for from (6) § 2.161 , and for from (1) into (2), gives 
[M^+0{q*)]A2 = Iq^A^+qAt, (3) 

SO when q is small 

A4 -> 0 as g -> 0. (4) 

Again by (1) §3.10 with r = 2, 

(a2-16)A, = 3(A2+A,), (6) 

and by (6) §2.151 and (4) above 

-iA2[-r2+0(3*)] = A 2 +A,. (6) 

Thus when 3 -> 0, Aj 0, and so on for the other coefficients. Now 
using (2) §2.21, it follows from above that 

A‘2*’ -^1 as 3 ->• 0. 


( 7 ) 
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In a similar way it may be demonstrated that in (1)~(4) §2.17, 
-> 1, -> 1 when ? 0, while all the other A, B tend to zero. 

The latter result depends upon the recurrence relations, and is 
independent of the normalization. 


3.33. Form of coefficients when q is small. By solving 
Mathieu’s equation as shown in §2.13 et seq. or alternatively, the 
following results may be derived [215]: 

= t = iq (rs>l); 

( 1 ) 

- <- + + 4-( r- 1 )! (.+ 2) 1 ' 

+ 0(r+=')]^<»; (2) 

== + (3) 


J(2) 

-^2r+2 


(— 1)'‘[ i 

^ ^[r!(r+2)! 


r(47r2+222r+247) 


18(r4-2)!(r+3) 


"P tr^ij^0{V’+^) Af; {4} 




BiV. 


2r+2 


-1)4— 

^[H(r+2)! 


4(r-l)!(r+2)! 

+ 0(r +*)]£(»; (5) 


f — r-* *+ 0(r+^) I (6) 


18(r+2)!(r+3)! 

Either by obtaining formulae similar to (l)--(6) or by using recurrence 
relations, and the expansions of a in terms of g, it may be deduced 
tliat if q is small enough, -^ 2 r” ^^ 2 rV 2 ^^ 0{q^*~^) or 

0(q^- ”) according as 7i $ r. To illustrate this point, we find for 
ce^(z,q) that when q is small enough, the recurrence relations give 




Ar 


1 

Te 






^(5) and ~ -i- 
7 24 •' * 1344^ ® 


Since 2 Mir+iJ* = 1, we obtain 

r = 0 


13 


4608 




( 7 ) 
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From [28j we get the general formulae (r : 




r\ (w+r)! 


0 , m > 0 ), 

t', 


( 8 ) 


and 




m-2r 


(w,-r— 1) ! 
r!(m— 1)! 


(9) 


The results in (7) agree with those obtained from (8), (9). When q is 
not too large, we infer from (8) that the A of order greater than m 
are alternately negative and positive, while (9) shows that all those 
of order less than m are positive. is positive. These statements 
are borne out by tabular values, from which they are seen to be 
invalid when q exceeds a certain value [95]. 


3.34. Behaviour of coefficients as q -> +oo. We use the recur- 
rence relations in § 3.10, and a ~ —2q from § 12.30. Then for 


aA^—qA^ = 0 , ( 1 ) 

so AJAq-^ —2 asg->+oo. (2) 

Also {a—A)A^—q{Aj^+2AQ) = 0, (3) 

so substituting for a, Ag, 

— 4A0+A4+2A0 == 0 , giving AJAq -> 2 as g -> +00. ( 4 ) 

In general we find that 

^ (-ir 2 as +00. ( 5 ) 


By (2) § 2.21 it follows that for n > 0, all the 0 as g -> + 00 , 

in a manner compatible therewith.. Similar analysis yields the same 
conclusion for the j 5 (m) ^he results corresponding to (5) are, 

for 71 ^ 0, 

^ 2 r+lMl (— ir(2r-|-l); -> (—1)'’; 

^2rW^2->(-l)*'(r+l). (6) 

Numerical illustration. When q = 1600, from [52], AJAq — 1*96 
for cOq, and —1*75 for ce 2 , as against —2 as g->-l-oo. Using 
—2q-\’(^n-\-2)q^ from §12.30 in the recurrence relations, we 
obtain — 1-95, —1*75 for q = 1600. For ce^, AJA^ c::^ —2*85, and 
with the better asymptotic form of a we get —2*85. As + 00 , 
the ratio — 3. The accuracy of the values calculated in the above 
way decreases with increase in the order of the function. 

as a function of q. By § 3.33 it is 0(q^^) in the neighbourhood 
of g = 0, with p ^ 0; by § 3.30 it has r real zeros in g > 0; and from 



48 


CALCULATION OF CHARACTERISTIC 


[Chap. Ill 


above it tends to zero as g +oo. Thus we surmise that in general 
is an alternating non-periodic function of q which ultimately 
tends to zero asymptotically. The ^me conclusion pertains to the 
other coefficients. 

3.35. Behaviour of coefficients as n +oo. When a is very 
large, positive, and much greater than g, agn ~ From (1) § 3.10 

AqIA 2 = qia ^ 0 asn-^+oo. ( 1 ) 

Hence From ( 1 ) §3.10 

AJA^^ ~ ql{a—A) -> 0 as w -> + 00 . ( 2 ) 

Hence A^-^ 0, In like manner it can be shown that all the -4 -> 0 
except A^^n^ which tends to unity. The same conclusion applies to 
the coefficients for the other functions of integral or fractional order. 

3.40. Solution of y*'+(a—2qco^2z)y 0, when q is negative 

imaginary. In the problem of eddy current effects in § 17. 10, g takes 
the form — s being real and positive. In numerical work it is 
preferable to work with q — and then obtain the solution for 
q = ^is by writing (^ir—z) for 2 . The value of a is real or complex 
according to conditions. For q moderate, the series for a^y in 
§2.151 are convergent, and may be used for computation. The series 
for b^n proceed in powers of q^, while those for a 2 ri+i> ^ 2 / 1+1 
ceed in powers of q. Hence b^n are real, but a 2 n+i> ^ 2 n+i *re 
complex. When s > Sq, Sq depending upon n and the function, a 2 n> 
62,1 8 »re complex. In the sections following, the method of calculating 
characteristic numbers and coefficients is exemplified. 


3.41. Calculation of % and coefficients in the series for 

oe^iZy --0*16i). We take s = 0*16 in (1) §2.151, so with q = is 

1 1 /j\ 

® 2 ^128 ^ 2304 ^ ^ ' 


By (1)§3.10, 


= 0-0128+0-00003 584+0-0«21 
= 0-01283 6 to six decimal places. 

Vq = A^IAq == a^jis = —0-01283 6i/0-16 
= -0-08022 5i, 

A 2 = —0-08022 ^IAq. 
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From (2) §3.11, 

^2 = («o-^-2?/vo)/? W 

= [0-01283 6— 4+(0-32i/0-08022 6i)]/0-16i 
= —0-01011 2i. (5) 

Thus 

At = —0-01011 24^2 = —0-01011 2x0-08022 

= —0-00081 IAq. (6) 

Hence 

and by writing {\tt-~z) for z on the r.h.s. of (7),f we get 

060(2, — 0*16i) -4o[l + 0-0802i cos22— 0*0008cos42+...]. (8) 


An approximate check on the A may be obtained by using the 
formula (6) §2.160, namely, 

= Ag/A^ may be calculated by aid of (4) §3.11 expressed in the 

^ 2 r = (a-4>-*-?/r2r-2)/? (r ^ 2), (10) 

but the numbers involved are such that unless each is given to more 
decimal places than we have used above, a large error will occur. 
It is preferable to write (10) in the form 

V2r-2 = 9Ka-4r^~qV2r), ( 11 ) 

and as an approximation to assume that V 2 r vanishes to an adequate 
number of decimal places. Then with r = 3 in (11), we get 

V4^ cri 0-16f/(0-0128-36) == -0*00444 6i, (12) 

so 

A^ = --0 00444 6i^4 = 0*00444 6ix 0*00081 IAq, 

= 0-00000 36i^o- (13) 

To the same number of decimal places this value is obtained from 
(9), i.e. — g®/1162, with q = 0*16i. The value of Aq in (7) is given 
at (13), but in (8) its sign will be negative. 

t When the A are either real or imaginary, but not complex, (8) is obtained by 
changing the sign of t in (7). 

4M1 


H 
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3.42. ttg and the A in the series for 002(2, — 0-16i). From (6) 
§2.151 we have, with q = is. 


a. = 4 — - 


12 ^ 


2 


763 ^ 10 02401 ^ 

13824^ 796 26240^ 


= 4-0 01066 667-0 00003 617-0 0«21 
= 3-98929 7. 


( 1 ) 

( 2 ) 


Proceeding as in §3.41, we find that 

002(2, 0-16i) = ^q[ 1 — 25i cos 22— 0-328 cos 42+0-00164i cos 62+---] 

(3) 


and 


002(2,-0-161) = ^o[l + 25icos22— 0-328 cos 42— 0-00164icos 62+...]- 

( 4 ) 

When q is moderate and real, |^2wl largest coefficient in the 

series for 003,1(2,5'). This is true if q is moderate but imaginary, as 
is exemplified by the A in (4). 

3.43. Calculation of and the^ in ceo(2, — 4-8i). Here s == 4-8, 
which is too large for (1) § 3.41 to give an adequately accurate result. 
Instead of using this formula, we obtain an approximation to by 
means of two asymptotic formulae. The first is (1) § 11.44, and for 
brevity we designate the r.h.s, by F,,,. The second is in reference [56], 
and takes the form 


where Cl = —0-225, —0-849, —1-765, —2-925 correspond respectively 
to m = 0, 1, 2, 3, and the value of \q\ is large enough for terms 
involving 03, Cg,... to be neglected. In reference [57] it is explained 
that is a suitable approximation to a for starting a com- 

putation, provided s is large enough. We take q = is, s real and 
positive, and finally write (\ 7 t — z ) for 2 in the ceo(2, 4-8i) series, 
thereby obtaining that for ceo(2, — 4-8i). In the formulae for r,„, 
we take i^^ = and so on. Values for m — 0 are 

given in Table 4 [57]. 

We commence the computation by assuming that the tabular 
value of for s = 4-8 is an adequate approximation, and apply the 
recurrence relation (4) §3.11 in the form 

= g/(a— 4r*— gvg,) (r > 2). 


( 2 ) 
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Table 4 


8 

r. 

A. 


1-6 

1*52624 0- 1*38491 6 j 

<1-56 0-68(' 

1*80624 0 

1*04491 61 

3 2 

2*26885 6 - 3*85346 8 i 

-0-2848 1 0-2l32i: 

2*41125 6 - 

3*96006 8 / 

48 

2*83878 8 - 6*48850 8 t 

+ 0-0356 +0-1528i 

2-82098 8 - 6-56490 Si 

6-4 

3-31939 2- 9-21146 8 i 

+ 0-07016 + 0-02744t 

3*28431 2- 9*22518 8i 

80 

3*74247 2-11*99053 6 i 

+ 0-03416 8 -0-01775 6 t 

3*72538 8 -11*98165 8i 

9-6 

4*12486 0-14*80972 Oi 

+ 0-00656 0 -0-01960 8 ( 

4*12158 0 -14*79991 67 

11*2 

4*47642 8-17*65937 2i 

-0-00432 4 - 0-01071 2! 

4*47859 0-17*66472 8i 

12-8 

4*80360 0-20*53316 8 i 

-0-00574 4- 0-00336 8 i 

4*80647 2-20*53148 41 

14-4 

5*11084 8-23*42672 Oi 

-0-00393 2 + 0-00033 Oi 

5*11281 4 -23*42688 5i 

160 

5*40142 4-26*33682 Oi 

-0-00178 0+ 0-00148 Si 

5*40231 4-26*33756 4i 


To illustrate the procedure, high accuracy is waived : we take Vg = 0, 
and Og = 2'821— 6'565t in (2), thereby obtaining 


Ug = 4-8i7(2-821— 6-565i-36) = — 4-8i/(33*179+6-565t) 

= — (0-0276+0-139*). (3) 

Applying (2) with r = 2, we have 

Ua = 4-8t/[2-821-6-665i-16+4-8t(0-0276+0-139i)] 

= — 4-8t/(13-86+6-433i) 

= -(0-132+0-286i). 

Vo = 2ql{ao-4:-qvz) 

= 9-6i/[2-821-6-666i-44-4-8i(0-132+0-285i)] 

= -9-6i/(2-647+6-931i) 

= -(l-367+0-588i). (6) 

We can now calculate the coefficients in terms of Aq, but 

before doing so, we shall investigate the accuracy of the assumed 
value of a^, 

3.44. Closer approximations to and the v. The first recur- 
rence relation in (1) §3.10 may be written 

L = qvo-a^ = 0 . ( 1 ) 

Thus if Uq and Vq are calculated very accurately, the l.h.s. of (1) 
should be correspondingly small. Moreover, the magnitude of L will 
be an index of the error incurred due to the assumed value of aQ and 
in taking = 0. The numerical results in § 3*43 are not accurate 
enough to permit the calculation of L. However, we can show the 
method of obtaining a closer approximation to and the v sym- 
bolically. 


( 4 ) 

(5) 
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Since the v are functions of by (1) we have, with q constant, 

L[a^) = (2) 

Then if Suq is small enough, by Taylor’s theorem 

aZ(ao) 


i(ao+8ao) L{a^)+ha^- 


ddn 


( 3 ) 


We presume that i(aQ+SaQ) 0, so we have Newton’s well-known 

approximation 


8a, 




( 4 ) 


Our next step is to derive an expression for —dL{a^jdaQ in terms 
of Vq, ^ 2 , ^ 4 ,... . Then from (2) 

d[qVf^) 


da. 


da^ 


Also, by (2) §3.11, 

dVQ 

so — 

and, therefore. 


0 ‘^'^0 
2ql(ao-4,—qVi), 
2q d 


0(?Vo) 


1,,2 

da^ 


1 


K-~4-^^;2), 

J 


Again, by (2) §3,43, = 3/K— 1^— 3^4)> 


so 


dan 




Substituting the r.h.s. of (10) into that of (8)^yields 


( 5 ) 

( 6 ) 

( 7 ) 

( 8 ) 
( 9 ) 

( 10 ) 

( 11 ) 


= (12) 

<7a0 


In general 

so by inserting the expression for —d{qVf)ldaQ in (11), and repeating 
the process, we are led to 


ao^, 

Accordingly, by (6), (13) 
dL 




dUo 


= l+iK+*'o«^i+*’o*'i*’4+-] 


= 1- 


2Al 


[Al+Al+A>+...l 


(13) 

( 14 ) 
( 16 ) 
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Hence 2tr 

f = - f ceL(2.?) (16)t 

CCLq r=l 'H' J 

0 

We calculate L from (2) using adequately accurate values of Vq, 

Let the result be 1/ = Now calculate —dLjdaQ from (14) 

using the v. Let —dLldaQ — Then from (4) 

8oo ==; {xo+iyo)l{xi+iyi) = x^+iyz, (17) 

so ao+S«o — (2-82098 8+3:2)- (6-56490 S-y^)^, (18) 

which is a closer approximation to the characteristic number than 
that in § 3.43. This new value of Uq is used to recalculate the v, as 
in § 3.43. The process may be repeated, but the number of decimal 
places required for increasing accuracy will increase at each repeti- 
tion, owing to decrease in the real and imaginary parts of L. 

3.45. The series for ceo(^, —4*8/). For this we use the v calcu- 
lated in § 3.43. Then 

+ 2 = VoAq, At = 170 ^ 2 ^ 0 . ^6 = 170 ^ 2174 + 0 . 

and we find approximately that 

+2 = _(1.367+0-588i)+o. ' 

At = {0-013+0-468i)+o, (1) 

+0 = (0-065- 0-01 6i)+o- > 

Thus to a first approximation, we obtain 

ceo(z,4-8i) = +o[l-(l-367+0-588i)cos2z+ 

+(0-013+0-468i)cos42+(0-065-0-016i)co8 6z+...]. (2) 

Writing {^tt—z) for z in (2) leads to 

ceo(z,-4-8i) = +o[l+(l-367+0-588i)cos2z+ 

+ (0-013+0-468i)cos4z— (0-065— 0-015t)cos6z+...]. (3) 

It may be remarked that (3) is not (2) with the sign of i changed 
(see footnote to §3.41). 

3.46. ttg and the + for ce^{z, — 4-8i). It is found by computation 
[57] that when s > 1-4688..., is complex, and its conjugate is Oj.t 
By applying §3.44 to the value of Oq Table 4, we obtain 

fflo = 2-82120 8—6-56266 8i, (1) 

so 02 = 2-82120 8+6-56266 8t. (2) 

t This has not been equated to unity because q is imaginary (see § 2.21). 

{ No formal proof of this has yet been published. 
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The V for ccg are obtained from those for cOq by merely altering the 
signs of the real parts — a ])rocedure whose validity is easily estab- 
lished. Thus from (3), (4), (b) §3.4^, we get 


Vq = l*367-0*588i, 
== O-132-0*285i, 


(3) 


P4 0*0276-0-139i, ) 

these data being apj)roximate for purposes of illustration. The A 
may be calculated from formulae at the beginning of § 3.45, but they 
can be found immediately by changing the signs of the real and 
imaginary parts in alternate ^ in (1) § 3.45. Thus for ceg we have 


= (l*367-0-588iMo» ' 

A^ = (0-013-0*468iMo> 

A^ = -(0*065+0-015i)^o- > 

Hence we find that 


(4) 


ce2(2, 4*8i) = .4o[l + (l*367—0*588i)cos22:-b 

+ (0-013-0*468i)cos42-(0-065+0*015i)cos62:-f...], (5) 

and, therefore, writing Htt—z) for z, 

062(2, ~4-8i) = ^o[l-~(l*367-0-588i)cos22:+ 

+ (0-013-0*468f)cos42+(0-065+0-015i)cos62+...]. (6) 


3.47. Characteristic numbers for other functions when s is 
positive. When 5 > > 0 and the characteristic numbers are com- 

plex, numerical values indicate the following results [57]: 

aQ is conjugate to 
>> » 

^3 >> yy 

^2 yy yy ^4* 

If 8 is large enough, numerical values indicate that [57]: 

«o ~ 

64, 

i(®0"b^l) ^Qy 

64) ~ Pj, 

64— eig ~ Ai- 

See § 3.43 for meaning of symbols. 
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It may be remarked that when s varies from 0*16 to 1-44, 
varies from 0*012836 to 1*689280, whilst ag varies from 3*989297 to 
2*481324. Thus the variation in (aQ+a^) is from 4*002132 to 4*170604, 
so (ao+Ug) is in the neighbourhood of 4 when s is in the range 
0*16 < 5 < 1*44, i.e. the two a are real. This is readily explained 
by aid of (1) §3.41 and (1) §3.42. From these formulae when s is 
moderate 


<“"+“>) = ‘+(s-f2)*“+(rk 


763 \ 
13824/ 


( 1 ) 


4 + 


12 


13824 




( 2 ) 


so the dominant term is 4. Numerical data show that as s-> 
-f- 1-4688..., Oq ->■ (2—0), and -> (2+d)- 
Since the series for a^, aj at (1) §3.41, (1) §3.42 proceed in powers 
of all the terms are real. The fact that Uq, are both complex 
when s > 1'4688... indicates, therefore, that the series cannot hold 
then, i.e. they appear to be divergent. 


3.50. cer, cei, ser, sei functions. In § 3.40 et seq. we have seen 
that ce,^(2;, —is) is a complex function of z, so we may put 

cem(z. — *■«) = cer,„z+icei,„z. (1) 

Writing thfe complex coefficients in polar form, we take 

Thus, if ce2„(z, +*5) = 2 cos 2rz, by (2) §2.18 we have 

r=0 

ce2»(2. —is) = (—1)" 2 (— l)’'.d^5r‘'co8 2fz 

r=0 

= ( - 1 )" f ( - 1 )*• >1 COS 2rz (2) 

r-O 

= (—!)”[ 2 (—!)’■ |.4^*">|cosq>2,. COS 2rz+ 

•-r=0 

+»Z (— *)'’l-4^f’|sin<P2rCos2rz], (3) 

r=0 J 

SO 

cer2„z = (—1)" 2 (— l)’'l-d^’‘>|co8'P2r®08 2rz (4) 

r=0 

= (— — |j;o|cos<P2Cos2z+ 

+ 1^0 ^2 1^08 94 COS 42— I Vq Vg V4 |C08 (p^ COS 62+ (5) 
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and 

= (--1)^2 M2r^|sin92r cos 2r2 (6) 

r»0 

= ( — 1 I 92 COS 22 + 

+ I^o Vg I sin 94 cos 42— | sin 9^ cos 62 + . . .}. (7) 

These series are absolutely and uniformly convergent in any finite 
region of the 2-plane. The series for cerg^^.!, ceig,j^.i, ser,„, sei^ may 
be found by procedure akin to that above. The modified functions 
Cer^, Cei^, etc., are derived from the foregoing by writing iz for 2. 

3.51. Bessel series for cer, cei, ser, sei. Writing k — — iH 

in (2) §8.20, using the complex A from §3.50, and the relation 
I^{u) = {—lyj^riiu), we obtain 


ce2„(2, is) = 2 sin z). (1) 

^ r=0 

Writing (^TT— 2) for 2 gives 

ce2„(z, -is) = (-1)“ 2 ^2f^^(2i‘icosz). (2) 

® (• = 0 

By [202, pp. 121, 122], we have 

= berjrM+i beig^M = (3) 

Let ce2„(0, ts)/^o = J?2(i ”se (3) in (2) ; then we find that 

ce 2 ,.( 2 , -is) ^ ( _ 1 I 1 ) i (4) 

r=0 

so cer2„z = (-1)'>J5?2„ f l^[J’*^litf2rCOs(02r+92r+fA2j. (5) 

r = 0 

and cei2„z = 2 M^"^l-^2rSin(^2r+?2r+^2»)» (6) 

r=0 


the argument of M, 6 being 21 cos z. These series have the same 
convergence properties as in §3.50. Series for the other functions 
may be derived in a similar way, while those for Cer^, etc., may be 
obtained if iz be written for 2. 

By replacing kf in (3) § 2, Appendix 1, with — it will be found 
that when the fundamental ellipse tends to a circle, Cer, Cei, etc., 
degenerate to constant multiples of the ber and bei functions. 
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GENERAL THEORY: FUNCTIONS OF FRACTIONAL 
ORDER: SOLUTION OF EQUATIONS 

4.10. Introduction. The discussion in this and in the next eight 
sections applies to any linear differential equation of the second 
order with single-valued periodic coefficients, e.g. ( 2 ), ( 6 ) Chapter I, 
these being Mathieu’s and Hill’s equations respectively. 

Let y^{z) be any two solutions which constitute a funda- 
mental system. The complete solution is 

y == ^yi(2)+%2(2). (1) 

A, B being arbitrary constants. If we write (z+ir) for z, then 
yi(2-l-7r), ^ 2 ( 2 + 17 ) are solutions also, it being the period of the co- 
efficients. In accordance with the theory in [49], we have 

2 / 1 ( 2 +") = a^y^(z)-\-oL^yj^(z), (2) 

^2(2+") = 2/1(2) +^2 2/2(2). ( 3 ) 

where oci, aj, jSj are constants determinable from the conditions 
at, say, 2 = 0. It is convenient in this discussion to choose the initial 
conditions 2/i(0) = 1, 2/i(0) = 0, y^iO) = 0, ^^(f^) — 1- Substituting 


the first and third of these in (2), (3) yields 

“1 = yi("). Pi = VzM- (^) 

Differentiating (2), (3) with respect to 2 , we get 

2 / 1 ( 2 +") = ai2/i(2)+a22/2(2). (®) 

and 2 / 2 ( 2 +") = ^ 1 2 / 1 ( 2) +^2 2 / 2 ( 2 ); (6) 

so insertion of the second and fourth conditions leads to 

“2 = 2/'i("). Pi = yM- C^) 

If 2/i were an even function of 2 , and 2/2 an odd one, on writing 
3 = —IT in (3) we should get 

2 / 2 ( 0 ) = 0 = ^i2/i(")-P22/8(") = Pii^i—Pi)- (8) 

Since ^ 0, it follows that ai = i.e. 

2/i(") “ 2/i(")- 

I 


4961 


( 9 ) 
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4.11. Relationship between %j(z) and y{z-\--n). From (l)-(3) 
§4.10 we have 

y{z-\-n) = Ayi{z-\-'ir)-{-By^{z-\-n) (1) 

= A {«! Vi (2) + *2 2/2(2)}+ 3/1(2) +^2 3/2(2)} 

= {Aoc,-^B^Mz) + {Acc^+BpM^). ( 2 ) 


Thus, if 9, a constant, can be found such that {Aot^A-BPi) = <pA, 

and (Aa(2-j-B^2) — then by (1) §4.10, (2) above may be written 

in the form , , \ \ /o\ 

y(z+-n) = <py(2). (3) 

This necessitates 


^(«i-<p) + 5i3i = 0, or -^/JB = ^i/(«i-9), (4) 

and A(X 2 +B(^ 2 —<P) = 0, or —AjB = (jgj— <p)/a 2 . (5) 

Accordingly, if A, jB are non-zero, we must have 

(«i-?)(^2-9) = «2j8i. (6) 

or 'P*-(«i+i32)9+(«ii32-«2i8i) - 0. (7) 


Since aj,..., jSa were determined in §4.10, the two values of 9 which 
satisfy (7) may be expressed in terms of yi(‘rr), y^i'ir), y^itr), y^i^). 

4.12. Introduction of the index p. Let 9 = e/*", where p is a 
number dependent upon the parameters in the equation, i.e. a, q in 
(1) §2.10. Also take <f>(z) = e~i^y(z), both of these being definitions. 
Writing (2-f-7r) for 2 gives 

(f>(z+iT) = c->'(*+»)y(2-l-7r) (1) 

_ e-i^^^^'>(py{z), 

by (3) §4.11, ^ e-i^y{z) ^ <f,{z). (2) 

Hence <f>{z) is periodic in 2 with period n. Since y{z) is a solution of 
the type of differential equation under consideration, it follows that 
ei^’’(f>(z) is a solution. 


4.13. Complete solution of equation. For our specific purpose 
we fix attention upon the equations 


d^y 

dz^ 


4- (a— 2^ cos 22)3/ = 0, 


( 1 ) 


and ^+[«-2 ?^(z)]2/ = 0. (2) 

^(2) is an even, differentiablef function of 2, periodic therein with 

■f See footnote on p. 127. 
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period 

00 

7 T, e.g. tff{z) = '^ 62 rGos 2 rz.’\ By virtue of periodicity tt, 

T 1 

\vc 

take 




^(2) = £ 

(3) 


r= — 00 


and 

^(—2) = 2 C2,e-2^*‘. 

r~—ao 

(4) 


Then by §4.12, if /a = a+ijS, a, real, e^^^<f>(z) is a formal solution 
of (1) or of ( 2 ). Since both of these equations are unchanged, J if —z 
be written for 2 , e-i^^<f>(~-z) is an independent solution, provided 
either a 7 ^: 0 , or when « ~ 0 , /3 is non-integral. Hence the complete 
solutions of equations of type ( 1 ), ( 2 ) may be expressed in the form 

y{z) = 2 (^) 

r-— 00 r 00 

A, B being arbitrary constants. Tlie above analysis is based on [215]. 

4.14. Stability of solutions^ z real. 

(а) A solution is defined to be unstable if it tends to ±00 as 
z -> + 00 . 

( б ) A solution is defined to be stable if it tends to zero or remains 
bounded as z -> + 00 . 

(c) A solution with period tt, 27t is said to be neutral, but may be 
regarded as a special case of a stable solution. 

Cases (a), (b) are non-periodic.§ In (5) §4.13, since the sigma terms 
are both periodic in 2, the stability depends u{)on i.e. upon /x. 
It may, in general, have any real, imaginary, or complex value. If 
real and positive > 0 , +00 with 2. Hence the A member of 

(5) §4.13 tends to ±00 as 2 -> while the B member approaches 
zero. Thus the first part of the solution is unstable, but the second 
is stable, so the complete solution is unstable. If fx is real and 
negative, instability arises from the B member. 

When /X == ijS, jS non-integral (5) §4.13 gives the stable solution 

y(z) = A f f (1) 

r=~ 0 O r X) 

If )3 is a rational fraction p/s, p and s being prime to each other, 

t In § 6.20 the mast be such that ^( 2 ), ^'( 2 ),... are uniformly convergent and, 
therefore, 0, differentiable term by term. In a practical af>pli<*ation the number of 
terms would usually be finite. It may sometimes be exp^ent for ^( 2 ) to have 
additional properties specified in § 6.10, with w ~ 1. 

t With 0 as above. § Except as in (1) when the period is 2sn* 
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the 2 members are both periodic, with period 287r. When p is irra- 
tional, the solution is oscillatory but bounded and non-periodic, i.e. 
it never repeats itself exactly at any interval. The S members in 
(1) are independent solutions of (1), (2) §4.13. 

If fx = a+iPy where a, P are real and non -zero, (5) §4.13 assumes 
the form 

y{z) == Ae^ 2 (2) 

r= — 00 r*=-- 00 

and from what precedes, this is an unstable typo. In numerical work 
it is possible, however, to arrange that ft shall be either real or 
imaginary (according as the solution is unstable or stable), but not 
complex; also that 0 < < 1 for convenience (see §4.70). 

Recapitulation, 

(а) The solution is unstable if p is any real number ^ 0. 

(б) The solution is unstable if /a == oc+ipy |a| > 0, |j8[ > 0. 

(c) The solution is stable and periodic if /x = ipy p a rational 
fraction. 

(d) The solution is stable but non-periodic if /it = ip, p irrational. 
In (a)-{d) the complete solution is implied. 

4.15. Alternative forms of solution. In accordance with the 
theory of linear differential equations, we may choose as a first 
solution 

y^(z) = f (1) 

' !•=— 00 ' 

= I (c2,e2'-®'+c_2,c-»^)) + 

CO 

= ^CoCOsh/iZ+^ (c2,cosh(/it+2r»)2+c_2,co8h(^— 2n)2} 

r~l 

00 

= A '2, C2rCosh(/i+2n)2. (3) 

r=*-oo 

As in § 4.10 suppose yi(0) = 1, then A = 1 / 2 and, therefore, 

I _oo 

= yi{n) — hoshfiTT, yi{nn) — coshpWTr, 
for all finite values of fi. 


( 4 ) 
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Starting with a negative sign within the r.h.s. of (1), we obtain 
a second independent solution, namely, 

oo 

y^{z) = -8 2 C2r8»nb(/*+2rt)2. (6) 

r~ — <xi 


As in §4.10, let yi(0) = 1, then -6 = 1 / ^ so 

p2 ~ = cosh fJLTTy ^ COShfJLnTTj ( 6 ) 

provided (5) is uniformly convergent for differentiation of the series 
to be permissible (see §4,77). 

From (4), (6) we get 

yiW = or “i == ^2. (7) 

and Viinir) = y'^inn) — cosh unir. (8) 

Again, from (3) 

oo 

y[(z) = A 2 (A‘+2n)C2,8inli{yu-f 2 n')z, 


provided (3) is uniformly convergent (see § 4.77). Then with z = w, 

CO 

“2 = ^ 8inhp.7r 2 (M+2n‘)c2,. 

— 00 

~ --8inhp.»r, (9) 

X> 

A 

Also yx(^7r) = -sinhftWTT. (10) 

B 

Writing z == tt in (5) leads to 

ft = yz(‘^) = ^sinhpw. (11) 

Also ” -j sinh jLtnTT, (12) 

so 

“ 2 ft — l/iMUii.'”’) — sinfaV"", y\(^fr)yi(niT) = sinhVw’r, (13) 
From (4), (6) 

“ift ~ — cosh^/iir, y2(w5r)yi(n2r) = cosh®pnjr. (14) 

By (13), (14) 

“ift— «2ft = 2^2Wyi(’r)— 3/l(5r)ya(2r) = 1, (15)t 

and y2(nTT)yi(nir)—y[(nn)y^{n7t) = 1. (16)t 

Substituting from (4), (6), (15) into (7) §4.11, we find that 

9i = 92 = e-/*", 9i92 = 1. 9i = l/?2- 

t These are (2) § 2.191 with z ^ n and nir, respectively. 
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These results are valid for /x = oc+ip, a ^ 0, or if a = 0, is non- 
integral: also y^iz) is even in z, whilst y 2 (z) is odd therein. This 
restriction is removed in § 4. 1 52. 

4.151. Extension of § 4.11. Reverting now to (3) § 4.11, if yi{z) 


be a solution of either (1), (2) §4.13, then 

yi(z±7r) = (1) 

Also, if y^iz) is a linearly independent solution, 

y2(z±n) = e^t^^y^iz). ( 2 ) 

From (1) e*'*" = «/i(z±7r)/yi{z). (3) 

Hence s^nh}^’^ [yi(2+rr)±yi{z—n)]/2yi{z). (4) 

If 2 == 0, and yi(r7T) ^ 0, (4) gives 

shih)^’^ = [2/i(’^)±2/i(— ^)]/2yi(0). (5) 

Similarly (2) yields the formulae 

sinhj^’^ == [^ 2 ( 2 — ^)±y2(2+’T)]/2y2(z), (6) 

when z -= TT, = [y^{0)±y2{27T)]l2y2(n), (7) 


provided y2(0) ^ 0. Since <f)(z) has j)eriod tt, y 2 ( 0 ) = 0 entails 
j/2(^7r) = 0, so (7) would then be indeterminate. 

4.152. A more general case. From § 4.12 the solution of (1), (2) 


§4.13 has the form 

y ^ ( 1 ) 

where for convenience we shall take 27t as the period of <f>(z). Then 
tt) = «^(7r), and 

y{ — 7r) = e ^^^(f)(TT), y(7r) = e^^<^(7r), (2) 

so yM — e^f^^y(—7T) = 0. (3) 

Similarly we obtain 

y'(7T)—f^f^^y'{—7T) == 0. (4) 

Let yi(z) and y 2 (z) be any two linearly independent solutions, and 

substitute y — Ayi{z)-{~By 2 {z) in (3), (4). Then we get 

tt )] = 0 ( 6 ) 

and A{y\{TT)--e^i^'"yi{—-n)]-{-B[y^{n)--e^i^'"y'^{—Tt)] = (i. (6) 



4.15] FRACTIONAL ORDER: SOLUTION OF EQUATIONS 63 
For A, B non-zero, we must have 

—[y2{'ir)-e^f^^yt(—n)][y[{v)-e^i^^y[(—TT)] = 0, (7) 

i.e. = 0, (8) 

where 

D = yi(— w)t/i(7r)-fi/i(7r).V2 (— tt)— 2/2(— 7r)i/i(7r)— i/2W!/i(— 

and 

yiMy'zM—ytMyii^) = yi(--^)yi(--’^)-y2(— '^) == 

(see §2.191). Solving (8) leads to 

cosh 2^77 — Dj2c^, (9) 

It may be remarked that conditions respecting oddness and evenness 
of the solutions have not been imposed. This is useful in connexion 
with problems like that in § 6.40 where the solutions are neither odd 
nor even. The preceding formulae are valid if jitt is written for tt, 
n ^ 2. 

If we assign the initial conditions 

y\{—^) = y'ii-'i^) = 1. yzi—^) = y'li—^) = o, 

(9) becomes cosh2/L(,77- == [yi(^)+2/2(^)]/2> (10) 

and, as before, tt may be replaced by utt, 

4.153. Functions having period 27r. Apart from §4.152 the 
analysis in this chapter has been based upon a solution of the type 

GO 

ef^^<f>{z), with (f)(z) — 2 which has period tt. It is preferable 

r= —00 

that /a should be real or imaginary {fj, = 0 < j8 < 1), but not 

complex. To obtain this objective when the parametric point {a,q) 
lies in certain regions of the (a, g) -plane (see Fig. 8), which are 
specified later in §4.70, it is essential that <f>{z) has period 27r. The 
results in §§4.10-4.151 are applicable if for tt we write 27r, and take 

<^(2) = 1 C2r+ie<‘‘’’+«**; (1) 

r=— 00 

also in all infinite series we change 2r to (2r+l). The relation corre- 
sponding to (4), (8) §4.15 is now 

2/j(n7r) = yi(n7r) == (— l)’^ cosh /in^r. 


( 2 ) 
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4.16. Form of solution when /x = 0 < ^8 < I. In (3) § 4.15 

write ip, and it becomes 

y,{z) = A 2 c^,cos{2r+P)z, (1) 

r - —oc 

while the same substitution in (5) § 4.15 gives the linearly independent 
solution 

yj(z) = jB f Cj^8in(2r+j8)2, (2) 

r==— 00 

the i being dropped, since it is merely a constant multiplier. Hence 
the complete solution of 

y''-\-(a—2qcos2z)y = 0, (3) 

takes the form 

y{z) = A c^coa{2r+P)z+B f C2,sin(2r+j3)2, (4) 

r=2— 00 r=— 00 

and this constitutes a fundamental system. 

Corresponding to (4), (8), (13) §4.15, we have 

y^{n7r) = yi(wtr) == cospnir (5) 

and = sin^pnn. (6) 

These are readily checked by using (1), (2) and the initial conditions 

yiW = y'ii^) = y2W == == 

Additional forms of solution. Replacing 2r by (2r4'l) in (1), (2), (4) 
in accordance with §4.153, leads to the solutions (independent of 
each other) 

00 

yi{z) = A 2 C2,+iCos(2r+l+^)2, (7) 

r ^ — OO 

and y^{z) = B 2 c^+iSin(2r+\+P)z, (8) 

r-—oo 

giving for the complete solution 

y{z) = A 2 c^^.iCOs(2r+l+p)z+B f C 2 , 4 .iSin{ 2 r+l+^) 2 . (9) 

f=— GO r= — 00 

Corresponding to (2) §4.153, we have 

y^(nn) = yi(nTr) = (— l)«cosj8w7r, (10) 

which can be confirmed by using (7), (8). 

It may be remarked that the A, B are quite arbitrary, and need 
not have the values obtained in §4.15, using the initial conditions 
stated there, i.e. any appropriate initial conditions may be chosen. 



4.17] FRACTIONAL ORDER; SOLUTION OF EQUATIONS 66 

4.17. Solution when jS = 0 or 1. Consider any point (a, q), j > 0, 
in a stable region of Fig. 8 A near but not upon it. Then (3) § 4.16 
has two independent coexistent solutions, namely, (1), (2) §4.16. 
On j3 = 0 and (2) §4.16 ceases to be a solution. f Substituting 
either (1) or (2) §4.16 into (3) §4.16 and equating the coefficient of 
cos(2r+j3)z or 8in(2r+i3)2 to zero for r = — oo to oo, we obtain the 
recurrence relation 

[«-(2>-+^)*]C2r-9(C2r+2 + C2r-8) = 0- (1) 

With == 0, (1) becomes 

(a~4r2)C2^— g(C2^4.2 + C2r-2) = 0. (2) 

Writing — r for r yields 

{a 4r^)C_2y 9'(^-2r-24"^-2r+2) == (^) 

Then (2), (3) are compatible provided Cq ^ 0 and c^r ~ ^ ^ 1* 

Hence, when == 0 and a — (1) §4.16 may be written 

2/1(2) = A |^Co+ 2 2 Cjr cos 2rz] , (4) 

which is a constant multiple of 002^(2,?) as defined at (1) §2.17. 

When /3 == 1, (a, g) is on 62n+i> (1) § ^ ceases to be a solution. 

The recurrence relation is now 

[a-(2r+l)a]c2,-g(c2,+2+C2,_2) = 0. (6) 

Writing — (r+1) for r in (5) gives 

[a_(2r+l)2]c_2,_2-g(c_2,+c_2,_4) = 0. (6) 

Then (5), (6) are compatible if Cg,. = ® = -“C^2> 

Cg = — c_4. Hence (2) §4.16 may be written 

2/2(2) = 2B 2 Cj^+i 8in(2r+ l)z, (7) 

r*0 

where has been substituted for Cg,.. This is a constant multiple 
of sOg, 1+1(2, g) defined at (3) §2.17. 

With p = 0 in (7), (8) §4.16, y 2 {z) is not a solution since (a,g) is 
on agrt+i- Then as above it can be shown that 

1 / 1 ( 2 ) = 2 ^ 2 <^2r+l COS{2r + 1)2, (8) 

r=0 

which is a constant multiple of ce2,t+i(z,g). Similarly with j3 = 1 in 


t See § 2.13 et seq. The characteristic numbers for ce„,, se,,, are different. 
4961 „ 
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W Vii^) ceases to be a solution, since {a,q) is on 62n+2- 

Then we find that 

2/2(2) = 25 2 <^ir+i 8m(2r+ 2)2, (9) 

r»0 

which is a constant multiple of se2„+2(*> ?)• 

Tf 

4 . 18 . Changing the sign of q. Except in § 4.17, the sign of q has 
not been specified. Assuming, however, that the various solutions 
are for g > 0, those for the same a but g < 0 may be derived if 
(iTT—z) is written for z. 

4 . 19 . General relationships between the solutions. We com- 
mence with (2), (3) §4.10, and use the values of (Xj, ag, jSi, P 2 ^^nd the 
initial conditions stated therein. Then if are independent solu- 


tions of (1) or of (2) §4.13, 

yi(iT+z) = yi(tT)yi{z)-\-yy{-n)y^{z) ( 1 ) 

and y2i7r+^) = 2/2(’^)2/i(z)+yi(»f)y2(2). (2) 

Writing —2 for 2, and postulating that y^ is even and y^ odd in 2, 
(1), (2) yield 

2 / 1 ( 17 - 2 ) = 2/i{’^)yi(2)-yi(w)y2(2) (3) 

and yi.i.'n-z) = y2(^)yi(z)-yi(’»-)y2(2)- ( 4 ) 


Formulae (2), (4) are analogous to those for the circular functions. 
Four additional relationships are obtained if (l)-(4) are differentiated 
with respect to z. 

Writing {z—n) for 2 in (1), (2), and (n+z) for z in (3), (4) leads to 


yi(^) = yiMyi{^Tz)-yi(7T)y2(7TTz) (5) 

and 3/2(2:) = ±«/2(^)yi(^T2)=Fyi(^)Z/2(^=F25). (6) 

Differentiating (3), (4) with respect to z and using (2) §2.191, we 
obtain 

Vii^) = yi{^)y[{^-z)+y[{z)y^(7T-z) (7) 

and y^in) -= y2{z)y2(n-z)+y^(z)y2(7r-z). (8) 

The following may be derived from (l)-(4): 

yi{z)y2{^-U)±y2(z)y^(7T-u) = J/i(t4)j/2(7r±2)-J/2(^)*/l(^±«) (^) 

and 


yi{z)y2{^+u)±y2{z)yi{7T+u) = yi{u)y^(7r±z)+yMyi('^±^)^ ( 10 ) 

If yi and/or y^ is periodic, the above relationships may be simplified. 
It may be remarked that if is periodic in z with period tt or 27r, 
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is non-periodic. But if has period 2sn, s'^2,y^ also has this 
period (see §4.71). 

4.20. Determination of fi when- q is small. Dividing (1) 1° 
§ 4.760 by [(2r— ip,)®— o] and writing = g/[(2r— ip)®— a] leads to 

C2r“H^^2r(*'2r+a"t‘®2r-a) ~ (1) 

With r = ...—2, —1, 0, 1, 2,... we obtain the system of linear equa- 
tions: 


0-t-^_4C_j-t- C_4 ~|-^-4C_2-t“ 0 -|-0-|-0-t-0-l- 

0+ 0 -f-^-2C_4-|- C_2 -|-^-2Co'i" 0 -f- 0 0 -(- 

0+ 0 -t- 0 -f^oC-2+ Co +^oC2+ 0 + 0 -f 

0+ 0 -f 0 -f 0 -f ^aCo + C2 +^aC4+ 0 + 

0+O-hO-fO-fO +^4Ca+ C4 +Uct+ 




= 0 . 


( 2 ) 

For (1) 2° §4.70 to be a solution of Mathieu’s equation, (2) must be 
a consistent system of equations, i.e. they must be satisfied simul- 
taneously, so the eliminating determinant for the c (variables of the 
equations) must vanish. Thus we get the infinite determinant 


A(ip) = 


• 1 

1 

^-4 

0 

0 

0 

0 . 

. 0 

^-2 

1 

f -2 

0 

0. 

0 . 

. 0 

0 


m 


0 

0 . 

. 0 

0 

0 

^2 

1 

^2 

0 . 

. 0 

0 

0 

0 

^4 

1 

^4 • 


(3) 


When expanded this constitutes an equation for p. If in the $ we 
write p = 0, the determinant A(0) is obtained. 


4.21. Convergence of (3) § 4.20. An infinite determinant is 
absolutely convergent if (a) the product of the diagonal elements 
is absolutely convergent, (6) the sum of the non-diagonal elements is 
absolutely convergent, (o) is satisfied, since the product is unity, 
while for (6) we have to demonstrate the convergence of 



r*. cr» /UN / -» 


( 1 ) 
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When |r| is large enough, the terms under the sigma sign on the r.h.s. 

00 

of (1) are each < \r\ -p, I < p <2, Now the series 1/r^ is known 

to converge, so (3) § 4.20 converges absolutely for all finite a and jjl, 
provided no denominator of one gf the vanishes, i.e. 

(2r—ifjL) 


4.22. as a function of the complex variable. 

(а) (i) Writing —fi for p and —r for r leaves unaltered, since 
(2r—ip)^ = (— 2r+i/x)^. 

(ii) r takes all integral values from — oo to +oo, so that trans- 
position of the elements with -fr and —r leaves unaltered. 
Hence A(i/Lt) = A(-~i/>t), so that A(i/i) is an even function of p. 
Further, if a, q are real, so also is A(i/i). 

(б) [2r+i(ii+2i)f == [2(r— l)+i/x]^ so replacing (r— 1) by r in the 

second bracket gives (2r-f the determinant is unchanged 
and A(ip) = A[t(/x-f 2i)]. Hence A is periodic in p with period 
2i, so its behaviour everywhere is deducible from that in the 
infinite strip of the /x -plane, 0 < < 1. 

(c) The only singularities of A are simple poles which occur when 
[(2r—ifi)^—a] = 0, i.e. p = i{a^—2r) and —i{a^+2r). Now 
the function == l/(cosi/i7r— costtu*) has simple poles at 
these values of /i,f while its period is that of 

(d) From (c) it follows that the function 

= A{ip)—Cx(i!^) ( 1 ) 

will have no singularities if (7 is suitably chosen, so by Liou- 
ville’s theorem it must be a constant. 

(e) To determine C we proceed as follows: When all the 

^ in (3) §4.20 tend to zero, and the diagonal elements alone 
remain. Thus lim A(ifi) = 1. Also lim there- 

fore, = 1. Then 

1, 

or C* = [A(t»— l]/x(v)- (2) 


When /t *= 0, x(d) = 1/(1— coswo*), while the value of (3) §4.20 is 
A(0), the being g/(4r*— o), a 4r*, to avoid an infinity. Hence 

C = [A(0)-1][1-co8ww»]. (3) 


t We asHiime that a ^ 4r*, so ^4 = 0 is not a pole. 
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With this value of (7, (1) is devoid of singularities in the /i-plane. 
The preceding analysis is based upon [216]. 


4.23. Solution of (3) § 4.20. This determinantal equation is 
satisfied if /x be such that A(i/i) = 0. Substituting this for A in 
(2) §4.22 and equating to (3) §4.22, we have 

l/x{*» = [l-A(0)][l-cos7ra*]. (1) 


Now ~ cosi/xTT— cosTra*, so by (1) we get 

COSijJLTT = COS7ra* + [l~-A(0)][l — COSTTU^] 

= 1— A(0)[1— cosTra*] (2) 

or sin^ = A(0)sin2 |7ra^ {a ^ 4r^), (3) 


This result is obtained in [213] without recourse to the complex 
variable. 

The values of /x which satisfy (3) above, satisfy (3) §4.20 also. 
Hence /x is determined if A(0) can be evaluated. If q is small, f by 
aid of [213] we find that 


A(0) 1 


cot 

4a*(a— 1) 


(4) 


so (2) may be written 


cosi/xTT cos7ra*+[^?^sin7ra*/4a^(a— 1)] {a ^ (5) 


4.24. The roots of (3) § 4.20. The determinant being an even 
function of i/x, if ifx^ is a root of A(i/x) — 0, so is — i/XQ. Since a linear 
D.E. of the second order has no more than two independent solu- 
tions, db^V^o only distinctive roots. Now the non-diagonal 

elements are = ?/[(2^— and if we write i/x = (i/XQ— 2r) 
in the elements on either side of the origin where r = 0, above 
is obtained. The result of treating all non-diagonal elements in this 
way is merely to shift the origin, and to leave A(i^) unchanged. It 
follows that the roots are i/x = ±iitxo““2r, r being any integer. If /x^ 
is real, the roots occur in conjugate complex pairs i/LXo““2r, — i/XQ— 2r. 
If ftQ is imaginary (= ijS), the roots occur in the real pairs 2r. 
For /xq = a+ij3, i/xo = ia— j8. Since r is any integer, we have the 
conjugate pair ia— j3— 2r, and *2(r+^) = — 2r, pro- 

vided fs is an integer. Hence /x may be complex if its imaginary part 
is integral. 

t It suffices if the term in g* in (4) is small compared with unity. 
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Recapitulation. 

(а) If pq is real and r = 0 , /x = ^jjlq is real. 

( б ) If pq is real and r 0 , /x is complex. 

(c) If /xq is imaginary, /x is imaginary for all r. 

(d) If /xq = a+ijS, j 8 an integer, /x is complex for all r. 

As shown in § 4.70 the form of solution may be chosen to make 
p either real or imaginary (according to the position of a, q in the 
plane, Fig. 8 ), but not complex. These remarks apply to all real 
values of a, q finite. The determinantal method of finding /x is 
unsuitable for numerical evaluation unless q is small. When q 
exceeds, say, q^, the methods exemplified in Chapter V should be 
used to get accurate results. 


4.30. Alternative form of general solution [ 186]. For the first 

solution we take v 

y^{z) = ( 1 ) 


<l> being periodic in z with period tt or 27t, and cr a new parameter. 
When (a, q) lies between Uq, 62 in Fig. 8 , we shall obtain the form 


<f>{Zja) = sin{z—a)+s^8in(3z—a)-{-s^8m(6z—a)~{~...+ 

+C2COs{Sz—a)+c^coB(5z—-a)-{‘..., ( 2 ) 


a being dependent upon a, g, as also are the c, s. <f> has no term in 
cos( 2 — a) as its inclusion would introduce a non-periodic term, as 
shown below. For convenience the coefficient of Bin{z—a) is taken 
as unity for all q. Since o*, a, q are interrelated, we assume that 


« = i+qfi{o)+qW+q%{a)+...; (3) 

also i^ = q9ii<^)+q%{c')+q’^93i<^)+-> W 

there being no term devoid of q, and we take 


<f>(z,a) = sin(z-a)+qhi(z,(x)+q%^{z,a)+q^h^{z,G)+..., (5) 

where /, g are functions of cr, the h being functions of z, a, periodic 
in z. Substituting the r.h.s. of ( 1 ) into y"-\-(a—2qQOB2z)y = 0 gives 

6^1<^"+2/x^'4-(/x2+a— 2gcos22)<^] = 0, 
and by the aid of (3)~(5) we get 

^ — sin(2; — a) + + • • • H“ 

+ 2(?S'i+g*Sr2+?®^3+-)[cos(z-a)+3Ai+g*A2+g'®A;+...]+ 
+[(? 9 'i+?V 2 + 9 ®fir 3 + •••)*+ l+?/i+?V 2 + ... -2g cos 2z] X 

X [8in(z— a)+ 5 Ai+g*A 2 +...]j 


CM*, 


0 . 


( 6 ) 
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Taking 

2 cos 22 sin ( 2 — cr) ~ [sin(32— or)—sin(24-<y)] 

= [sin(32— a)— sin{ 2 — <t)cos 2a->-cos(2— or)sin 2<t], 
and equating coefficients of g®, g, to zero we obtain 
g®: — sin{2~cr)+sin(2~-(7) = 0 identically; (7) 

g: A 5 [+A^+/i 8 in( 2 ~u) 4 - 2 giCOs( 2 — or) — 2 sin( 2 — a)cos 22 = 0. 

Thus 

+ ( 2gi + sin 2 o-)cos( 2 ~a)4- 

+ (/i4-cos2a)sin(2— (j)— sin(32— or) = 0. (8) 

Now the particular integrals corresponding to cos( 2 ~(j), sin( 2 — a) 
are J 2 sin( 2 — or) and — | 2 cos( 2 — a). These are non-periodic and tend 
to ±00 as 2 ^ -f 00 . Since <f> is to be periodic, the coefficients 
of cos( 2 --cr), sin( 2 — or) must be zero. Hence we must have 
== — |sin2cr, /i = —cos 2a, leaving = sin(32— a), so 

\ = — Jsin(32— a). (9) 


g 2 : 2g2COs(2— a) — |giCos( 32 — or)-f (gf-f/2)8in(2— a)+ 

-f isin(32— cr)cos2or+i8in(32— a)cos22 == 0, 


so 

A2+A2+2g2COs(2— a)+|cos(32— (7)sin2a-f (Jsin22cr+jH-/2)sin(2— a)-f 

+ isin(32— a)cos2or+^sin{52— a) = 0. (10) 

To avoid non-periodic terms we take = 0, /2 = ~-J+icos4or, 
leaving the equation 

of which the particular integral is 

Ag = [3sin2crcos(32— o')+cos2crsin(32— c7)-fj8in(62— or)]/64. (11) 
Proceeding in this way, on substituting for the various functions 
in (3), (4) we obtain 


a = 1— geos 2(7-fjg^|—l 4-^cos4orj-f^g® cos 2(7 -f 


+ 


— g^ ^ cos 4 ( 7 ] — cos 2(7 — cos 6 ( 7 ] -j- 

16^ \3 32 / 32^ \9 128 


L,e/. 

8192^ \ 


893 . 9181 , 35 

- cos 4(7 


27 ' 216 


15 . \ 

— cos 8(7 1 — ... 


(12) 


= 1— geos 2(7— /Li*+g^ 3 . (13)t 

t This result was obtained by substituting (1) in the differential equation 
-'lqQo»2z)y = 0, using 4> at (2), and equating to zero the coefficient of 
8 in (2 — ct). 
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13 3 

--grsin2or+ — g3gin2a-^^gr4sin4or- 


1 


‘flHsinS 


2a- 


’ ^ sin 6aj 


+ 


4096^ \ 9 
, 1 ,/337 . , 15 . „ \ , 


= J2(— 8in2a+C3). 


(15)t 


Also 




14 


^ -J- 5 cos 4aj -f- 


+ 


_L,4/_ 

4096^ \ 


cos 2a-t- 7 cos 6a 


5a)-... 


(16) 


3 2 0 

/>* ein V.t 




9 




1 


r.2. 


1 


‘ 192* 1162 

7 


2 ® cos 2a- 


4096^ \ 54 


274 . „ \ 

Sin 2c7+98in Gal — ... 

(17) 

(18) 


,32 . \ 

+ _cos4aj-... 


«7 = 


C, = 


2304 
1 


j® sin 2a - 


11 


27648 


g^sin 4a—... 


f- 


1 


9216* ' 49152 
36 


-g*co8 2a — ... 


^ 4 42368 

1 


«» = 


7 37280 


g^sin 2a—... 

9*-- 


(19) 

( 20 ) 
( 21 ) 
( 22 ) 


It may be remarked that in (2) the coefficients of cos(32;— cr), 
cos(5s-~a),... are expressed in terms of sin 2(7, sin 4(7,..., while those 
of 8in(32-~a),... are expressed in terms of cos 2(7, cos 4(7,... . 

If in (12) we write —or for cr, it is unchanged because a is an even 
function of a. Making this change in (14) alters the sign of fi, since 
it is an odd function of cr. Thus referring to (1), we see that the 

t This result was obtained by substituting (1) in the differential equation 
y*' + (a — 2^ cos 22 )y = 0, using ^ at (2), and equating to zero the coefficient of 
cos (2 - a). 
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second independent solution of Mathieu’s equation may take the 

yj = e-i^<f>{z, —a). (23) 

Vv Vi constitute a fundamental system, and the complete solution, 
with two arbitrary constants, is [186] 

y = Aet^<f>(z,<T)-\rBe-i^^<l>(z, —o). (24) 


4.31. Degeneration of (1) § 4.30 to cei(z, q) and sei(z, q). When 
= — Jtt, (1 = 0, C3 = Cj = ... = 0, and the series for a becomes 
that for at (3) §2.151. Also 




1 3 , 4 

1636 ^ ”^ 36864 ^ 


and so on, while 

sin[(2n+ 1)24-^77] = cos(2n+l)2. (2) 


Substituting in (1), (2) §4.30, we obtain (16) §2.13, the series for 
cei(2,g). Similarly, when a = 0, (1), (2) §4.30 yield (2) §2.14, the 
series for sei(2,g). 


4.32. Useful range of formulae in § 4.30. The series for a, /x, 
and the coefficients are similar in type to those in § 2.13 et seq. Such 
series probably diverge when g, real and positive, exceeds a certain 
value. The first term of (12) § 4.30 is unity, so if this series were used 
to compute for ce5(2, 0*4), which exceeds 25, cos 2a would be corre- 
spondingly large, and low accuracy would ensue. This remark applies 
also to the series for fx and the coefficients. Moreover, for computa- 
tion the formulae in §4.30 may be used when q is moderate and the 
point (a,g) lies between the characteristics for cCq and 862 in Fig. 8. 

If (a^q) were between the Characteristics for se2, ce2, a more 
suitable form of solution would be obtained by taking 

<f>{z,a) = sin(22— a)-f-54sin(42—a)-f^^6®i^(^^"~«^)+*“ + 

+ C4C0S(42 — a) + C 4 COS (62 — a)+... (1) 

== sin(22-a)+gAi(2,a)+g2A2(2;,a)-f..., (2) 

there being no term in cos(22— a , to avoid a non-periodic term of 
the type 2sin(22— a) in the solution. If we assume that 

a = ^+qfi(<jr)+q%{a)+..,, 

L 


4961 


( 3 ) 
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we find that fi{a) = 0, while 

/ 2 W = i— ico8 2ff, (4) 

80 o = ^C08 2a)+.... (6) 

Owing to the presence of 4 in (5), the coefficients of the terms in 
powers of q will be less than those in (12) §4.30 if a is, say, 4*6. 

In general the solution preferably has the forms at 1" (3), (6), 2“ 
(2), (4) §4.70, the corresponding series for a being of type (3) above, 
the leading term for ce 2 „, se^n being 4n*, while that for ccjn+i, scjn+i 
is (2n+l)*. 

4.40. Maclaurin series solution. If y is a solution of 

y''+ (a— 2g cos 2z)y = 0, ( 1 ) 

then by Maclaurin ’s theorem 

y{z) = y( 0 )+ 2 y'{ 0 ) + i 2 y( 0 ) + ^ 2 Y"( 0 )+...-|-l 2 'y«)( 0 )+i?„, 

( 2 ) 

the derivatives being obtained by successive differentiation of (1) 
and insertion of 2 = 0. Although the procedure is simple, the solu- 
tion so obtained has serious drawbacks: 

1. The form, a power series in z, is markedly inferior in applica- 
tions to those given previously. If (2) were periodic, its periodi- 
city would be difficult to establish. Also it is unsuitable for 
interpreting the physical behaviour of a system, e.g. stability 
and instability. 

2. If convergent, the rate of convergence is very slow and in many 
cases the number of terms needed to obtain accuracy for even 
moderate values of z, e.g. Jtt, would be prohibitive: see [12]. 

3. The convergence is difficult to establish. 

4.50. Relation between solutions in § 4.153 and § 4.30. The 

respective forms are 

U^) = I (1) 

riB—oo 

and 

y^{z) = eM*[8in(2— ff)+^8sin(33— <7)+^8 8 in{ 62 — o')4-”-+ 

+C3COs( 32— <7)+C5C08(62— cr) + ...], (2) 
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fi having the same value in both cases (see §4.70). Omitting the 
common factor we expand the r.h.s. of ( 2 ) and obtain 

= sin^cosa— cos2sina+^3(sin32JCOsa— cos32sina)+ 

+ 55 (sin 5z cos <j— cos 52 sin or) + ... + C 3 (cos 32 cos < 7 + sin 32 sin a ) + 

+ C 5 (cos 52 cos ( 7 + sin 52 sin a) + . . . (3) 

= cos ( 7 (sin 2 + 53 sin 32+^5 sin 52+ ...+C 3 cos 32 +C 5 cos 52+...) — 

— sin < 7 (cos 2+^53 cos 32+^5 cos 52 +...— C 3 sin 32— Cg sin 52— ...) (4) 

= |;[if2rnCOs(2r+l)z+L2^+i8in(2r+l)z], (5) 

r=0 

where 

^ 2 r+i = (Cg^+iCOSa— %^.iSiua) (r > 0), = —sin or; 

^2r+l = (S2r+i(^08a+C2r+i^ma) (/* > 0), = COS (7. 

Writing the circular functions in (5) in exponentials, we get 

r=0 

Now „ 00 

r«— 00 r«0 

Hence by ( 6 ), (7) the two forms of solution are identical, provided 

^ 2 r+l ^ i-^o(^ 2 r+l ^^2r+l) ^- 2 r-l ~ i^o(^ 2 r+l‘i"^-^ 2 r+l)> (^) 

Zq being a constant. It follows from ( 8 ) that c^r-^ iZ^^ and c_ 2 r-iZQ^ 
are conjugate complex numbers, while |c 2 ,.+i| = |c_ 2 ,._i|.t By adding 
the two parts of (8), we get 

^0^2r+l — ^2r+l+^-2r--l> (^) 

and by subtracting, we have 

^ 0 ^ 2 r+l “ ^{^ 2 r+l ^-- 2 r-l)* 

Writing r = 0 in (9), ( 10 ), and substituting the values of iTj, from 
above, leads to 

Zq = — (ci+c^i)/sin(7 — i(ci— c_i)/cos(7. (11) 

t Write Zo = 

then Zo » = M^^ptr+i c^tr-i ^9^ = Vir+i 

By virtue of the conjugate property 

2 ^, 

so $Q ~ ir-i)+^» 

8 being integral. C 2 r^i and c_ 2 r_i ^ ®re complex conjugate only if a is real, 
i.e. when (o, q) lies in an unstable region of Fig. 8. 
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By squaring and adding both sides of (9), (10) we obtain 

Zq = 2(C2y^lC_2r-i)V(-^lr+i+^lr+l)*> (12) 

and, with r = 0, = 2(CiC_i)i. (13) 

We have proved, therefore, that, save for a constant multiplier, the 
solutions in §§4.163, 4.30 are identical. A similar conclusion applies 

OO 

in connexion with the solution cm» J and its alternative form. 

re— 00 

These results are to be expected, since the solution of Mathieu’s 
equation must be unique. 

4.60. Division of the (a,9)-plane into stable and unstable 
regions. Fig. 8 shows the ‘charted’ part of the plane, i.e. that 
portion for which the characteristic curves for the Mathieu 

functions of integral order have been computed. Consider the region 
in Fig. 8 b lying between and On the curve a^, a = *—^77 in 
(12) §4.30. Now if O’ = —\ 7 T-\~id, cos 2(7 = —cosh 20, whatever the 
sign of 0, so if }> 0 is fixed, (12) §4.30 shows that a increases with 
increase in 0 until b^ is reached. On this curve from [191] we have 
a = 4+^2(j-|cos2or)+... (1) 

with 0 = 0. If in (1) we write a = id, a decreases with increase in 
0 until is regained. Thus between 62 with g > 0, cr is complex 
or imaginary according as (12) §4.30 or (1) is used. If we take 
a =z then sin 2a — — isinh20, and (14) §4.30 shows that 

fi is imaginary and, therefore, by §4.14 the solution is stable. 

Starting from 63, where a = 0 in (1), if for fixed q > 0, a (real) 
decreases, then a increases until is reached where a = Since 

a is real in the intervening region, the series for (like (14) §4.30) 
may be shown to contain sin 2a, sin 4a, etc. Thus /x is real, and by 
§4.14 an unstable solution is obtained for any (a,g) in the fegion. 

Now consider the region between ag, 63 with fixed g > 0. On the 
former a = — in (1), so the term in cos 2a is positive. If we take 
a == (—^77+^0), then cos 2a = —cosh 20, and by increasing 0 from 
zero in (1), 63 will ultimately be reached. Using the procedure 
suggested in §4.32, we obtain [191] 

« = 9+j^2_^3cos2a+... (2) 

for the region in question, and on 63, a = 0. Taking a = id in (2) 
and increasing 0 from zero, will eventually be regained. Thus 
between 63, a is complex or imaginary according as (1) or (2) is 
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used. Since the series for /x contains sin 2cr, sin 4a, etc., fi is imaginary 
in the region, so the solution of Mathieu’s equation for an assigned 
{a, q) is stable. 

In this way the (a,g)“plane, for q positive, may be divided into 
zones or regions in which the solution of Mathieu’s equation corre- 
sponding to a point (a,q) is either stable or unstable. On the 
characteristic curves for the functions of integral order, the first 
solution is neutral, but the second solution treated in Chapter VII 
is unstable. When q is negative, by writing — g for q in the above 
series and using a similar argument, the plane may be divided up 
as illustrated in Figs. 8, 11. The series for the a hold if |g| < q^, 
but the results may be established for the whole range of g. 

Summary, (1) When (a,g), g > 0 lies between in Figs. 8, 

11, /Lt is imaginary, and the two solutions of Mathieu’s equation are 
stable. 

(2) When {a,q), g > 0 lies between b^, a^, is real provided the 
appropriate form of solution is taken (see 2® § 4.70), and the complete 
solution of Mathieu’s equation is unstable. 

Apparatus for illustrating stability is described in [201] chap. XIV, 
also in § 15.40 et seq. 

4.70. Form of solution for different regions of (a, g) -plane. 

Certain advantages accrue by assuming different forms of solution 
corresponding to various regions in which the point (a, g) may lie in 
Figs. 8, 11. By adopting the convention given below, (i will be either 
real as in 2®, or imaginary as in P, but never complex. It will then 
have the same value for the two forms of solution in 2® (real), and 
the three forms in P (imaginary), z is assumed to be real. 

1®. Stable solution, q small and positive. When (a, q) lies between 
first solution we take 

yM = 1 ( 1 ) 

r®— 00 

or yi( 2 )= 2 Ca.co8(2r-fj8)z (2) 

f J3-~00 

or y,(z) = e<^[sin( 2 nz—cr )+«2 8 in( 2 z—a)+S 4 8in(4z—a)+...-t- 

+c,co8(2z— a)+C4C08(4z— (3) 

there being no term in cos(2nz— <r), e.g. if n = 1, c, = 0, for the 
reaeon given in §4.30. In theee eeries j8 is real and 0 < < 1. If 
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n'^l, formulae for a, ijS = fx, and the coefficients Cg, *2^ may be 
developed as shown in §4.30. 

When {a,q) lies between 62n+2» solution we take 


2 ^ 1 ( 2 ) = 

r« — 00 

00 

(4) 

or yi(z) = 

2 Csj,+iCos(2r+l+)8)z 

(5) 


r=* — CO 


Vii^) = e^^^[sin{(2w+l)^—o^}+‘^iSin(2— cr)+53sin(32~^T)+...+ 

+Cl COS(2— cr) + ^3 cos(32: — (t) + •• •], (fi) 

there being no term in cos{(2ri+l)2:— cr}, e.g. if w = 1, Cg = 0, for 
the reason given in § 4.30. If n ^ I, formulae for a, ijS = /x, and the 
coefficients Cg^+i, may be developed as shown in §4.30. 

The second solution is obtained by writing —z for z in (1), (4); 
sin for cos in (2), (5); — ^8 for j3, —or for a in (3), (6). In each case 
the two solutions are linearly independent, provided j3 is in the range 
0 < j3 < 1, and constitute a fundamental system. When the initial 
conditions are specified, all forms of solution yield an identical result, 
since the solution is unique. 

2®. Unstable solution, q small and positive. When (a, q) lies between 
*2n+2> ®2n+2 ^^r the first solution we take 

yi(z) = ef‘* I (1) 

r= — 00 

or yi{z) — e^^[sin(2n2;—a)+6*2sin(22:—(7)-f-»'?4sin(42;—-<7)+...+ 

4-C2 COs( 22;— a)+C4COs(4z— a)+...], (2) 

where p (real) > 0. See remarks below (3) P. 

When (a,q) lies between 62„+i, «2»+n solution we take 

yi{z) = et^ I C2,+ie«'-+«« = e/‘*^(2)2,+, (3) 

r=— 00 

or y^{z) = e/^^[sin{(27i+l)2:—or}+«9isin(2—(T)+53sin(32:—a)-f-...+ 

+CiCOs(2;— a)+C3COs(32;— a) + ...]. (4) 

See remarks below (6) P. 

The second solution is derived by making the substitutions stated 
in P. The period of <f>(z) 2 r is tt, while that of ^(2)2r+i Observe 

remark at end of P. 

3®. Stable solution, q moderate and positive. See (1), (2), (4), (5) in 
P. The form at (3), (6) P is usually unsuitable for computation 
when q > 0*4 approx. 
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4°. Unstable solviion^ q moderate and positive. As at (1), (3) in 2". 
5®. Any solution, q negative. In the solution for g > 0, write 
for z. 


4.71. Mathieu functions of real fractional order [134]. In 

§4.16 (1), (2) represent coexistent solutions of Mathieu’s equation, 
i.e. for an assigned value of q they have the same value of a. Con- 
sider the region in Fig. 1 1 between the curves with m = 1 . 

Take any line parallel to the a-axis and terminating on these curves. 
Hereon 0 < jS < 1. If for any assigned j8, say 0-8, the a are calculated 
for q increasing from zero in small steps, and the points plotted, the 
characteristic curve jS — 0*8 is obtained. Lying between those for 
ce^, sOg, we shall define it as that for the Mathieu function of real 
fractional order (l+jS). In general, if (a,q) lies between the curves 
order of the function will be (m+j3), and the value of 
a on any curve is that for ce^^^{z,q) and se^^p(z,q). Moreover, by 
computing a series of curves at intervals of, say, j8 == 0-1, we can 
plot an iso-j8 chart, t of the type depicted in Fig. 11. 

For g'>0, 0<j3<l,j8 real, we adopt the definitions [134] 


ce2«+j3(2.3) = i A<^’''+P^coa{2r+p)z, 

r^-co 

se2«+/5(2.3) = f A^>^+P^sm(2r+p)z, 

r= —00 


\ 

coexistent solutions with 
a — U 2 n+/ 3 * between 
^2n ^2/1+1 5 


( 1 ) 

( 2 ) 


ce2«+i+/3(2.?) = 1 ^^?^V+^>cos(2r+l+^)z,1 

r= — oo ' 

se2„+i+/5(2>g') = f A^^”^\^+^)am(2r+l+p)z, 

r== — co ' 


coexistent solutions 
with a — ® 2 /t+i 4 -/ 9 * 
(a, q) between Ugn+i 
and b 2 , 1 ^ 2 " 


(3) 

(4) 


g < 0. Writing for 2 in (1), (2), we obtain 


ce2n+Bii‘^—z,q) == cos^^n I; (— l)’’J^*”+^>cos(2r+j8)z+ 

r= — 00 


+8m^pn f (-lMif+^)sin(2r+i3)z, (6) 

r** — 00 


se2»+/9(4’^— 2.9') = sin^TT f {—l)''Ai^^+P^cos(2r+p)z— 

r«— 00 

-cosI/Stt f (-l)M«'‘+^>.sin(2r+)8)z. (6) 

r=-oo 


t Using an argument similar to that in § 3.25, it may bo shown that the iso-jS curves 
are single-valued and continuous. 
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If we adopt the definitions 

ce*»+^(z.— ?) = (— 1)" 1 (— lMir'^^^co8(2r+j8)2, coexistent (7) 

" solutions with 

8e2»+i5(2.-?) = (-1)" 1 (-iyA^+P>am{2r+p)z, a = a^n+p, (8) 

each function is a Unearly independent solution of Mathieu’s equa- 
tion, and when j -> 0 it degenerates to the appropriate form given 
in §4.73. The functions corresponding to (3), (4) are obtained by 
writing (l-f-jS) for j8 in (7), (8) and using for If the 

tabular values of (1), (2) are known, those of (7), (8) may be cal- 
culated therefrom by aid of the following relationships derived from 
( 6 )-( 8 ): 
cea„+/j( 2 , -q) 

= (— l)“[cosij87rce2„+(3(iir-2,?)-f8ini^8e2„+^(i7r-2,gf)] (9) 

and 

se2»+/j(2. -?) 

= {-l)”[8m^p7rce^^^p(iiT-z,q)-0O8jsp7rsetn+p{hr-z,q)]. (10) 

A similar remark applies concerning (3), (4). 

The relationships for functions of order (2n-f-l-f/3) are derived 
from (9), (10) as described above with regard to (7), (8). 

If the functions are defined as 

ce 2 „+/}( 2 , +g) = secJ/Sfl- J Ag”+^>cos[(2r-f^)z-Jj37r], 

r--oo 

se 2 n+/j( 2 .+?) = secl^w 2 A^”+P>ain[{2r+P)z-ifi7T], 

r— — 00 

then for q <0, the substitution (in—z) for z yields (11), but with 
(—!)’■ within the sigma sign (see (7) and (8)). Although the functions 
defined thus are well suited for tabulation, since ce^n+pi^t —q) is then 
equal to cean+js^w— z, ?), they have the following disadvantages: 
(a) they are neither odd nor even, {b) they do not reduce to co8(m+P)z, 
8in(m-f-)8)z when q-^0, (c) they are more complicated than (l)-(4), 
(7), (8). These comments apply also to (5), (6). 

As in §3.21, all the above series may be proved absolutely and 
uniformly convergent in any real closed interval Zj < z < Zj, or in 
any closed rectangle of the z-plane (see § 4.77). 

For the pairs of functions (1), (7); (2), (8); etc. the iso-/? curves 
are symmetrical about the a-axis of Fig. 11. No two of these inter- 



4.71] FRACTIONAL ORDER: SOLUTION OF EQUATIONS 


81 


sect; for if they did, the equation would have more than two 
independent solutions corresponding to the point of intersection 
(a,g), which is impossible. If j3 = pjs, a rational fraction less than 
unity, p, s being prime to each other, and z is real, the function has 
period 'Isn, ^ > 2 . When j 8 is irrational, the function is not periodic, 
and tends neither to zero nor to infinity as 2 -> + oo. By appropriate 
choice of (a, q) the function may have any real period 287t, An argu- 
ment akin to that in § 3.25 may be used to show that the charac- 
teristic numbers and coefficients are continuous in g.t 

Modified functions of fractional order. These are solutions of ( 1 ) 
§§ 2.30, 2.31, respectively, being defined as follows: 


Ce 

Se„ 


ce 


(2, ±q)= .'Z ±9) (“m+/5)- (12) 

“m+/S — 

The series representations may be derived from above by writing 

iz for z. 


4,71 1. Behaviour of the coefficients as j3 -> 0 and 1. Consider 
a point (a, in a stable region of Figs. 8 or 1 1 between and 62 / 1 + 1 J 
then 0 < j3 < 1. With q> 0 fixed, let a^^ be approached so that 
i3 0. Then by § 4.17 



se8^+;8(2,g) -> 0; 

(1) 

SO we must have 




(2) 

Similarly, as jS 1 , 



se2„+j3(2,?)->se2„+i(z,?), 

ce2„+|3(2,g')->0; 

(3) 

-> -> ^ 62 »«. 

(4) 

For (a, q) between a 2 n+i ^ 2 /t+ 2 » 

i8->0, 



se2„+i+/3(z>9')-^0; 

(5) 

^(_2»+l+^) ^ ^ «2„+l+^ «2„+l- 

( 6 ) 

As j3 “> 1 



®^2m+ 1+|S(^> ?) ®®2w+2(^> ?)> 

ce2„+i+/3(2>?) -> 0; 

(7) 

-A%+2+p> -> 

A _1 -> 0; a2n+i+P ^2n+2* 



(8) 

r ^ 0 except in (2), where r ^ 1. 




t They are single -valued also. 
4961 M 
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4.72. Normalization of q), q). 

1®. p = pjs, a rational fraction in its lowest terms. Since the func- 
tions have period 2«'7r, we take 

2Bn Y 2«7r 

^ J cem+/}(2.?) dz = \, ^ J ael+p(z,q) dz==\. (1) 

0 0 

Inserting the series (l)-(4) §4.71 in these integrals leads to 

I = I [^^**5+1+^)]* = 1. (2) 

r=s— -00 r- — co 

2®. Pan irrational number, 0</3<l. If in (1), s -> -f 00 , (2) fol- 
lows, so we normalize accordingly. 

Comparison of (1), (2) §4.16 and (1), (2) §4.71 shows that we may 
write = iCcg,., where AT is a constant. Then from (2) we get 

I ci, = l, soi^ = l/(|cd^ (3)t 

r = --oo / L —c© J 

If the c are found as in § 5.20 et seq., K may be computed, e.g. § 5.31 1. 


4.73. Form of solution when g = 0. At the intersection of an 
iao-P curve with the a-axis in Fig. 11, g = 0. Then 
a = m^+Aa == (m+p)^, 

m being the order of the function whose characteristic curve inter- 
sects the a-axis at the point a = m^. Thus the differential equation 
reduces to = 0, (1) 

whose formal solutions are cos(m-f sm{m+P)z, 

By analysis akin to that in §3.32 it can be shown that as g 0, 
all the A in (1), (2) §4.71 except tend to zero. By §4.72 

^^ 2 ) 1 +^) ^ I when g = 0. A similar conclusion applies to (3), (4) § 4.7 1 . 
Hence, when g = 0, the functions of fractional order become 
coa{m+p)z, ain{m+p)z, so (1) is satisfied. 


4.74. Formula for p [134]. When the parametric point lies in a 
stable region of Figs. 8 or 11, formula (6) §2.16 may be adapted to 
calculate p. When g > 0, if the curves bounding the region are a„j 
(lower), (upper), m > 0, we take v — m+j3. Then from (6) § 2.16 
1 .2 (5^^+7) 


= a- 


2 ( 1 / 2 - 1 )^ 32(^2 




l)V-4)’ 

681 / 2+29 


64(^2- l)V-4)(«'2-9) 

f This formula is valid when j? is a rational fraction. 


3'®+0(g«). (1) 
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This formula is usable under the condition that |a| |g*/2(v*— 1)|, 
and that the ratio of each of the terms in to its predecessor is 
small. For a first approximation we have — a. Inserting this in 
the term in q^ and omitting the others, the second approximation is 

1/2 = a— *g^/2(a— 1). (2) 

Substituting from (2) into the second term on the r.h.s. of (1) and 
= a in the third and fourth, yields the third approximation, 
namely. 


..2 ^ 


a- 


(a-1) 


(6a+l) 


[2(a-l)2-g2j^ 


32(a-l)3(a~4)^ 

9a2+58a+29 

^(a-l)5(a-4)(a~9) 


?«+0(g«). (3) 


Since 


[a 


we obtain (whatever the sign of q) 

(«-l) ^2 {^]1_ 

[2(a- 


1)*-?*] 32(a- 


y- 


-l)»(a— 4) 
9a2+68a+29 
■64(o-l)®(a— 4)(a 


sl^ 


-m, (4) 


provided no denominator vanishes. If = (m+j3i) calculated from 
(4) is fairly accurate, a closer result may be obtained by substituting 
Pi for V on the r.h.s. of (1), and recalculating v. 

The accuracy obtained from (4) increases with decrease in g, a 
being assigned. Broadly, for moderate agcuracy we must have 
I®/? I ^ 1- Thus, if a is large enough, g also may be large, e.g. if 
a = 1000, g might be 60. For lower accuracy the term in g® may 
be omitted. When a, g are such that adequate accuracy cannot be 
obtained with (4), the procedure described in §§6.11-5.14, 6.32 may 
be employed. 


4.750. Conjugate properties of the coefficients, fx real, (a, g) 
in an unstable region. 

1®. When (a,g) lies between and the recurrence relation is 
[a-(2r-i^)»]cj,-g(Ca,+a+C2,_2) = 0. (1) 

Writing — r for r, (1) becomes 

[u (2r-(~i/i)^]c_2,. g(c_2,._2^■c_2,.^-2) = 0. (2) 

Since a, g, jx are real, it follows from (1), (2) that and c_ 2 ,. expressed 
in terms of Cq (real) are conjugate complex numbers. 
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2®. When {a,q) lies between and a2n+i» ^^e recurrence rela- 

“ [a-(2r+l-iM)*]c2,+i-?(Cj,+3+C2,_i) = 0. (1) 

Writing — (r+1) for r in (1) gives » 

[a-(2r+l+t»*]c_j,_i-?(c_j,_8+c_2,+,) = 0. (2) 

Suppose that the C 2 r+i are expressed in terms of c^, and the c_ 2 ^_i in 
terms of c.j. Then Cg^+i and (Ci/c^{jc_ 2 r^it are conjugate. In §4.751 
it is shown that Icg^+ii = |c_ 2 ^-il, so |Ci| = |c_i|. 

The conjugate property of the coefficients is useful for checking 
purposes in numerical solutions. If this species of checking is waived, 
computation of Cg,., r == 1, 2 ,..., in terms of Cq, and r = —1, 1, 
2 ,..., in terms of q is sufficient. 

4.751. Alternative form of solution in unstable region. 

1®. By 2^ §4.70, when {a,q) lies between 62^+1 and a2n+i> f^^m 
of solution 00 

yi(2) = 2 (1) 

00 

ensures the reality of jjl. If /x > 0, -> 0 as 2: —00. Since a, q are 

real, the c are complex. Then it may be shown that if z is real, save 
for a constant complex multiplier, say Zq, there is a real solution 
which tends to zero as 2: -> —00. 

Let ^2r+l “ ^0^2r+V ^0 ^ 1^0 1 ~ ^ 

= 1, <^2r+l = (2) 

for all r. We shall now demonstrate that dgr+i and d_2r-i are con- 
jugate complex numbers. Substituting from (2) into (1) leads to 

^oVi{2) = e'“ f />2,+i{cos[(2r+l)z+^a,+i]+i8in[(2r+l)2+^2,+i]}. 

r=—oo 

(3) 

For a real solution, the imaginary part of the r.h.s. of (3) must 
vanish identically. Hence 

P2r+l8i»[(2»’+l)2+^2r+l]-P-2r-l8in[(2r+l)2-^-S,-l] = 0. (4) 

and, therefore, 

A>2r+1 = P-2r-V and <f)2r+i = •~‘(<^-2r-l+2«7r), (5) 

s being an integer. It follows that dgr+i and d-2r-i are conjugate, 
so (3) may be written 

yi(z) = 2ZoC/“f /32,+iCOs[(2r+l)z+^2,+i]. 

r=*0 

■f By aid of 1®, 4.761, it may be shown that {cjc^i) — e“**^*. 


( 6 ) 
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The second independent solution is 

^ 2 ( 2 ) = yi(-z) = 2^0 c-/^ f P2,^iCos[(2r+ (7) 

r=0 

Then (6) -> 0 as 2 ; -> —00 if /a > 0, while (7) -> ±00 as 2 ; -> — 00 . 
Determination of Zq. For all integral values of r 

^2r+l ~ ^0^2r+V ^'ifh \Zq\ =\. (8) 

Since ^ 2^+1 d_ 2 r-i conjugate, it follows that 

l^2r+ll ~ k-2r-ll* (^) 

Thus we may write ^- 2 r~i = P 2 r+i^^'^"^'’"'- Then 

Zo = e^'^o = <^2r+ll^2r+l = (10) 

= C_2r-lM-2r-l — e*^‘^- 3 r-l+^ 2 r 1 

by (5). Hence 

200 = (02r+l~<A2r+l)+(^-2r-l + <^2r+l + ‘^’^^)» 

SO Bq ~ i(^2r+l + 0-2r-l) + '®^- (1^) 


It follows from the footnote in §4.50 that Zq = MqZq^ i.e. Zq and 
Zq have equal angles. 

2°. When {a,q) lies between ^2n» by 2” §4.70 fx is real if 

y^(z) = CM* f C 2 ,c 2 r*i. ( 1 ) 

r=-oo 

Take = 2po real, then for a real solution it may be 

shown that pgr = P-zr^ ^2r ~ SO if r > 1 , C2,. and 

are conjugate. Also 

yi(z) = 2e'**[po+ i^/>2rCos(2r2+^jj, (2) 

and 1 / 2 ( 2 ) = yi(-z) = 2e-»"®{/>o+ f^/> 2 ,co 8 ( 2 rz-^ij,)J. (3) 

In this case Zq = 1. 

4.752. Example illustrating analysis in § 4.751. We shall 
consider the solution of 

^"+(1— 0-32 cos 22 )y = 0, ( 1 ) 

obtained in §5.33. The parametric point a = 1 , g = 0'16, lies in an 
unstable region between and a^. From 2 ° § 6.33 we have 

Cj = 1, 

c_j = (6-95 X 10-*+0-998i) ; 

C 3 = — (l-994xl0-*+1198xl0-3i), 
c _3 = -(2-38 X 10-»+ 1 *978 X 10-*i) ; 

C 5 = (1-326 X 10-«+ 1-24 X lO-sj), 
c _5 = (2-024 X 10-«4- 1-313 X lO'^i). 
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1”. We find that IcJ lc_i|, Icgl ~ |c_ 3 |, Icj] |c_ 5 |. 

2". (a) iPi = 0, = tan-»(0-998/U-0595) = 86-56°. 

Hence by (12), 1" §4.751 with .a = 0, 

^0 = = 43-28°. (1) 

(b) ^3 = tan-i(- 1-198/- 19-94) = 183-44°, 

^_3 = tan-»(-l-978/-0-238) = 263-12°. 

Hence by (12), 1" §4.751 with s = — 1, 

^0 = i(«A3+^^-s)- 180° = 43-28°. (2) 

(c) ^5 = tan-HO-124/1-326) = 6-37°, 

= tan-i(l-313/0-2024) = 81-26°. 

Hence by (12), 1" §4.751 with s = 0, 

^0 = = 43-31°. (3) 

The agreement at (1), (2), (3) is satisfactory for the i)urpose of 
illustration. 


3 ^ 

Zo = = 0-728+0-686i 


and 

IZol = 1. 



4^ 

= Cie-«-28-»- = e-43i!8-»- \ 
d_i = / 

conjugate. 

(1) 


dg = c3e-«-2«^ = Icale^oi®* 
d_3 = c_3e“®*’2®^ == |c3|e2**®^* 

1 conjugate. 

(2) 


dj = C5e-«2«^ = |c6|e-®»»« 

d.5 = c_5e-«-2«« = |C5|e»2*7< 

1 conjugate. 

( 3 ) 


As an exercise, the reader may check the remark in § 4.760 that 
and (Ci/c_i)c_ 2 ,_i are conjugate. 

6°. />i=l. ^1 = -43-28°; 

P 3 = 2x10-2, ^3 = 140-16°; 

Pj = 1-33X 10-‘, ^5 = -37-91°. 

By 1®§5.33^= 0-08. 

6°. Two approximate independent solutions of (1) §4.762 are 

yi(z) 2ZoeW ipar+iC08[(2r+l)2+^2,+i]) (1) 

ir *0 ’ 

Viiz) = yi(-2) 2Zoe-#“[^2 cos[(2r+ l) 2 -^ 3 ,+i]j. (2) 



and 
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By combining these linearly independent solutions, we obtain the 
even solution 

1 * 

T^iyi+yt) = yi^ coahyiur 2 /() 2 ,+iC 0 s( 2 r+l) 2 C 08 ^ij,+i- 

r = 0 

2 

—sinh iiz ^2 p2r+isin(2r-\rl)zain<f>^^i, (3) 

and the odd solution 

1 * 

■T^iyi-y^) =y 2 - sinh/xz ^ Pzr+iCOs(2r+l)zcoa<f>2r+i- 

4Zo r=0 

2 

— cosh/tz 2 P2r+i8in(2r+l)zsin^2,+i. (4) 

r=0 

In practical applications (3), (4) have the disadvantage that both 
tend to infinity with z, 

4.753. Formula for /x when a <0. fx may be calculated for (a, q) 
below Uq in Figs. 8, 11, by means of (4) §4.74 with m — 0. Then 
fx = —i^. The remarks on accuracy in the last paragraph of §4.74 
apply here also. As shown later, (7) §4.91 may be used when (a,q) 
lies in an unstable region between and m > 0. 

4.760. The iso*/x curves in Fig. 11. Consider the segment of any 
line between the curves b^y a^, parallel to the a-axis, i.e. in an 
unstable region. The convention of §4.70 ensures the reality of fi. 
On bff^ and a^y /x = 0, while at some point on the segment of the 
line, fi attains a maximum value. This is true also for points on 
the segment of a line parallel to the j-axis and terminating on a,,,. 
Thus if the turning-point (nearest the a-axis) on an iso-/Lx curve is 
q ~ q^y there are two values of a for any q> q^ on the curve. More- 
over, the coefficients in the solutions corresponding to the two a are 
different, except at the turning-point. No two iso-/x curves intersect 
for the reason stated in §4.71 regarding the same property of iso-j8 
curves. The iso-/x curves are asymptotic to the characteristic curves 
bj^y a,„ which bound the unstable region where they lie, and they 
have no linear asymptotes. 

If the numerical data were available, families of iso-/x curves akin 
to those depicted in Fig. 11 could be plotted. Tabulation of a, a^, 
qy fi would permit the value of the latter being found immediately, 
or by interpolation. The solution of an equation with {a,q) in a 
‘charted’ unstable region would then be completed by computing 
the coefficients in (1) or (3), 2*^ §4.70, using the procedure in 2" §5.33 
and §5.34. 
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4.761. Functions of order tn+fi, q positive. When {a, q) lies in 
an unstable region between and a^,,, we define the functions of 
order (2n+ja) by aid of (2), (3), 2" §4.751. Thus 

ceu2„+^(±z,9) = A'e*M»jpo+ J;^/>2rCos(2rz±<^2,)} (1,2) 

For the region between «2n+i we use (6), (7) 1“ §4.751, so 

00 

ceu2„+i+^(±z,?) = 2 ^2r+lCOs[(2r+l)z±<A2r+l] (^2n+l+/x)> 

' (3, 4) 

where K and A\ are normalizing constants defined in §4.764. The 
above forms of solution are preferable in applications to those at 
(3), (4), 6^ §4.752 for the following reasons: 

(i) One solution tends to zero, the other to infinity with z, whereas 
the even and odd solutions both tend to infinity with z. 

(ii) In numerical work, tables of e*, are better to use than those 
of sinha;, cosh 2. 

(iii) Analytical work using (l)-(4) is likely to be simpler than that 
involving the even and odd solutions. 

It is of interest to remark that if we substitute 

cos <^2r+l, (5) 

and -t-^o ^ (6) 

in the r.h.s. of 

,•3 i (7, 8)t 

isej2n+i-i> r = ~oo ^Sln 

the r.h.s. of (3), (4), 6^ §4.752 are reproduced, with r = 0 to +oo. 
Since fi is real, 2n+l—ifi is complex, so (7), (8), and the corre- 
sponding functions derived by writing 2n, 2r for (2n-f-l), (2r+l), 
respectively, may be designated functions of complex order. 

Discrimination between solutions for the same q but different a. We 
refer to §4.760. On the upper and lower parts, and at the turning- 
point of an iso-fjL curve, we use the symbols 

ceu„,+yi, ceu,„+^, ceu„+-, respectively. (9) 

For example, if ((i,q) lies on the upper part of the curve between 
62n a 2 ny we write 

ceu2„+;j{±z,g) = A’e±P*{/5o+ f;^p2rCOs(2rz±^2,)j. (10, 11) 

t The r.h.s. of (7), (8) are the series for q) and sea,jpi+| 3 (z, q) with —ifx 

written for p. 
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Symbolism for solutions with the same a but different q may be 
devised by the reader. 

4.762. Degenerate forms of (l)-(4) § 4.761. If a remains 

constant as (a,?) moves towards and in 

(1), (2) §4.761 KpQ Kp 2 r -> and <^2r -> 0, r > 1. When 

^ = 0, by proper choice of K, we obtain ce2;i(z,3). As (a^q) moves 
towards 62^, and p^ 0, <^2r r > 1, so 

with /a == 0 we get ±862^(2, g). Similarly the degenerate forms of 
(3), (4) §4.761 are ce^^+iiz^q) and ±se2n+i(2,g). These forms may 
also be derived from (3), (4) 6® §4.752. 

4.763. Functions of order m+fi, q < 0. These are defined as 
follows : 

ceu2„+ (±z. -g) = (-l)"e=F‘'f‘ceu2„+ [±(j7r-2),g] (62„+ ) 

( 1 , 2 ) 

= (- l)’>Ke^i‘^[po+f^{~irp,r009(2rzT<i>2r)]- 

(3, 4) 

ceu2„+i+^(±2, -q) == (- l)"eT‘"'‘ceu2„+i+^[±(i7T -2),g] (a2„+i+,J 

( 6 . 6 ) 

= (-l)>2,+l8in[(2r+l)^T^v+l]• 

’■^® (7, 8) 

The r.h.s. of (7), (8) may be expressed in a cosine series by altering 
the argument in [ ] to [(2r+ 1)2— ^7r=F^2r+i]* The definition w ould 

then be in keeping with the notation ceu. When /I = 0 in (3), (4), 
(7), (8) the functions degenerate to ce 2 n{^,—q), ^^ 2 n+i{^y —Q)y when 
^ = 0, we get =F 862^(2, — g), ±ce2„+i(2, — ?), as may be expected 
from Fig. 11, where g < 0. The multiplier (—1)'*^ ensures that the 
signs of the degenerate forms are in accordance with the definitions 
in § 2.18, provided the upper signs are taken in the case ^ = 0. 

4.764. Normalization. The rules must be such that the degene- 
rate forms of the functions are those given in §§4.762, 4.763. Then 
we must have 

K^[^pi+lpl] = h or K =:l/[ipl+ 2 / 2 rY, (1) 

and = or K, = l/[fplJK 

r«o • ••r»0 J 

t Except at a =3 m®, q = 0, the direction of approach to agw immaterial, e.g. in 
§ 4.711 the approach is with q constant. 



90 GENERAL THEORY: FUNCTIONS OF [Chap. IV 

4.77. Convergence of solutions. Substituting (1) 2® §4.70 into 
Mathieu’s equation and equating the coefficient of to zero for 
r == —00 to + 00 , yields the recurrence relation (1) §4.750. This is 
a linear difference equation which may be treated on the lines of 
§3.21. We find that 

\u 2 r\ ^ qlMr+lf 0 asr->+oo, (1) 

where Wgr “ ^ 2 r+ 2 /^ 2 r* ^ similar result is obtained for r negative. 
Then as in §§3.21-3.23 it may be shown that (1) 2® §4.70 and its 
derivatives are absolutely and uniformly convergent in any closed 
region of the ^-plane. Hence the series, differentiable term by term, 
represent continuous functions. They may also be proved in- 
tegrable term by term. These conclusions are valid for stable 
and also for unstable regions of the {a,g)-plane. Similar conclusions 
may also be drawn respecting the solutions given in §§ 4 . 701 , 
4.763. 

4.80. Solution of y " + (a — 2q cos 2z)y -- 0, a very large ><?><►. 
The equation may be written 

y"+ay = (2qcos2z)y. (1) 

Neglecting the r.h.s., which is relatively small, by hypothesis, the 
formal solutions are cos 2 a^, sinza^ Substituting cos za^ for y on the 
r.h.s. of (1) leads to 

y'''\-ay = g[cos(a^+ 2 ) 2 ;+cos(a^— 2 ) 2 ], (2) 

of which the particular integral is 

. rcos(a*+2)s cos(a^— 2 ) 2 ;] 



provided a +1. Using this for y in the r.h.s. of (1) and solving 
again, the particular integral has terms in cos(a^+4)2;, and so on. 
Hence the first solution of (1) may be expressed in the form 

00 

^ CfCos{a^—2r)z (a^ non -integral). (4) 

r*~oo 

If we use sina *2 and proceed as above, the second solution is found 
to be „ 

2^2 = 2 — 2>-)2. (6) 

r= — 00 

Substituting either (4) or (5) in the differential equation yields the 
recurrence relation 

[o-(o‘-2r)*]c,— g(c,_i+c,+i) = 0, 


( 6 ) 
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or 4r(a*-r)c,-?(c,_i+c,+i) = 0. (7) 

If a* > r, we get the approximate relation 

4rc,-(g/a»)(c,_i+c,+i) = 0. (8) 

As in §3.21, for convergence of (4), (6) we must have as 

r-> ±00- 

Now a recurrence relation for the J-Bessel function is 

4rJ,(M)-2M(J,_i+ J,+i) = 0, (9) 

and since aar-^ ±oo, = constant X If we take the con- 
stant to be unity (for simplicity) we get 

Cr = '^r(?/2a*). (10) 

When ql2a^ r, the B.P. may be represented by the first term of 
its expansion, so Cj. (q/ia^YIrl giving = g/4ml. Thus the 

coefficients decrease with increase in r and may be neglected if 
^ > ^01 where > Tq. Accordingly, approximate solutions of 
Mathieu’s equation, subject to the conditions a very large > g > 0, 
> ^ 0 , are 

yiC:i Jr(ql2a^)oos{a^—2r)z (11) 

and 2 / 2—2 (12)1 

r=~ro 

Hence the approxijnate complete solution with two arbitrary con- 
stants is 

y c:iAyi+By^ = C /,(?/ 2 a»)cos[(al- 2 r) 2 -a], (13) 

r--r, 

where C = (.4*-f S*)l, a — tan“^(jB/.d). Since (13) is bounded in z, 
the point {a,q) must lie in a stable region of the plane (see Fig. 8). 

4.81. Transformation of Mathieu’s equation to a Riccati 

S 

type. Write y = where v - - a', and n'(z) is a difiFerentiable 

function of z. Then 

dy/dz == vwy, d^yjdz^ — vy(dwldz~\-vw^), (1) 

If w^e put [1— ( 2 g/a)cos 22 ] == /)*, Mathieu's equation becomes 

t If r covered the range -oo to -f oo, it is easy to show by aid of formulae (6), (7), 
p. 42, reference [202], that the respective representations of (II), (12) would be 

^ sin 22 )]. This form is obtained at (7), (8) § 4.81 by a different method. 
sinL \ 2a /J 
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y"-\-ap^ = 0. Using the above substitution it is transformed to the 
Riccati type [133] 


1 dw 
V dz 


+v^+p^ = 0 , 


( 2 ) 


since y ^ 0. Now if a ^ g > 0, a being very large, the first member 
of (2) may be neglected, and we get 



w = ^cos 22 j^ 

t 

(3) 


— ^cos 22:j. 


(4) 

Hence 

V 1 — ^sin22j, 


(5) 

and, therefore, 

• 

y = ^±iai[z-(ql2a)siJi2z]^ 


(6) 

Then by the theory of linear differential equations, we may combine 
the two solutions in (6) as follows: 

^ ||gia4(s-<a/2a)sln22]_|.g-ioi[s^a/2a)i4n2s]| ^ cOsTo 


9 

and 



(7) 

y^ „„|gmi[2[-(tf/2a)«in20j_ ^-taH2-(g/2a)8m22!jJ ^ sinTi 

2it 1 

ai(z— ^8in2z) 

]• 

Combining (7), 

(8) with two arbitrary constants leads to 

(8) 

y = 

: = Cco8j^al|z— ^8in2z|— otj, 

(9) 


where C = and a = t&n~^B/A). Expanding (9) gives 

y ci u|co8|^8in 2«joo8(ol*— a)4-8in^^8in 22 |sin{al 2 — a)|, (10) 

Expressing the first factor of each member of the r.h.s. in B.P. series 
[202, p. 42], we get, with h = (ql2a^), which may be ^ 1, 


y ~ C|j^JJ,{A)-|-2 2 JirWco8 4rzjcos(efl2— a)+ 


+ [2 2 «^2r+i(^)sin(^»‘+2)a]sin(o*2— 5 )| , 
= C 2 «/,(A)cos[(a*— 2 r) 2 — a]. 

fas ->00 


( 11 ) 

( 12 ) 
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This has the same form as (13) §4.80, but in (12) the summation 
covers a doubly infinite range of r. Owing to the rapid decrease in 
Jf{h) beyond r = a finite range of r is adequate in applications. 

The approximate solution of y"" ■^(a-\-2q G 0 ^ 2 z)y = 0 is obtained 
from (12) by writing —h for h. Since J^i—h) ( — 1)^7^(A), we get 

f (-l)"J,(/i)cos[(al-2r)2-a]. (13) 

rae —00 

As in §4.80 the point (a,g) must lie in a stable region of Fig. 8. 


4.82. More accurate approximate solution of 

y''-{-(a—2qco8 2z)y = 0. 

The solution at (9) §4.81 is a circular function with periodically 
varying argument, but constant amplitude factor C, We shall now 
derive a closer approximation in which the amplitude factor is 
periodic in z. We start with (2) §4.81, and assume that [133] 

w = Wq + ^w^+\w 2 +..., (1) 

V 


the w{z) being differentiable functions of 2 ;. Then 

2 1 

\dw 1 / , 1 - , 1 , , 

V dz V 


( 2 ) 

(3) 


Substituting (2), (3) into (2) § 4.81 gives 

“’o+/»® + ^(«’o+2wo“’i) + j^(w'i+«^i+2M;oW2)+... = 0. (4j 

Equating the coefficients of f®, v~^, to zero yields 

“’o+P® = 0, (5) 

Wq+2w^Wi = 0 , ( 6 ) 

w\-\-wl-\-2Wf,w^ = 0, (7) 


From (p), 
From (6), 


Z Z 

Wq = ±ip, so 1 / J Wo dz = ±tV J p dz: 

“5 w.’ “/“’>*= -i / 

= log-dwo * = log(^p-*)=Fifft. 


( 8 ) 


( 9 ) 
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From (7), 



IK 3 tog*] 

I 2wo / 4[wg 2 tcgj 




Then by ( 1 ), ( 8 )-( 10 ), if \a\ ^ 1 , |a| > \2q\, to a second approxima- 
tion 


V j wdz= ±iv j pdz 4-log(^p-*)T-iwi=F^ J -3 — 

( 11 ) 

Hence 

M M 

! ^ V (tilde ±iai ( Ip-(2pp''-3p'’)l8ap*}de 

~ (con 8 tant)p-ie » , ( 12 ) 

the factor being absorbed in the constant. 

Combining the two solutions as in §4.81 we get 


^^(z) cm constant f 9 ( 2 ) dzU (13) 

^2 J J 

*■0 

where 9 ( 2 ) = p-’{2pp''—dp^)jSap^, Then (13) are independent solu- 
tions of y"+ap^y = 0 . A representative graph is given in Fig. 10 a. 

If a > 1 , a > 2g > 0 , both real, the solutions (13) are bounded, 
so the point (a,g) must lie in a stable region of Fig. 8 . If |a| ^ 1 , 
\a\ > | 2 j|, and the argument in [ ] is imaginary or complex, the 
solutions are unstable, so {a,q) then lies in an unstable region of 
Fig. 8 . 

Omitting the terms in p\ p"* in 9 ( 2 ), we get 


Z z 

a* j <f>{z) dz — j (a— 2q cos 2z)* dz 
0 0 

Z 

= (a-}-2g)l J (1— A*cos*tt)l du 

0 

= {a+2q)*[E(X,^)—E{X,^-z)] 

= {a+2q)^Ei{X,z), (14) 

where E(X,z) is an incomplete elliptic integral of the second kind 
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with modulus A = 2[g/(a+2g)]^ < 1. Then we may write (13) in 
the form 



Fio. 10 (a). Curves showing combined amplitude and frequency modulation; 
see (13) § 4.82 and (4) § 15.25. 


When |2g| ^ \a\ the approximate solution of Mathieu's equation 
may be derived as shown in 2® §6.20. 

The argument of the circular functions in (15) is periodic, so the 
frequency of repetition of the function fluctuates. It is defined to be 

= ;p(a+2g)*(l— A^cos^z)^ 


(16) 
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The ‘periodicity’ or reciprocal of the frequency is 

l//= 27r/(a+2?)*(l-A*co8*«)‘, (17) 

which differs from that when q — 0, 'namely, Stto"*. 

From (16) the ratio (maximum/minimum) amplitude factor is 

[(o+ 25 )/(a- 2 g)]i. (18) 



Fig. 10 (b). As at Fig. 10 a, but for the derivative, e.g. l^(t) in (9) § 15.25. 

4.83. Equation of the type y" -\-2Ky' -^{a—2qcios2z)y = 0. 
Assume that k, d, q are real, with /c ^ 0, q ^ 0. Substituting 
y nr:: e"''®«( 2 ) iiito tliB cquation, we obtain the Mathieu equation 

tt''+(o— 2gco8 2z)it = 0, (1) 

with rt = («— K®). If the parametric point (a,q) lies within a stable 
region of Fig. 8, tlie solution of the original equation takes the form 
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(see (2), (5), P§4.70) 


00 00 


yi(2) = 

e-*® 2 C2,cos(2r+j3)2 

or 2 C2ri-iCOs(‘2r+ l-f j3)2, 

(2) 

and 





2 C2r8»l(2r+/3)2 

or c-** 2 C2,+isin(2r+l+j3)2 

r=—co 




(0 < ^ < 1 , ^ real). 

(3) 


The solutions (2), (.3) are proportional to 9") 

e respectively. These may be regarded as damped 

Mathieu functions of fractional order. 

If (a,q) lies in an unstable region of Fig. 8, the solution of (1) takes 
the form at (1) or (3), 2® §4.70. Thus the solution of the original 
equation is given by 


00 

^1(2) = 2 Cjsr 

or C2r+i 

( 4 ) 

r= — 00 

r= —00 


00 

00 


^2(2) ~ 2 

r= —30 

r = —oo 

( 5 ) 


is stable and 0 as 2 -> +oo, if /c > > 0. 

is unstable and -> ±00 as 2 -> + 00 , if 0 < /c < /it. 

is neutral and periodic with period tt or 27r, if /c == /x > 0. 

^2 is stable and -> 0 as 2 +00 in each case. 

Conditions of solution are assumed (see 2® §4.70) such that /x is real. 
If it is complex, J?(/x) is to be understood above; also 2 is real. 

4.84. Iso -j3/x stability chart. This is illustrated in Fig. 11. The 
iso-j8 curves lie in the stable regions for Mathieu ’s equation, while 
the iso-jjL curves lie in the unstable regions. Each iso-jS curve is 
single-valued in g, but except for the region below Uq, each iso-//, 
is double-valued in q. For constant fi, q at the turning-point of the 
iso-/x curve increases with increase in a, e.g. if /x — 0-1, q 0*21 
when a 1 ::=! 1, but j 1-3 when a 4-22. 

Suppose that in (1) §4.83, a — I, q ^ 0-21, then (a,q) lies on the 
iso-p. curve p, — 0*1 between 6^ and a^. Thus the solution of the 
equation is unstable. Referring to the original equation, if k > 0*1, 
the solution is stable and tends to zero as 2 -> -t- 00 . Since (1,0*21) 
lies between the characteristics for se^ and cej, by 2^* §4.70 the solu- 
tions take the form at the extreme right of (4), (5) § 4.83. If k = 0*1, 
(/X— /c) = 0, so one solution is periodic with period 27r, w hile the other 
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-> 0 as 2 + 00 . The iso-/x curve /it == 0* 1 is its characteristic or boun- 

dary curve separating the stable and unstable regions. Thus for 

y''+0*2y'+(a~2^«os 2z)y = 0, (1) 

the stable regions are larger than those for Mathieu’s equation, by 



Fig. 1 1. stability chcurt for Mathieu functions of frcustional order. 

The iso-jS and iso-f* curves are symmetrical about the a-axis. 


the areas inoluded between the iso-/* curves jt* = 0*1 and the b^, 
curves to which they are asymptotic. The range of /i is — oo < /* < oo: 
if positive it is 0 < /t < oo. 

4.85. Solution of y''+2»cy'+(o— 2gcos 2z)y = 0, when o > 2gf > 0, 
d ^ *c*. We assume that the point [(o — lies in a'stable region 
of Figs. 8 or 11. Then by §4.83 y = e~'“«( 2 ), u{z) being a solution of 



4.86] FRACTIONAL ORDER; SOLUTION OF EQUATIONS 


99 


(1) § 4.83. Hence its value is given by § 4.81 with a = a—fc*. Accord- 
ingly, with Aj = ql2(d--K^)^y we get 

yc:::iCi ^ J^(Ai)e-^«cos[{(a--/c2)l---2r}2---ai]. (1) 

r*— 00 


4.86. More accurate approximate solution of equation in 
§ 4.85. It is evident that the required solution may be derived on 
writing (o— k*) for a in (16) §4.82 and multiplying bye"*®. Thus we get 


yi 


(z) 


a constant e-*® cosr/- 


[(a-K2+2g)».®i(Ai,«)], (1) 


2/2 (d— COS 22)1 sin ^ 

where Af = 4ql{d—K^+2q), and the conditions respecting {a,q) in 
§ 4.82 obtain. In the foregoing cases, when q is negative the solution 
is obtained by writing (\tt — z) for z in that already given, excepting 
the exponential index. 


( 1 ) 


4,90. Solution of 2^cos 2z)y = 0 in an unstable region 

of the (a, g) -plane. In § 4.12 et seq. the solution was shown to have 
the form 

Vi 

Now ^(2) is periodic in 2 with period tt or 27r, so it can be expressed 
in a series of Mathieu functions scgp, ccgp or scgp+i, ceap+i. 
accordance with 2® §4.70, for (a,g) in an unstable region between 
the curves ftgp agp, we write 




^( 2 ) = 1 [C'2pce2p(2,g')+/S2pse2j,{2,gr)]; 

pmzQ 


( 2 ) 


and for (a, q) in an unstable region between 62^+1 a2jj+i we write 

00 

<f>(z) = 2 [C'2p+iCe2p n(2,g»)+52p+ise2p+i(2,g)], (3) 

P = 0 

the (7, S being determinable constants. Putting r = 2p or 2p+l, 
as the case may be, our proposed solution takes the form 


(z) = f [c^ ce,(2, se,{2, ?)]. (4) 

Substituting yi{z) from (1) into Mathieu ’s equation yields 

^''+2/x^'+(o+/x^— 29 cos2z)^ = 0. (6) 

From (2), (3) with r — 2p or 2p+l, assuming uniform convergence, 

m = i {CrCe;+S,Be;) 

— 2 [C'r(2?co8 22— a,)ce,.+<^,(2jcos22— 6,.)seJ, 

pmQ 


( 6 ) 
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where o,, 6, are the characteristic iiuinl)crs for ce^, se,, respectively, 
corresponding to the value of q used in the eijuation. Also 


^'(2) = I 


p~0 


( 7 ) 


Substituting from (2), (3), (6), (7) into (5) leads to 


2 [Cr(2gco8 22— a,.)ce,.+>Sf,(2?cos22— h,)seJ+2/4 ^ (4oer+*S'Ser) + 

P*0 p=:0 

+(a+fi^—2qcos2z) f (6;ce,+ASf,.se,) = 0. (8) 

The series being assumed absolutely convergent, (8) may be written 
2 C^(a~a,+fi^)ce,-j- f S,(a—b,+/j.^)He,+2fi f (6;ce;H-ASf,,se;) = 0. 

P=0 p=0 p~0 

(9) 

Multiplying (9) by ce, and integrating witli respect to z from 0 to 
2?!, by aid of §§2.19, 2.21, 14.42, we get 

TrQa— I 2 4Svse;ce^d2; = 0, 

X P=0 


or 


p = 0 


( 10 ) 

( 11 ) 


'vhere = J se'ce^ds;. 

0 

Multiplying (9) by se^, and integrating as above leads to 

2/ 00 

I ^ C^ce' se^ dz — 0. 

X p=o 


(12) 


(^) § 14.42, J ce^se^ dz = — f se' ce,. dz =■- ~ and by virtue of 
0 0 

uniform convergence (12) may be written 

nS,(a-b,+^^)-2fi I c; a;, == 0, 


P=0 


so 


rrS,(a-b,+f,>)-2fi ^ = 0. 

7 0 


(13) 


(14) 


with s = 2j or 2j+ 1, as the case may be. Writing m for s in (1 1) and 
substituting for S, from (14) yields 


.rV,„(a-a„,+M*)+4^* 2 : 2[C.^r.««-6,+M*)] = 0. (16) 
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The eliniiiiant of this set of equations is — in effect — an equation 
from which /lc may be determined (compare (3) §4.20). 

4.91. Approximate solution when a > ? real > 0 . In this case 
we see from Fig. 8 that a lies in a narrow unstable region where 
< a < a^. It is to be expected, therefore, that the dominant 
terms in (2), (3) §4.90 will be of order rn. Accordingly as an 


approximation we shall take 

<l>{z) =; C„, ce„,(z, q) +8^ sejz, q), ( 1 ) 

the other G, S being assumed negligible by comparison. Then by 
(1) and (1) §4.90 

yi(z) ~ ce„(z, q) 8 e,„(z, q)] ( 2 ) 

and ^ 2 ( 2 ) - (3) 

Thus (15) §4.90 may be written 

C„i-n\a-a,,+y?)+4.y}KlJ(a-b^+y?)] = 0. (4) 

Now C,n # 0, SO (4) gives 

77 


Neglecting on the assumption that |/x| 1 , we obtain from (5) 

p'' = j f^Ln+ *mj- (6) 

When q is small enough, by §§3.32, 14.42 and tabular values of the 
coefficients A, B [95j, we find that while 

{2a~-a„,-~bJ < 4m^. 

Hence we may express ( 0 ) in the approximate form 


In Fig. 12 , {a^—a), (a- 62 ) segments of the line Their 

product is a maximum when a is the mid-point. Then for an 


assigned q 


Mmax - 


(8) 


By virtue of this property, when q is small enough the turning-point 
of an iso-/x curve occurs approximately midway between the bound- 
ing curves for the region, i.e. 62 n> ^ 2 n ® 2 n+i 

be. Also, when q is small enough, the series for in §2.151 

may be used in computing /jl, as exemplified in § 4.92. 



102 GENERAL THEORY: FUNCTIONS OF [Chap. IV 

To the degree of approximation in (1), equations (11), (13) §4.90 


become 

nO,(a~a,+H^)+2fiS,^K„„ = 0 

(9) 

and 

7T8^{a—b^i-lx^)—2(iC„K,„ = 0. 

(10) 

In particular when 8 = m, we get 




(11) 

and 

n8Ja—b^+H^)-2fiC^K„m = 0. 

(12) 

From (12) 

4n = 

(13) 



Values of q 

Fio. 12. Illustrating calculation of p, fx. 


Substituting for 2fiK„JiT from (6) into (13) yields 




Substituting for fi from (6) and for S„ from (13) into (9), we obtain 
C. = (16) 


Substituting for jx from (6) into (10) leads to 

o _ MR) 

^ (^=Vh?) ‘ ’ 

In (15), (16) it may be remarked that s corresponds to r in (4) §4.90. 
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4.92. Example. Find a first approximation to y^iz) for the 
equation — ^‘32008 22)y = 0. 

Here a = 1, g = 0*16, and the point (a,g) lies in an unstable region 
of the plane between the curves 6^, in Fig. 8. Then from (2), (3) 


§2.161 

and 

Thus 


Ci-l+g-ig2. 


( 1 ) 

( 2 ) 


80 {a^-a)(a-bl) ~ ( 3 ) 


( 4 ) 


St ~n _ n 


(a-6i) ~ 

K-o) ~ q-\q^ 

Hence from (3) above, and (7) §4.91 with m — \, we obtain 

±k== ±0*08, 

which is the value calculated in §5.33 using an entirely different 
method. 

Substituting for the various quantities in (14) §4.91 with m 
‘W+i3*+l3* 

0*94Ci.t (5) 

Substituting for //., 8^, q in (2) §4.91 gives a first approximation to 
y^(z), namely, 

y^{z) Cie<>'®«^[cei(2;,0-16) + 0-94sei(2;,0-16)], (6) 

Cl being arbitrary. Also writing —z for z, the second solution is 

y^{z) c::i (7ie-oo8^[cei(2;,0-16)-0-94sei(2;,0*16)], (7) 

and the complete solution with two arbitrary constants is, therefore, 
y ^e“®®®^[cei~0*94sei]+i?e®®®^[cei+0*948ei], (8) 

the constant being absorbed in B, 

4.93. Solutionof 2gco8 22;)y =/(2). This is given by (13) 

§6.22 to which section reference should be made. 


4.94. Solution of y'" +2Ky'+{d—2q cos 2z)y = f{z). The substi- 
tution y = e~^^u(z) transforms the equation to 

u''+(a—2qcos2z)u = e’^^f(z)y (1) 

with a = (d—K^), Then the solution of (1) is given by (13) §6.22. 

If g < 0, or if cosh be written for cos, — oo < g < oo, in this 
section and in §4.93, the procedure is first to obtain the solution 
with the r.h.s. zero, and then use (13) §6.22. 

t The sign of this term is that of (13) § 4.91, where we assume fi is positive. 
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5.10. Calculation of j3, with q small and positive. Provided 
a ^ m*, (4) §4.74 or (2) §4.23 may be used. Also (14) §4.30, or one 
of that type suited to the region of the (a,^)-plane where a, q lies, 
is valid for a integral or fractional, provided q is not too large. If 
an iso-j3/Lt stability chart of the type in Fig. 11, but 2 or 3 feet square, 
and covering a greater range of a were available, /9, ^ could be 
obtained directly. If aS and q were ])lotted, the vertical spacing 
would be more uniform than that in Fig. 11, while interpolation near 
the al-axis would be almost linear. Tabular values of g, and j8 
would serve the same purpose and facilitate interpolation. 

1^. (7a/cw/a^6 j8 /or (2 — 0*32 cos 22 )y =- 0. Here a = 0*16 

and the parametric point lies in a stable region of Figs. 8,11, between 
Oi and 62. First we obtain an approximation. On the a-axis 
= fractional part of a*, so taking o ~ 2, j8 ~ 21— 1 0*414. This 

is an approximation to jS at ? = 0*16. In Fig. 11 the j3 const, curve 
through (2,0*16) meets the a-axis where a < 2. Thus the correct 
value of jS < 0*414. 

Method 1. Using (4) §4.74 and omitting the term in we get 


so 



0*16^ n2<^lb^li 
2-0^62+ “32^2 "J 


1*98721, 


j3 0*4097. 


( 1 ) 


As we shall see in §5.20, this is a fairly close result. 

Method 2. We apply (14) §4.30, but have to calculate sin2(r first. 
Then (12) §4.30 may be abbreviated and written in the approximate 
form 




O , 65 . 

cos 2(7 A q* — 

^ 1536 ^ 


Substituting o = 2, g = 0-16 gives 

co8»2a- 25-1 cos 20-158-5 = 0, 
so cos2o = —5-2 or +30-3. 


|g*+l— a = 0. 

( 2 ) 

( 3 ) 
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Referring to Fig. 8 b, we see that in (3), a — for the region 

in which the point (2,0-16) lies.t Then 

cos(— 7r+2i0) = —cosh 20 = —5-2, 
this root of (3) being chosen since the positive one is inadmissible. 
Now |cos2(t1 > 1, so 

sin2(7= J::i(cos22<j— l)i == (4) 

and by (14) §4.30 we obtain 

/X ±0*4085i, so j8 = 0-4085, (5) 

where the positive sign is used conventionally. Thus (1), (5) differ 
in the third decimal place. In §5.20 the former resftlt is shown to 
be the more accurate. 

2*^. Example, Calculate for y"-t-(b*25 -l-6cos2z)y — 0. Here 
a = 6-25, q = 0-8, so the parametric point lies in a stable region of 
Figs. 8, 11, between the curves and 63. Then 6-251 == 2-5, so 
taking the fractional part, 0-5 is a rough approximation to the value 
of j8. In accordance with our remarks in 1®, jS < 0-5. 

Method 1. From (4) §4.74, omitting the term in g® (for purposes 
of illustration) 



5-25x0-8^ 

2 X 5-252-0-64 


(31-25+7) x0-8^]i 
32x6-253x2-25] ’ 


( 1 ) 


= 6-18691 = 2-4873. 
Hence ^ = 0-4873. 


(2) 


Method 2. U.sing (14) §4.30 and (2) 1^, 

^ (-0-4+0-012 + 0-0096-0-OOi22+0-0227)sin 2a (3) 

— ±1*385/, so p 0-385. (4) 

In this case unity is pre.sent, because (14) § 4.30 has been used outside 
the region stipulated in §4.32. The value jS — 0-385 is in marked 
disagreement with (2), the former being in error, since q is too large 
for (12), (14) §4.30 to yield accurate results. This is indicated by 
the fact that 0-0227 exceeds the three prior terms numerically. 

3®. Example. Calculate /x for the equation 
^"4-(1_0.64cos2z)i/ == 0. 

The point a = 1, = 0-32 lies in an unstable region of Fig. 8 between 

61 and a^. Here (2) §4.23 does not apply, since a == == 1, so we 

fall back on (12), (14) §4.30. From the former 

co822a—12-72cos 2a— 1-612 = 0, 

t As shown in § 4.60 this value of a applies to (2) for the region concerned. For 
( 1 ) § 4.60, a — iO. 
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giving co82or = -~0*116 or +12*835. (1) 

Referring to Fig. 8 b, we see that a is real, so |cos2orl < 1 and, 

therefore, we choose the negative robt. The reality of a entails 
sin 2a = +(l~co8*2a)^ so 

sin2a== ±0*9934. (2) 

By (14) §4.30 we find that 

±0*158 (see Fig. 11). (3) 

The above examples illustrate various formulae and their limitations. 
If is real, |cos2a| and |sin2a| < 1, but if imaginary they exceed 
unity. Hence for equal accuracy, q in (12), (14) § 4.30 may be greater 
when the solution is unstable than when it is stable {fx imaginary). 

If fx is computed using (6) §4.91, the result is 0*16, being less 
accurate than (3). 


5.1 1. Calculation of p using continued fractions, q>0. When 
a, q are such that (4) §4.74 does not give sufficient accuracy, the 
method below may be used. Applying the procedure in §3.11 to 
(1) §4.17 we get the infinite continued fraction [94, 134] 

Car -3/(2r+i3)2 g2/(2r+^)2(2r+2+/S)2 


C2r-2 l-a/(2r+p)^^ l_^a/(2r+2+i3)2 - 

gV(2r+2+m2r+4+)8)2 


( 1 ) 


l~a/(2r+4+i8)2 

The next step is to derive an alternative continued fraction for 
C 2 r/c 2 r- 2 * (^) replace r by (r— 1), divide throughout by 

obtain 


( 2 ) 

( 3 ) 

(4) 


— ?/[(2r— 2+^)*— a+5r(C2,_4/C2^_2)] 

_ _g/(2r-2+i3)« g*/(2r-2+i8)2(2r-4+/3)* 

1— o/(2r— 2+/S)*— 1— o/(2r— 4+)8)* — 

But (2) may be expressed in the form 

C9r/c»,-2 = {C-(2»--2+^)!>+a]/g}-(Cj,_4/C2r-2)- (6) 

Writing (r— 1) for r in (4) and substituting it for the third member 
of (6) yields the alternative continued fraction 
_ — (2r— 2+j8)«+o , g/(2r— 4+/3)» 




«r-* 


g«/(2r-4+j8)»(2r-6+/3)» 
- l-a/(2r-6+j3)* 


( 6 ) 
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Then ( 1 ), ( 6 ) are equal for all r provided has its correct value. 
Thus with r = 1 , we get, respectively, 


Vq Oj/Cq — 

Vq == ^2/^0 


l-a/()9+2)2- i-a/(i8+4)* - i--a/(iS+6)* 

(7) 

g/(i3-2)^ gV(i8^2)»(j8-^4)^ 


(7), ( 8 ) are based upon the form of solution (2) U* §4.70 which pro- 
gresses in even orders of r. Consequently they are suited for com- 
puting jS when (a,g) lies in a stable region between and 62 ^+ 1 - 
If (a,g) lies between a 2 n+i> ^ 2 n +2 appropriate solution is ( 6 ) P 
§4.70, so we use the recurrence relation 


[a-(2r+l+pf]c2r+i-q{C2,+3+c^-i) = 0, (9) 


which is ( 1 ) §4.17 with (j3+l) for j 8 and C 2 r+i for Cg,.. Making this 
substitution for j3 in (7), ( 8 ) gives 

qw+mp+v^ 

1 l-o/(j8+3)*- l-a/(i3+6)* - l-a/(j3+7)* 

a-(i3+l)* g/(^-l)* 

^ q +i_a/(^-l) 2 -" l-a/0-3)* ^ ^ 

The correct value of )3 in (7), ( 8 ) or in ( 10 ), ( 11 ) is that for which 
Vj = t>o, or = t?!, 0 < ^ < 1. In practice we aim to make r®— 
or Vi—€i, vanish to an adequate number of decimal places. Con- 
vergence of the C.F. may be considered as in §3.14. A numerical 
example is given in §5.13 et seq. 


5.12. Calculation of fi, q moderate and positive, solution 
unstable. When the parametric point lies in an unstable region of 
Figs. 8 , 11 between b^n+i and fi is real and we write /8 = —ifi 
in (7), ( 8 ) § 6 . 11 . Then —v^ and «o— {“+/**)/? ^ conjugate 

complex numbers. Let Vq— —{x+iy), and — ^—iy- 

When (Vo~^o) — imaginary part vanishes and 

2i?(t;,) = — 2* = (o-l-;**)/g. (1) 

It is possible to satisfy this equality by evaluating Vq alone such that 
twice its real part is equal to (o-f-/**)/}, i.e. 

2x+(a+y^)lq = 0 . 


( 2 ) 
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When the parametric point lies between 62n+i ®2n+i> P 

(II) §5.11 is replaced by —ifi. The conditions for correct fx are 

R(vi) = R{i}i) and /(v^) = I{v^). (3) 

5,13. Calculate ^ for y''+(3— 4cos22)y = 0. Before using the 
formulae in §5.11, we have to find a trial value of j8 to start the 
calculation. (4) §4.74 may be used for this purpose if afq is large 
enough. Here afq = 1*5 is too small, and in consequence the term 
in g® is too large. An isO“)3/x chart of the type in Fig. 11, or the 
tabular values corresponding thereto, may be used if available. We 
proceed now as follows: In Fig. 8 the point (3,2) lies in a stable 
region between and For q = 2, we find from Appendix 2 that 
Ui 2*379, 62 3*672. Referring to Fig. 12, we divide BA = (4—1) 

on the a-axis in the ratio 

(3l-2*379l)/(3*672l-2*379l) = 0*508. 

Thus A(7 = 3x0*508 = 1*524, so at (7, a = 2*524 and, therefore, 
P = 2*524^—1 == 0*589. This is our trial jS, and we shall see later 
that it is in error by +0*00956... . 

Since (a,g) lies between a^, 62 we employ (10), (11) §5.11, and to 
demonstrate the procedure, choose a less accurate value of than 
0*589. We take j8 = 0*56. Neglecting components in (10) §5.11 
beyond the third, and in (11) § 5.11 beyond the fourth — the com- 
putation being merely by way of illustration — we get 

gV(;3+5)»(/3+7)» ^ 4/5-56^ X7-56» _ ^^.^^^24 
l-o/{/3+7)* 1— 3/7-66* 

g*/(j3+3)*(i3+5)* ^ 4 /3-56* X 6-56 * _ 0.0114 

i-a/(j3+ 6)* -0-0024 l-3/6-66*-0-0024 

_ = -2/3-56^ __ = _o.209 = (1) 

l_a/(|8+3)*_00114 l-3/3-66*-0-0114 

= 4/2-44* X 4-44 * _ 
l-a/()3-6)“* 1-3/4-44* 

g*/(/3-l)* (i8-3) * 4/0-44* X 2-44* _ 

1 -o/()3-3j*-0-0402 1 -3/2-44* -0-0402 

. =. 2/0-44* ^ 

l_a/(j3-l)*-7-64 1-3/0-44*- 7-64 

[a-(/3+l)*]/9 = (3-l-66*)/2 = 0-286, 

= 0-286—0-466 = —0-181. 


so 


( 2 ) 
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Since ^ Vi in (1), (2), we now repeat the computation with 
P = 0*58 and obtain = —0*207, — —0*208. Whether jS should 

be increased or decreased to bring v^, closer to equality in (1), (2) 
may be ascertained by examining the continued fractions. 

5.14. Interpolation. Next we use interpolation as illustrated 
graphically in Fig. 13 a. In this case the crossing-point is near 



Fig. 13 (a), (b). Illustrating linear interpolation for jS. 


one extremity of the range of which is likely to improve the 
accuracy of the result. To a first approximation — a higher one not 
being justifiable with three decimal places — we have 


X 0001 

0 02— X ~ 0-028’ 


so X = 0-0007. 


(i) 


Hence to three decimal places 

j3 = 0-58-0-0007 = 0 - 5793 . (2) 

Using /3 = 0-5793, if we repeat the calculation with five component 
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fractions for six for and work to nine decimal places, a more 
accurate result will be obtained. Thereafter the accuracy may be 
improved by interpolation, and so on until the desired number of 
decimal places is reached. 

To illustrate the procedure, in Table 5 we give the results of a 
calculation using two values of different from those employed 
hitherto [94]. 


Table 6 


p 

0*5766 

0*6794 


00028 



-0*20726 88 

-0*20683 62 

= 

0*00043 36 

= -0*00004 29 


-0*20348 13 

-0*20679 23 

Ae, = 

-0*00331 10 

= -0*00374 46 


Then to a closer approximation 


= 0-5794+ 



= 0-57943 2. 


(3) 


Continuing the calculation we obtain the data in Table 6 [94], 


Table 6 


p 

0*6794 

0*67943 2 

A/J = 3-2 X 10-» 


fi 

-0-20683 62 

-0*20683 049 

Aw, = 4-71 X lO * 

- -3*2x10-’ 

e. 

-0-20679 23 

-0*20683 017 

AC, = - 3-787 X 10-» 

Avi-Avi = -4*26x 10-» 


To eight decimal places 

B = 0-67943 = 0-57943 224. (4) 

In interpolating, it will often be found that lAvj/AjSI > lAr^/AjS! 
or vice versa. It is essential, therefore, to ensure that the portions 
of the curves between the points of interpolation are sensibly linear. 
A check may be made by calculating Vj. at an equal small interval 
Sp on each side of the crossing-point. The points so obtained should 
lie on the original lines. 

5.15. Trial values of /S. We shall now compare trial values of jS 
found by the method used in §5.13, and also by (4) §4.74. The 
former may be crystallized in the empirical formula 

where <f, = (o*— ai.) < 1, the values of o„, 6„,+i being for 
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the q in the differential equation. If [(2m+ l)/r?i*]^ is small enough, 
a first approximation to (1) is 


Table 7. Trial values of ^ calculated from different formulae 


a 

9 

Formula used 

More, accurate 

/3(1) 

/J(2) 

P (4) $ 4.74 

value of p 

3 (m = 1) 

2 

0*589 

m too small 

inapplicable : 

0*5794 





see § 5.13 


6 (m = 2) 

2 

0*27 

0*29 

0*35 

0-34 

8 (m = 2) 

3 

0*67 

0*79 

1 0-72 

0-70 

36 (m = 6) 

16 

0*51 

0*54 

0-62 

onss 


In the second, third, and fourth rows of Table 7 the superiority of 
(4) §4.74 is evident, although ajq is comparatively small. If in the 
fourth row q were 3, ajq = 12 instead of 2*25, and the accuracy would 
be improved appreciably. Wherever possible^ the use of (4) §4.74 is 
preferable to obtain the best trial value. 

Although we have concentrated our attention on the evaluation 
of j8, since it is needed in differential equations, the same principles 
may be used to calculate a if jS, g are assigned. First we obtain 
a trial a using either (6) § 2.16 or (1) § 6.16 suitably transformed, and 
then (if necessary) proceed with the method of continued fractions 
as in § 6.13 et seq. to obtain Vq = Vq, or = v^. 

5.20. Solution of equations [134] . The methods adopted may be 
shown most readily by a series of numerical exami^les. We com- 
mence with the equation 

y''+(2— 0-32 cos 2^)y = 0, (1) 

whose parametric point (a = 2,g = 016) lies in a stable region of 
Fig. 8 between and Accordingly we choose the form of solution 
at (4) P §4.70. Substituting it into (1), equating the coefl&cient of 
^{ 2 r-n+fi)zi to zero, r = — oo to +oo, and taking jS = 0*409 from § 6.10, 
we obtain the recurrence relation 

[2-(2r+l*409)2]c2,^i-0*16(c2,+8+C2,^i) = 0. (2) 

We have taken j3 = 0*409 instead of the more accurate value 0*4097 
to illustrate a check later on. In §4.77 when r is large enough we 
showed that \c 2 r^ 2 M ~ s® ^hat after a certain r is reached 

the |c| decrease very rapidly. To start the computation we assume 
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that C 2,+3 vanishes to the number of decimal places required in the 
solution. Taking r = 3 in (2) and neglecting Cj, we get 

C 2 ,-i = [2-(2r+ 1-409)2>2,^,/0-16, (3) 

so Cs = (2-7-409*)6-25c7 

= -33OC7. ( 4 ) 

With r = 2 in (2) 

C3 = -(2-5-4092)6-25x330c7-C7 

= 5-62x10^C7. (5) 

With r = 1 in (2) 

Cl = (2-3-4092)6-25x5-62x 10^C7+330 c7 

= -3-38x10«C7. (6) 

Thus C 7 == -2-96x10 -V (7) 

Using (7) in (4), (6) yields 

C3 = - 1-661 Xl0-2ci, (8) 

C5= 9 - 77 xl 0 -*Ci, ( 9 ) 

C7 = - 2 - 96 xl 0 -’Ci. J ( 7 ) 


These numerical values illustrate the rajiid decrease in the c with 
increase in r, when a = 2, ^ = 0-16. 

To calculate c_ 2 ,_i we use the above method, and in the present 
instance commence by neglecting c_j. Then with r = — 4 and 
c_B = 0 in (2) 

c _5 = (2-6-59U)6-25c_7 

= -259c_7. (10) 

W'ith r = — 3 

c_3= -(2— 4-59U)6-25 x269c_7-c_7 



= 3-1 X 10«c_7. 

(11) 

r -2 

c_i = (2-2-59U)6-26 x3-1x10‘c_7+259c_7 



= -9-12X 10*c_7. 

(12) 

r -- —1 

Cl = -(2-0-59U)6-25 x 9-12 Xl0®c_7— 3-1 Xl0«c_7 



= — 9-44X 10«c_7. 

(13) 

Thus 

c_7 = — 1-06X lO^^Cj, 

(14) 
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and since |c_7/c_5| < 4x 10“^, we may anticipate that 

lc^9/c^7l < 4x10-3, 

so by (14), |c_9| < 4x10-^%. Using (14) in (10)-(12) yields 

c_i = -9-12 X 10Sc_7 = 9-67 X 10-2ci, ^ (15) 

c,3= 3*1 x10^c_7 -= -3*286 x10-3ci, (16) 

c.5 =-259c_ 7 -= 2*72xl0-5ci, (17) 

c_7 = ~l*06xl0-V (18) 

Check on j8. Writing r = 0 in (2) gives 

(2-1*409% = 0*16(c3+c_i). (19) 

Using (8), (16), the two sides of (19) are 

1*472 XlO-^c^ and 1*28X10-2^1, respectively, (20) 

from which it follows that the value j3 — 0*409 is a little too small. 
Now an error in the fourth decimal place in j8 causes a trifling error 
in 0*16 (c 3 +c_i), so we may write 

2-(l+j3)2 ^ l*28x 10-2, (21) 

and an improved value of jS is then found to be 

j3 -= 0*4097, (22) 

which is ill accord with (1) §5.10. 

5.21. Solution of f (2-0*32 cos 22;)y -- 0. By (4) P § 4.70, 

y = 1 (1) 

r*: —00 » 


where we have taken p 0-41. Substituting for Cgy+i from §5.20 in 
(1), we obtain 

y(z) = Ci[...-l*06x 10-V«’5»^‘+2*72x 
— 3*286 X 10-3e-2-5»^‘+9*67x 

— 1*661 X 10 2f3-^^*-4-9*77x 10-5e5 4^'‘-2*96x 10-V^i^^’+ 

( 2 ) 

This form is inconvenient, so w^e refer to (5) 1® §4.70. If the latter 
is substituted in the above diflFerential equation, the recurrence rela- 
tion (2) §5.20 is obtained. Hence, apart from a constant multiplier, 

4961 
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the coefficients must be the same in both cases. Accordingly 
a first solution of the equation is 

= 1 Cir+iCoa{2r+l+p) (3) 

res— 00 

= 1-06 X 10-7 cos 6*592+2-72 X lO"® cos 4-592- 

-3-286x10-3co8 2-592+9*67x10-2cos0-592+ 
+cosl'4l2-l-661Xl0-2cos3-4l2+9-77xl0-®co8 5-4l2- 
-2-96x10-7 cos 7-412+...]. (4) 

The second solution is derived by writing sin for cos in the 2 terms 
in (3), but not in (4), since the terms corresponding to negative 
values of r would then have the wrong signs. Thus we get 

.V2(^) == Ci[... + l*06x 10-7 sin 6-592— 2-72x 10“® sin 4-592+ 

+ 3-286X 10-3 sin 2-592— 9-67 x 10-2sin 0*592+sinl*4l2- 
-1-661 X 10-2 sin 3-412+9-77 X lO-^sin 5-412— 

- 2-96 X 10-7 sin 7-412+ ...]. (5) 

If (2) is expressed in circular functions, (4) is the real and (5) the 
imaginary part, i.e. the real and imaginary parts are linearly inde- 
pendent solutions of the equation, which is to be expected. 

The complete solution, using (4), (5), is 

y =“ Ay^+By^, ^6) 

where A, B are arbitrary constants, real or complex, and this defines 
a fundamental system. In an application, +, B would be obtained 
from the initial conditions. 

Check on the solution, (4) may be checked as in §§3.13, 3.16, by 
aid of the relationship 

2/"(0) = {2q-a)y(0) = -l-68y(0). 

To an adequate approximation we find that each side has the value 
-1-81. If greater accuracy is needed, should be computed as shown 
in §5.13 commencing with the value 0-4097. The coefficients 
may then be found to the same degree of accuracy as jS, if r is 
increased and more significant figures used in the calculation. 

5.22. Second method of solving j/"+(2— 0 - 32 cos 22 )y ^ 0. 
Here we use the analysis in § 4.30 and refer to § 5.10. Then /a = 0-41 
in (5) l'^§5.10 corresponds to sin2cr == — 5-lli, cos2a=— 5-2, 
(7 = (— |7r+/0). Substituting in (16), (17) §4.30 we find that 

•f In accordance with (22) § 5.20 we have taken this approximate value of pi. 
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^3= -0*02478, C8 = --0*00817f. Thus by (1), (2) §4.30 the first 
solution is 

yi(z) == 6®"*^^[sin(2—itf+i^)—0*fi2478sin(3z—ifl+j7r)— 

— 0*00817icos(3z~7i»+j7r)+...] (1) 

= e®-^i«^[cos(2--tfl)~- 0*02478 cos(32-i0)+ 

+O*OO817i8in(32-i0)+...]. (2) 

Expressing the circular functions in exponentials, (2) becomes 
y^{z) = |e^(cos l*41;2+isin 1*412:)— 1*661 X 10“2(cos 3*412+ 

+i sin 3*4l2)+e“2^{(cos 0*592— i sin 0*502)— 

-3*295x 10-2(cos2*592-isin2*592)+...}]. (3) 

Now sin2c7 = sin(— 7r+2i0) = — isinh20 = —5* Hi, so 6 is positive 
and it has the value 1*166. Then = 9*7 X lO-^, and (3) becomes 
y^(z) = ^i[(cos l*4l2+i sin 1*412) — 1*661 X 10-2(co8 3*412+ 

+i sin 3*412)+ ... +9*7 X 10~2(cos 0*592- i sin 0*502)— 

-3*2 X 10-3(cos2*592-isin 2*502)+...], (4) 

with Making allowance for the reduced number of terms, 

(4) is seen to be a linear combination of (4), (5) §5.21. For apart 
from the multipliers iAy^, the coefficients agree well enough for 
the purpose of illustration. Also, since the real and imaginary parts 
of (4) are linearly independent solutions of the equation, apart from 
arbitrary constants, (4) contains the complete solution given at 
(6) §5.21. 

Proceeding to find y^(z), as shown in §4.30, we write —a for a. 
Since cos 2<7 is even but sin 2a is odd, we get 

^ == — 0*41i, 53 = —0*02478, C3 = 000817i. 

Thus the second solution is 

y^{z) = e-O'^i«^‘[co8(2+i0)— 0*02478 co8(32+i0)— 

- 0*008 1 li sin(32+ ifi) +...], (5) 

which is merely (2) above with the sign of i changed. It follows, 
therefore, that the solutions obtained herein have the forms 

2 / 1 ( 2 ) = ^l[/l(2) + i/2(2)] (6) 

and 2/2(2) = Ai[fi{z)-if^{z)]. (7) 

In applications these forms will usually be inconvenient. Thus when 
fi is imaginary, the forms at (4), (5) §5.21 are preferable. They may, 
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of course, be derived from above, since fi{z), f^{z) are linearly inde- 
pendent solutions of the differential equation. Then the complete 
solution may be written 

y{z) = Af^(z)+BU(z), ( 8 ) 

where A,B are arbitrary constants. 

5.23. Relation between solutions of types § 4.13 and § 4.30. 

Ailthough in §4.50 we demonstrated symbolically that the solutions 
ire alike, as they must be for uniqueness, it is interesting to ascer- 
tain whether or not the two expressions for in (11) §4.50 yield 
dentical numerical results. From §5.20, = 9-67 X 10'2ci,t and 

Tom §5.10, sin2op= — 5*lli, cos2(t= —5-2. Then 2cosV— 1 = 
— 5*2, so COSO- == zbl*449i. Now a = (—\rT-\-id), 0 = 1*166, so 
50s(--^7r+ifl) = isinh0 = 4-l*449i. Also sino- == sin2or/2cosor == 
-1*763. Substituting these values in (11) §4.50, we obtain 

Zo == --(Ci+c^i)/sinu = Cl X 1*0967/1*763 = 0*622ci (1) 

md Zq = i(Ci— c_i)/cosa = CjX 0*9033/1*449 == 0*623ci. (2) 

The approximate agreement of (1), (2) is sufficient to illustrate the 
foint in question. Here Z^ is real, since the c are real by virtue of 
he parametric point of the equation lying in a stable region of the 
-plane of Fig, 11. 

5.30. Example: Solve y''-l-(3— 4co8 22 )y == 0. In §5.14 we 
alculated p for this equation to a high degree of accuracy, but for 
lie purpose of illustration we shall take ^ = 0*58. Adopting the 


jheme outlined in § 5.20, we neglect Ci^ et seq. Then with r = 

5 in 

le recurrence relation 


e get 

[3 (2r-|- l'58)®jc2,.^j 

( 1 ) 

= 6 

C 9 == H3- 11-58%, 



= — 65-5c„; 

( 2 ) 

= 4 

C 7 = — i(3-9-682)x66-6Ca-Ca 



= 2-899 Xl0*c„; 

(3) 

= 3 

C 5 = 1(3-7-68*) X2899c„-c, 



= — 7-893 XlO^c,,; 

(4) 

= 2 

c* = -J(3-6-58*)x78930c„-c, 



= 1-102 Xl 0 «c,i; 

( 6 ) 

^ To conform with the notation in § 4.50, bars have been placed above the c. 
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Cj = |( 3 - 3 - 582 )X M 02 x 10«Cn-C5 

== -5-331 XlOV- 


Cj = — 0-2068cit 

(-0-20683 Oci), 

(7) 

Cg = 0-01478Ci 

( 0-01474 4ci), 

(8) 

Cj = -0-00054 3ci 

(-0-00054 2ci), 

(9) 

Cj = 0-00001 228ci 

( 0-00001 2Ci), 

(10) 

Cii =r —0-00000 01875Ci 

— . 

(H) 


To calculate c_ 2 r .j.y we commence by neglecting c_j 3 et seq.; so with 


r= -6 


= J( 3 -l()- 42 *)c_ 


5-2.7. 


l-78xl0®c_ii; 

( 3 - 6 - 42 ^),,,, 


3-405 X lO^c.. 


(3 -4-42‘‘*), 


3-405 X lO^c. 


= 2-807 x lO^c 


( 3 - 2 - 42 *) 


2-807 X lO^c. 


= - 3-674 XlO-’c_ji; 

Cl = 3-674 X 105 c_n- 


= — 8xl0®c_ii. 


(17) 

c_i = 0-4592ci 

( 0-45952 7ci), 

(18) 

c_3 = -0-3609Ci 

(-0-351.34 9Ci), 

(19) 

c_5 = 0-04256Ci 

( 0-04275 2Ci), 

(20) 

c_7 = —0-00222 6Ci 

(-0-00224 Oci), 

(21) 

c_9 = 0-00006 6Ci 

( 0-00006 6Ci), 

.(22) 

c_ii = -0-00000 125ci 

— . 

(23) 


t The ratio — —0-2068 should bo equal to Vj in § 5.1 4. They differ in the fifth 
decimal place. The values in ( ) wore obtained by machine using an elaborate 

method of computation [94]. 
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Check on calculation. This may be effected by computing c_i for 
r = 0. Then from (1) 


C-, = 


(3-1-582) 


= ( 0 - 262 + 0 - 2068 )Ci 

= 4-688 XlO-ici, (24) 

which differs from (18) in the third decimal place. More accurate c 
than those we have computed are given in brackets at the r.h.s. In 
(18), (24), c_i is slightly too small. This defect could be rectified by 
using a more accurate jS, and working to six or eight significant 
figures. 

5.310. Solution of +(3—4 cos 22)2/ = 0. Since the point a = 3, 
q = 2 lies in a stable region between the curves a^, 62 in Fig. 8, the 
preferred form of solution is 

yi(2)= i c^^i008(2r+l+p)z (1) 

fas —00 

ct 0-469 cos 0-422+ cos 1-582—0-361 cos 2-422— 

—0-207 cos 3-682+0-043 cos 4-422+ 0-016 cos 6-682- 
-0-002 cos 6-422-... (2) 

with Cl = 1. The second solution is (1) with sin for cos, so 
1 / 2 ( 2 ) —0-469sin0-422+sin 1-682+0-361 sin 2-422— 

-0-207 sin 3-682-0-043 sin 4-422+ 0-015 sin 6-682+ 


+0-002 sin 6-422-.... (3) 

The complete solution with two arbitrary constants is 

y{z) = Ayi{z)+By 2 {z). (4) 

5.311. The Mathieu functions cei.5g(2, 2), 8ei.5g(2, 2). Referring 
to §4.72, we have to compute the normalizing constant 

i (1) 

/ L|P£s ^00 ^ 

Using the c in §6.30, we find that K ~ 0-862/ci. Now c^ in §5.310 
is unity, so by §§4.71, 4.72 

cei.5g(2, 2) ~ 0-862y,(2) (2) 

and 8ei.gg(2, 2) c:; 0-862yg(2). (3) 
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5.32. Alternative method of calculating j 8 , ft [134]. The 

method of checking j 3 in § 6.20 suggests how it may be calculated. 
Suppose the equation to be solved is that in §6.30. First we obtain 


a trial j3 as in §6.13, say, 0 - 66 . Then we use ( 1 ) §6.30 with r = 0 , 
P for 0 - 68 , and get 

[3~(1+j8)2K = 2(c3+c.,). (1) 

Analysis as in §§ 6 . 20 , 6.30 leads to the values of C 3 , c_i in terms of 
Cl, Neglecting C 9 , c__^ and coefficients of higher orders, we obtain 

[3-(l+^)2]ci = 2(-0*2096+0-468)Ci, (2) 

so jS = 0-676, (3) 


choosing the positive root. The process may now be repeated using 
more significant figures in the working, and commencing with, say, 
Cjg, c^i 5 . The result will be more accurate than before. Repetition 
may continue until the desired accuracy has been attained. It may 


be preferable, however, to use interpolation. From ( 1 ) with j 8 = 0*66 
and by aid of ( 2 ), we have 

(3-l-562)Ci-2(~0-2096+0-468)Ci = (4) 

giving Li = 0*0494. ( 6 ) 

Taking j3 = 0*58, we get C 3 , c_i from §5.30, and on substitution in 
( 1 ) we have 

(3-l*582)Ci-2(-0*2068+0*4592)Ci = L^Ci, (6) 

so Lg = —0*0012. (7) 


Having obtained values of L on each side of zero, we interpolate 
and calculate jS when L is zero. Thus (Fig. 13 b) 


Hence 


X = 


(0*58-0*66)0*0012 

0*0494+0*0012 


0*00047. 


j 8 0*58-0*00047 = 0*5796. 


( 8 ) 

(9) 


This may be improved by repetition and application of procedure 
similar to that in §5.14, where an accuracy to eight decimal places 
is achieved. 

The foregoing method is applicable to the determination of 
ft (real) when {a,q) lies in an unstable region of Figs. 8 , 11 , but 
the starting value of ft would need to be assumed, unless a rough 
trial value could be obtained from ( 6 ), (7) §4.91, or as in 3® §5.10, 
1 ® §6.33. Also, if or ft is assigned for a given g, the value of a 
may be calculated. 
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5.33. Example. Solve y"-f {1—0-32 cos 2z)y = O.f 
1". From Fig. 8 we see that the point 0 = 1,3 = 0-16 lies in an 
unstable region between 6^ and a^. Thus a, will be real and 
|cos2cr| < 1. Using (2) l“§5.10Ve obtain the approximate equation 

cos^2cr— 25cos2a— 1-5 = 0, (1) 

so cos 2(7 = 12-5± 12-56 

= —0-06 or +25-06. (2) 

Since (cos2ct| < 1, we take 

cos 2(7 = —0-06, 

so sin2(7 = +(1— co 8^2(7)1 = +0-9982. 

By Fig. 8 b, -i,7 ^ a ^ 0, SO 

^ ^ -46-72‘^ ~0-815 radian. (3) 

Using (14) §4.30 we obtain 

/X H=b*08 (compare (4) §4.92). (4) 

Also by (16), (17) §4.30 

6^3 —0-02, C3 —0*0012. (5) 

Substituting a, fi, etc., into (1), (2) §4.30 yields the first solution, 
namely, 

//i(c) rO«8^[sin(2+0*8ir>)-04)28in(32:+0* 

— 0*0012cos(32+fi*815)+...]. (6) 

To derive the second independent solution we write — u for a. Then 
/X, C3 being odd functions of cr, change sign. Thus 

— 6~^®®^[sin(2;— 0*815) — 0*02sin(32;—0*815) + 

4-0*0012 cos(32— 0*815)+...]. (7) 

Now yi -> ±00 as -> +00, so this i)art of the complete solution is 

unstable, 

2/2 “> 0 as s +00, so this part of the complete solution is stable. 
Hence the complete solution, with arbitrary constants A, B, namely, 

y = Ay^+By^, («) 

is unstable and tends to +00 as z -> +00. 

t Soo § 4.92 for a different method of solution. 
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2®. We shall now obtain the solution in the form given at (3), 
2® §4.70, namely, 

2/1(2) = f (1) 

r*~oo 

using the value of /* at (4), 1®. The recurrence formula for the c is 
(1), 2° §4.750, which may be written 

{“+[/*+(2r+l)lp}C2,+i— 3(Cg,+3+C2r_i) = (‘^) 

Putting /X = 0-08, f a = 1, = 0-16 in (2) gives 

{l + [0.08+(2r+l)i?K+i-0-16(c3,+3+C3,_i) = 0. (3) 

To illustrate the procedure in calculating the c, assume that the real 
and imaginary parts of c, vanish to an adequate number of decimal 
places, i.e. in the computation we put Cj = 0. Then with 

r = 2 C 3 = -5(30- t)c6, (4) 


where 0'08*/0-16 = 0-04 has been neglected in comparison with 


— 150. With 

r = 1 Cl — (— 50+3i)c3— Cg 

and by (4) = 6(1496— HOiK, 

so C 5 = (1-325 xl0-«+ 1-24 xl0-®i)Ci. ( 6 ) 

From (4), (5) C 3 = — (l-994x 10-2+1-198X lO-^ilCj. ( 6 ) 

To calculate the c_ 2 r+i> neglect c_^, and with 

r = — 3 in (3), c _3 = — 5(30+i)c_5, (7) 

r = —2 <5-1 == — (50+3i)c_3— c _5 

= 5(1496-hl40i)c_6, (8) 

r — — 1 <5i = (0-04- i)c_i — c_3 

= 5(229-84- 1489-4i)c_5, (9) 

the 0-04, omitted previously, being included here. Thus 

c_i= (5-95xl0-2+0-998i)Cj, (10) 

c_3= - (2-38 XIO-H 1-978 XlO-2i)Ci, (11) 

c_5 = (2-024 X 10-®+ 1-313 xl0-«i)Ci. (12) 


t When fjL cannot be calculated with adequate accuracy by the method used in 1®, 
or by the formulae in §4.91, the procedure outlined in either §5.11 (continued 
fractions) or § 5.34 (recurrence relation) may be used. The latter is the simpler of the 
two. To obtain a rough indication of the order of fi to start a computation (trial fj.) 
as in § 5.34, formula (7) § 4.91 may be used beyond its normal range. Having found 
/i to the required accuracy, the solution is obtained as shown in the present section. 
It may, if desired, be expressed in the form given in § 4.751. 

4M1 
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As a check we shall find c^i by taking r = 0 in (3). Then 
= [(0-08+i)2+lj6-25Ci-~C3 
== (6*994 X 10-2+ 1-00 U>i, (13) 

which differs slightly from (10). Alternatively, from (2) with r = 0 
(/x+i)2+l = 0*16(r3+c_i)/ci. (14) 

Substituting for the c, on equating real and imaginary parts, we find 
in each case that /a is nearly 0*08. 

3®. The solution. Substituting the values of /x and the c in 
gives the first solution: 

y^{z) = Cie0‘08«[(l*06+0*998i)cos2-~(2*232+2*h‘)10~2cos32;+ 

+ (l* 629 +l* 44 i) 10 -^cos 52 -... + ( 0 * 998 + 0 * 94 i)sin 2 :-- 
-(l* 86 +l* 762 i) 10 - 2 sin 32 :+(M 89 +M 23 i) 10 -+sin 52 ;-...] 

(1) 

= Cie«o«*[l*06+0*998i][cos2-2*lX 10-2 cos32:+ 

+ 1*44 X 10“^ cos 52:— ...+0*94 sin 2 — 1*75 X lO-^sin 32;+ 

+ M2xl0-^sin52:-...]. (2) 

The second solution is obtained by changing the sign of z in (2). 
The exponential becomes e-o 08 «^ while the sine terms alter sign. 

4®. Odd and even solutions. The solutions in 3*^ are neither odd nor 
even. Nevertheless such solutions may be constructed using linear 
combinations of those in 3®. Omitting external multipliers, the solu- 


tions in 3® may be written 

COS+ 2 g-o 080^2 cos— 2 ®^^]* 

By addition we get the even solution 

== 2 [cosh 0-082 2 cos+sinh 0-082 ^ 
and by subtraction we get the odd solution 

^2 — 2[sinh 0-082 2 cos+cosh 0*082 ^ sin]. (3) 

The complete solution is 

y = Ayi-\rBy^, (4) 


where A, B are arbitrary constants, determinable from the initial 
conditions. The utility of such solutions in practical problems is 
doubtful since they both tend to infinity with z, 

6®. Relationship between (6) 1® and (2) 3®. This is expressed by 
in (11) §4.50. The two formulae for should give the same result, 
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which ought to be a multiple of (l-06+0*998i) in (2) 3®. Then by 
(11) §4.50, with Cl = Cl = 1, 

Zo = -(l-0595+0-998f)/sina and Zq = (0*9406i+0-998)/cosc7. 

( 1 ) 

Now from 1®, or = ~-46-72°, so sin a = —0-728 and cos a = 0-686. 
Substituting these into the two fractions in (1), we find that they 
are in good agreement, having the value 

Zq l-37(l-064-0-998i) 

= ( 2 ) 
The angle of Zq is the same as that of Zq in 3^ §4.762, and since by 
§4.751, Zq = MqZq, it follows that 

= 1-99. (3) 

Reference should be made to §4.752, where the conjugate pro- 
perties of the coefficients in 2® are discussed and another form of 
solution is given. 

5.34. Example. Solve y"— (1-25+2 cos 2z)y = 0. From Figs. 8, 
11, we see that the parametric point a = —1-25, j = 1, lies in an 
unstable region below a^, where the iso-^Lt curves are asymptotic to 
ao as g +oo. When ^ = 0, /i == ial, taking the positive root, so 
the curvature of the iso-/t curve through the point (— 1*25, 1) is less 
than that of ao (? = 1). On this basis we proceed to find a trial to 
start the computation. A few assumed iso-/x curves, which may be 
drawn in pencil on a large version of Fig. 8'a, show that the curve 
through (—1-26,1) will probably intersect the a-axis between —(0-81 )1 
and —1, i.e. —0-9 and —1, if ia* is plotted instead of a.f Thus our 
trial fi lies between 6-9 and 1, so we shall choose 0-95.J 

The recurrence relation for the coefficients in the solution of type 
(1) 2® §4.70 is (1) P §4.760. Inserting a = -1-25, g = 1, ^ = 0-96 
therein, we get 

-[l-25+(2r-0-96i)2]c2,-(c2,+2+C2,^2) = 0. (1) 

Let r = 3, neglect Cg, and (1) gives (using a 10-inch slide-rule as we 
are merely demonstrating the procedure) 

C4 = -[l-26+(6-0-96i)2]ce = -36-36(l-0-314i)Ce. (2) 

t When a > 0, ol is plotted. 

X If (4) § 4.74 is used to calculate fi, as indicated in § 4.753, the value 1*002 is 
obtained. As shown later, this is a better value than 0*95. The purpose of the above 
procedure, however, is to illustrate what may sometimes be done when the formula 
cannot be used. 
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r = 2 Ca = -[l-25+(4-0-95i)2]c4-Ce = 506(1 -0-914j)Ce. (3) 

r = l Co = -[l-25+(2~0-95i)2]c2-C4 = 3929(--0-107+i)Ce. (4) 
Then 

from (4), Co = -2*52 X 10 -*(0-107 f-^Co, (5) 

from (2), (5), C4 = 9-53X 10'3(0-421+0-966i)Co, (6) 

from (3), (5), = -(0-13+0-116i)Co. (7) 

To check the trial fi we put r ~ 0 in ( 1 ), thereby obtaining 
— [l*25--0-952]co for the l.h.s. 

and ^2+^-2 = 2i?(c2) for the r.h.s., (8) 

since by §4.750, Cg and c_2 are conjugate. Thus the l.h.s. is — 0*35co, 


and the r.h.s. is — 0-26Co. Hence the trial (i is too small, and a better 
value is found by substituting ^ for 0-95 and solving the resulting 
equation. By so doing we find that fx 0*995, taking the positive 
root.f We now repeat the computation using /a = 1 , and obtain the 
following results: 

C 2 = -(0-124+0-119i)Co, ' 

C 4 -= (3-20+8-931)10-%, (9) 

C 4 == --(6-23+248f)10'%. , 

The remainder of the solution is left as an exercise for the reader. 
Since and c_ 2 ,. are conjugate, c_ 2 > C-v follow immediately from 
(9) by changing the sign of i. The computation of these coefficients 
would constitute a check. A partial check is obtained by repeating 
the procedure at ( 8 ). Then with ft = 1 , we get 

—[1-25— 1]cq = — 0-25cq for the l.h.s. 
and 2 i?(c 2 ) == — 0-248Co for the r.h.s. (10) 

Solving for p as before, we have 

(a+/i2)Co= 2qlt{c^), (11) 

so /i 2 = -0-248+1-25 = 1-002 

and, therefore, p 1 - 001 , ( 12 ) 

taking the positive root. Thus the results are accurate enough for 

t This procedure should be used only when the difference between the two values 
of /X is a small fraction of the trial value. When this is not so, a better trial must be 
chosen. 
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the purpose of illustration. Greater accuracy may be obtained by 
increasing r at the beginning, e.g. take r = 5, neglect and work 
to (say) seven decimal places, f with ji == I'OOl. An improved value 
of /JL will follow, the computation is repeated, and interpolation then 
used as in §5.32. The requisite technique is gradually acquired by 
practice. 

5,35. Solutions with q <0. In the solutions with q positive write 
{\tt—z) for z. In the case of unstable solutions like (2), 3® §5.33, the 
constant multiplier may be omitted. 

5.40. Solutions of y"+(a=p2^sin2«)y = 0. If in 

y"+(a~2gcos2z)y == 0 

we write {{tt'^z) for z, it takes the form of the first equation. Hence 
if q is positive, the solutions of the equation are derived from those 
of y"+(a-~ 2 ^cos 22 :)y = 0 by writing (In^z) for z, 

5.41. Solutions of 2g cos{22;J::0)]y ~ 0. If we write 

for z in Mathieu’s equation, the above form is reproduced. 

Accordingly for q positive, solutions of the first equation may be 
derived from those of the second by making this change of variable. 
When ? < 0, write [^(7r+d)±:z] for z in the solution of Mathieu’s 
equation. 

5.50. Example. Solve y'"— (3—4 cosh 2z)y = 0. If in § 5.30 we 
write iz for 2 , the equation there takes this form. Hence the first 
solution is (2) §5.310 with cosh written for cos, while the second 
solution is (3) § 5.310 with sinh written for sin, the multiplier i being 
omitted as it is a constant. 

5.51. Example. Solve y"— (3-t~4 cosh 22 )y = 0. The solutions 
derived by writing (i^i+z) for z in those of the equation in §5.50 
are unduly complicated. The simplest procedure is that given in 
§4.71 for q negative, i.e. change alternate signs in § 5.50. 

5.60. Example. Solvey''+4y'+(5— 0-32 cos 2«)y = 0. By §4.83 
we have /c = 2, a = 5, a = d— == 1, y = 0*16, so the auxiliary 
equation is 

'u"+(l— 0‘32co8 22j)t/. = 0. (1) 

The point a == 1,, g = 0*16 lies in an unstable region of Fig. 8 between 

t Using a machine. 
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the curves a^, and the first solution of (1) is given by (2), 3® § 5.33. 
Then yi(z) — e-^Uy^z), so 

1/1(2) =- Ci[l-064 0-998iJr i»25(cosz--2-lXl0-2cos32+^ 

4- 0*94 sin 2— 1 *75 X 10~* sin 324- ...)• (2) 

The second solution is derived from (2), 3® §5.33 by writing —2 for 
2 and multiplying by C“^. Thus 

y^iz) — r.i[l-064-0*998i]e~2®®*(cos2—2-IXl0”*cos324--- — 

— 0*94sin24-l*75x 10-^sin32— ...). (3) 

In (2), (3) we may write C = Ci[l*064-0*998i], a constant multiplier. 
Both solutions tend to zero as 2 -> 4-oo» and are, therefore, stable 
but non-periodic. The complete solution, with two arbitrary con- 
stants, is 

y = (4) 

and this constitutes a fundamental system. 
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HILL’S EQUATION 

6.10. Form of equation. For general purposes this may be taken as 

0+[a-2?^(a>z)> = 0, (1) 

where ilf{ojz) is a periodic differentiable function,! such that 
l^(a>2;)|max = Usually i/j(ojz) is even in z with 

min 

2ir 

J \fs(a}z) dz = 0. 

0 

Sometimes |^(co2)|,nax ^ case is not considered 

herein. We assume a, q to be real. When ilf{o}Z) — cos 2z, (1 ) becomes 
the standard Mathieu equation. In certain applications it is con- 
venient to write (1) in the form 

0 + (^0+ COS 2rzjy = 0, (2) 

00 

where Oq, d^, ^4,... are assigned parameters and 2 l^2rl converges. 

r=l 

The theory in §§4.10-4.16 applie.s to (1), (2). Stability is discussed 
in §§4.14, 6.60. 

6.11. Solution of (2) § 6.10. In accordance with § 4.13, we take 
a solution of the form [216] — see comments in §6.31 — 

yi(z) = CM* 2 (1) 

r=»— 00 

where may be real, imaginary, or complex. Substituting the r.h.s. 
of (1) into (2) §6.10, we obtain 

— 00 — 00 — -00 


—00 —00 

t flt(cDz) may also be periodic and finitely discontinuous (piecewise continuous), 
but it cannot be differentiated at its discontinuities. The saw-tooth function treated 
later is a case in point. 
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Equating the coefficient of to zero, r = — oo to oo, we get 
{fl + 2ri)^C2r + ^0 ^2r + ^2(<^2r-2+ ^2r +2) + + ^2r+4) + 

+ ^6(%-6+^2r+6)+*-- = (^) 

or (/U+2n)2C2,+ f ^2mC2r+2m = 0, (4) 

m= —00 


with the convention that djm = ^- 2 m* §4.20 we have a set of 

equations, infinite in number, giving relations between the coeffi- 
cients C 2 r Dividing (3) throughout by 


(/i+2n)2+^o = 0Q—{2r—ifi)^ = (f>2r, 

we obtain 

0 0 

<"2r + T^(C2r-2+^2r+2) + T^(‘"2r-4 + *'2rM) + -" = 
Yir Vir 


( 6 ) 

(6) 


Giving r the values ...— 1 , 0, 1 ,... in successioji leads to the set of 
equations 



The eliminant for the c is 
A(2» = I . . 


1 

^2/^-4 


0 S -, 


^2/^-2 

1 

^ 2^-2 

^4/^-2 

^eM-s 

^4/^0 

^2/^0 

0 

^2/^0 

^4/^0 


^4/^2 

^2/^2 

1 

^2/^2 

^3/^4 

^0/^4 

OS , 

^2/^4 

1 


= 0, 


( 8 ) 


provided 0q ^ (2r—ifi)^. 

6.12. Evaluation of (8) § 6.1 1. Adopting the procedure in § 4,21, 
we can show that the determinant is absolutely convergent, provided 
none of <f> 2 , vanishes. Then by an argument akin to that in §§4.22, 
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4.23, we find that [215] 

COSi/XTT = 1 — A(0)[1 — costt^J] (1) 

or sin* — A(0)sin* (2) 

where A(0) is (8) §6.11 with /i = 0, and 6 q ^ 4r*. Thus 
A(0)=^ 


Wo-16) 

Wo-4) 

9 je, 

ej( 0 ,- 4 ) 

1 


1 

«2/(«o-4) 

0 J0O 

^6/(^o-4) 

^ 8 /( 00 - 16 ) 'ej(e^-i6) 


1 

^2/^0 

^4/(^0- 4) 


UJ 

M^o-4) 


ejido-i) 

^2/^0 

1 


(3) 


The remarks in §4.24 on the roots of (3) §4.20 apply equally to 
those of (8) §6.11. When 62 , ^4, are small enough, it can be 
shown by aid of the expansion for cot a; that 


A(0) 1 - 


TT cot 

4^ 


\JL 

.1-00 


ei 




(4) 


2 *- 0 o 3 *- 0 , 

A less accurate formula can be obtained by expanding the third- 
order determinant in (3) about the origin. Then if 02> ^4»- • are small 

enough ^^2 0^2 a f )2 

ArO) ^ 1 4 - 4- ^4 /gx 

' ' ~ Z) /02 \ ' /02 Z) \2 /02 Ck \2* \ > 


^o(2*-«o) »o(2*-<>o)' (2*-»o)*‘ 


6.13. Example. In the lunar perigee problem [70] which gave 
rise to Hill’s equation, the following data were used: 

^0 = M5884 39396 0, 

= -0-05704 40187 5, 

= 0-00038 32380 0, 

0, = -0-00000 91732 9. 

Calculate the value of fi, 

1°. We shall get a first approximation using (5) §6.12. The last 
two terms will be neglected, since they are of order < 10-^. Then 

A(0) ~ l+[2^/0„(4-0„)] = 1-00197, (1) 

so [A(0)]* ~ ±1-00098 5; also =; 1-07649 6. (2) 

s 


4M1 
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Thus sin {irifi — [A(0)]* sin 

~ ±1-00098 5 cos(i7rX 0-07649 6) 

= ±1-00093 5 cos 0-12016 0 

= ±1-00098 5x0-99278 9 

= ±0-99376 7. (3) 

We find that 

Jwi/i = ±1-45909 1 or ±1-68250 1 radian, 

so ~ ±0-92888 6i or ±1-07111 4i, (4) 

the sum being ±2i. Since (5) §6.12 is not a very accurate formula, 

we are not justified in giving the value of fj, to more than three 
decimal places. Thus we take 

/A~±0-929i or ±l-071i. (5) 

2“. We shall now obtain a more accurate value of /a using (4) § 6.12. 
Then 

= 1-07649 61400 8 ^ ^ 

irrffi = 1-69095 61826 5 40^ 

coti^0i = -0-12074 15203 9 ^i/(l-0o) = -0-02048 56419 7 


sini7r0j= 0-99278 94864 7 011(4-0^)= 0- 516 9 

[ ] = -0-02048 55902 7 0ll(O-0o) =0- 1 

Thus A(0) = 1-00180 46065 4 (1) 

and [A(0)]‘ = ±1-00090 18965 6. (2) 

sin = [A(0)]lsin 

= ±0-99368 48798 9, (3) 

so iA= ±0-92841 62006 3i or ±1-07158 37993 7i. (4) 

These values of fi are correct to six decimal places. More accurate 
values may be calculated by aid of (7) § 6.30 which gives 

= ±0-92841 67276i and ±1-07158 32724*. (5) 


6.14. Calculation of coefficients in (1) § 6.11. Having found /it, 
if ^2, ^4,... are small enough compared with 0^, an approximate solu- 
tion may be obtained by neglecting all c except, say, c_4, c_j, Cq, Cj, C 4. 
In (7) § 6. 1 1 the five equations, the central one with two immediately 
above and below it, each containing only c_4,..., C4, are solved in the 
usual way. A rough approximation may be got by solving the three 
equations within the broken-line rectangle, which include only c_|, 
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Cg, Cg. In any case, unless 6^, are small enough compared 
with 0g, the solution is troublesome. Additional methods are given 
below. 


6.20. Transformation of Hill’s equation to a Riccati type. 

1®. The form of (1) §6.10 is such that the analysis in §4.82 may 
be applied provided be written for cos2z. Thus the Riccati 

type of equation is (2) §4.81, where p* = [l—{2qla)ifi{u)Z)]; and if 
|o| ^ g > 0, |^(<«>z)|max = 1, its solution is (13) §4.82. In terms of 
^ we have [133] 


Vi 

Vi 


(z) ~ 


constant cos 
[1 — (2g/a)^(to2)P sin 



dz + 


f 'tl j ^ 

^4a« J y ^2 a[l-( 2g/a)^]|[l-(2g/a)i/.]« 
0 


( 1 ) 


As in §4.82, the argument of the circular functions is periodic, the 
frequency of repetition being 


J 

= _Lb/i - + - - jtf! II . 

2it[ \ a^l ^4o*\[l — (2g/a)^]* ' 2o[l — (2g/a)0]*/J 


(2) 


Under the conditions | a | > g > 0, |^(a>2) = 1 , we derive from 

(2) the approximation 


/ ~ ^[a»-ga-»^+ia)V-H^'’(l + 3?a-¥)+i?«-¥'*(l+5ga-V)}]. 

" (3) 

The periodicity is the reciprocal of (3). 

The solution of (2) §6.10 is obtained if in (13) §4.82 we write flg 

00 

for a, and take p* = [l+(2/flo) 2 Bz,coa2rz]. As a first approxima- 

r=l 

tion, with 9(2) = p we get 


1/1 , , constant 

^^(2) 

[1 + (2/0o) 2 ^ 2 , cos 2 r 2 ] 


Mel f ( 

Ism J > 

A 


l + (2/0g)2^2rCOS2r2 

r=l 


)‘4 

(4) 


00 

This solution rests on the assumption that ^ 2 5] l® 2 rl» 

r=l 

common with (1) its boundedness implies stability, i.e. (4) does not 
hold for an unstable region of the a,gr-plane for Hill’s equation. 
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2®. 2g >a > 0, |0(toz)|max = We now write (1) §6.10 in the 
form 

y'+2?[^-1^>(a>z)]y = 0. (5) 

M 

Substituting y = with y® = 2q, we get 

d®y (dw . »\ 

so from (6), (6), if = [(a/2g')— ^], (5) transforms to 

1 , ... .2 A 

Y dz 

On comparison with (2) §4,81, the approximate solution of (5) is 
obtained by writing y for v, and $ for p in (13) §4.82. Thus 


( 6 ) 


(7) 


Vi 

Vi 


(2) - (constant)^^®°®^(2g)^ f {^-(2^r-3f*)/16gf»} ^ 2 ]. (8) 

Sin 

^ A ^ 


By omitting the terms in we get 

■ z 

J {a—2q\lt((x)z)Y dz 


y\( \ ^ constant(25)* cos 
Vi ^ [a— 2<?0(w2)P8in 


(9) 


The solution of Mathieu’s equation under the above conditions is 
found from (9) by writing cos 22 for ^(a> 2 ). 


6.21. Solution of (2) § 6.10 involving Mathieu functions. 

The equation may be written 

y"+(0^+2e^co^2z)y = — 2[ £ e^m^2rz\y. (1) 

If for a first approximation the r.h.s. of (1) may be neglected, and 
if fjL is imaginary, the solutions are 

Vii^) = -?) and y^{z) = se^^p{z, -g), (2) 

provided Oq is not a characteristic number for ce^, se^, 0 < j8 < 1 
and q — + 02 -‘f I’or a second approximation to the first solution we 

t If ^0 ® characteristic number, then /3 = 0 or 1, and with 0^ > 0, by Chapters II, 

VII, the solutions are 

Vt = COmf*. -?). y» = fem(*. -9) (^0 = “m). 
or ,V, = sej*. -9), y, = ge„,(z, - 9) {0, b^). 

With tf, < 0, — 9bocomes + 9, and (— 1)* is absent from the second 2 in (3). 8ee§4.71. 
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use yi{z) for y on the r.h.s. of (1). Then we get 
y''4- (^ 0 + 2^2 cos 22 )y 

j8 or (^+1) being used in accordance with §§4.70, 4.71. Taking only 
the important terms on the r.h.s. of (3), the equation now to be 
solved may be written 

^ + (0o+202COs22)i/ =/(2). (4) 


6.22. Solution of (4) § 6.21. We write the equation in the form 


^ + (a+ 2^ cos •iz)y = f{z). 


(1) 


When f(z) == 0, we take the complete solution as the sum of two 
Mathieu functions j/i( 2 ), 1 / 2 ( 2 ) with the arbitrary constants A, B, 

y{z) = Ay^+By^. ( 2 ) 

When the r.h.s. of (1) has the value /(z), suppose that 

y = Ay.^-]-By^-\-A^{z)y^-\-B^{z)y^, (3) 

- dAi , dB~ ... 

0 = W) 

where ^ 1 ( 2 ), 52(^) variable parameters (functions of 2 ) added to 
the respective arbitrary constants in (2). Differentiating (3), we get 

2 = ^y'i-\-By'z+A^y'i-itB^y'^+A\y^-\-ffty^. 

Using (4) in (6) gives 
dy 


(6) 


dz 


= {A-\- A^y\A-(B-\- B^y^, 


so 


^ = {A+ A^)y\-\-{B+ B^y^-i- A\y\-\- B^y'^. 


Substituting (7) into (1) and using (3) leads to 
(A +Ai)[yl+ (a+ 2q cos 2z)yi]+ 

+ (-B+ 5j)[yJ+ (a+ 2g cos 2z)y^-\-A\ yiH- S'* i/'* = f(z). 
Now the [ ] are both zero, so (8) reduces to 

A’xy'i+B^zy'i =f{z)- 

Solving (4), (9) gives 


(6) 

(7) 

( 8 ) 
(9) 




( 10 ) 
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By §2.191 the value of the denominator in (10) is — c*, so 


ot, Ai= j yj{z)dz. (11) 

Z 

Also ^2 = yj{z)lc^, or = 1 J yj(z) dz. (12) 

Substituting for A^, from (11), (12) into (3) yields the complete 
solution of (1). Hence 


r « Z -m 

y = ^ yjiz) J yMfM du -y^iz) J yi(u)f(u) du (i3) 


= complementary function + particular integral. (14) 


This solution is valid if —q be written for g in (1), provided 1/2 
are then solutions of i/"4-(a— 2 gcos 22 ;)t/ = 0, and is calculated 
therefrom. If (a,q) lies in a stable region of Fig. 8, these solutions 
are ce^+p(z,q), se 

When the point (a,g) in (1) lies in an unstable region of Fig. 8, 
so long as can be found, (13) gives the solution of (1). The 

method in § 4.90 for solving Mathieu’s equation in terms of Mathieu 
functions is applicable to Hill’s equation. Reference may also be 
made to § 10.70 et seq., where integral equations and their solution 
in connexion with Hill’s equation are discussed. 


6.30. Solution of t/'’+f^o+2 Y 02rCos2r2;]y = 0 by method of 
§4.30 [81-3]. We assume a solution 

= eM»^(z,<7), (1) 

where 

fl = 02^2(ff) + 04^4(or)4-0g^,(<7)4-- + 

+ ^2 ^4 f 2 . 4 (® ) + ^2 ^6 ^ 2 , e (^ ) + ^4 ^6 ^ 4 , 6 (‘^) + • • • + 

+ ^ 2 X 2 (°') + '" + 

+ •••• ( 2 ) 

^(z,tr) = sin(z — <7) + 0j/2(2,ff) + 04 / 4 ( 2 ,(T) + ...4- 
+0ly2(z,a)+0lff^(z,a)+...i- 
+ 02 ^ 492 , 4 {*> <’') + ••• + 

+ 0iAg(z,cr) + ...+ 

4-... a periodic function, (3) 
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o being found from the relation 

+eip^{G)+dip,{cj)+.,.+ 

^2 ^4 ^2,4(^) "t“ • • • “1“ 

+ ^2y2(^) + --- • (4) 

Substituting (1) into the differential equation yields 

<f>''+2iif+[iji^+e^+2f0^cos2rz]<f> = 0 . ( 6 ) 

Inserting the series (2)-(4) into (5) and proceeding as in §4.30 to get 
a periodic solution for we derive expressions for 6q, /it, / 2 , grg, etc. 
The analysis is much too extensive, however, for inclusion here, so 
the original memoir should be consulted. Expressions for Oq and /x 
are given below for making a computation. Then 


00 = 1 


192 ^*^^ 192 ^*^*^*"*” 48 ^* 2 21 184 ^"^ 


+ COs2flr 02 + ^^2^4 + y2^4^6 — 

02 iZ5_03 0 , 1 4. 

144 * * 9612 * *^288 * 

+cO8 4a[i^2 + A0|0^ + ~02^4^«-^/t+ r7TS^^*+-] + 
4-co8 6a[g^fli04-^0«+-] 4- 

(l = 8in2«T|^lff2 + lO204 + ^^4»,-j|^0i + A020^_|. 


( 7 ) 
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6.31. Calculation of fi. Using the numerical values of 62 ,... 
given in §6.13, we find from (6) § 6.30 that [81] 

M5884 39396 0 = 1 — 0 00081 33804 9—0 06704 65865 7 cos 2(7+ 

+ 0 00040 66226 27cos4a+0-0»946cos6<7- 
-0-0“'368 co8 8<7. (1) 

Thus 

cos 2(7 = -2-79871 82492 1 + 0-00712 79047 3cos4ff+ 

+ 0-0’165 65 cos 6a- 0-0*64 51 cos 8a. (2) 

Expressing the r.h.s. of (2) in terms of cos 2a leads to the equation 
0-0’616 08cos«2a— 0-0’662 60cos*2a-0-01425 68603 6cos*2a+ 

+COS 2a+ 2-80684 60209 7 = 0. (3) 

Using six significant figures and the last three terms of (3), we 
obtain the first approximation cos 2a ~ —2-70178. Then by the 
process of successive approximation it is found that 

cos 2a = -2-70178 48031 8. (4) 

Since |co8 2a| >1, by §4.60, a= — |77+ia, and from four-figure 
tables a = 0-8265, so a = — j7r+0-8256i. Also 

sin 2a = +i(cos*2a-l)‘ = +2-60990 86064 Oi, (5) 

sin 4a = 2 sin 2a cos 2a = +13-66247*, (6) 

8in6a = 8in2a(4co822a-l) =+70-7768*, (7) 

8in8'a = 48in2a(2co8®2a— cos2a) = +368-8*. (8) 

Inserting the values of flj, 0^, 0^ in (7) § 6.30 we get 

= —0 02862 03942 Osin 2a— 0-0^212 628in4a+ 

+0-0*3 162 sin 6a- 0-01*26 sin 8a. (9) 

Using {5)-(8) in (9) leads to the result 

^ = +0-07158 32724*. (10) 

By aid of the formulae in [81], /g, etc., in (3) §6.30 may be 

found, so the first solution in the form (1) §6.30 is obtained. The 
second solution is derived therefrom by changing a to —a and +/a 
to —/a. Since fi is imaginary the solution is stable, and if the number 
of decimal places is fixed (conventionally) it is periodic. It may of 
course be expressed in the form (4) 1® §4.70 if desired. In this con- 
nexion we remark that the values of /a in (10) differ by +* from 
those at 2® §6.13 (up to the seventh decimal place), because in §6.11 
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we assumed the form of solution at ( 1 ) § 4.70. Without a stability 

chart for Hiirs equation — like Figs. 8 , 11 — the particular form of 
solution required to keep /x in the range 0 < fi < i is not always 
predictable. In the present instance, however, 0^, are so small 
numerically compared with $ 2 , that the equation is approximately 
a Mathieu type. From Fig. 1 1 the point $2 lies in a stable region 
between a^, 62 , so there would have been justification for replacing 
2r by 2 r+l in ( 1 ) § 6.11 in accordance with (4) I*’ §4.70. Moreover, 
an approximate value offjL — ip may be calculated from (4) §4.74. 
Using only three terms, we find that /x ±0-0713f ( 10 -inch slide- 
rule). The iso-jS curve jS = 0*0713 lying just above in Fig. 11 is 
an approximation to that for Hill’s equation with the in §6.13. 

6.40, Example. We shall determine /x for the equation [44] 

+ 2g0(a)^)]y — 0. (1) 

By §4.83 the substitution y — e~^^u(t) leads to the equation 

■^ + [«“ 2 g^(a)<)]M= 0 , ( 2 ) 


with a = (a'— /c^). For 0(ai<) we choose the saw-tooth function repre- 
sented graphically in Fig. 14. It has period 27r/a>, and the Fourier 
expansion is ^ 

^ g y (3) 

v ^ n 

n=sl 

nfa) 

We see that J dt = 0 , and that |^(a>^)|n,ax == 1- We consider 

—7rja> niin 

the interval — ■jt/oj < < < tt/co, where the function is defined to be 

— iotiTT, (4) 

For this interval alone, ( 2 ) may be written 


dhi 

dt^ 


+ 


a(l 


Writing t = (1— where yo = ^qojlan, (6) transforms to 

dH 


dr* 


= 0 , 


( 6 ) 

( 6 ) 


with 6 * = a^‘7r^J4q^u}^. By aid of example 46, p. 38, reference [202] 
we find two linearly independent solutions of ( 6 ) to be 

w, = t*Jj(q[t*) and = T*yj(aT*), 

T 


4Mt 


( 7 ) 
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where a = 7ra*/3a>g. Although these solutions are valid for the 
interval — tt/co < t < tt/co only, they enable us to determine fi by 
aid of (9) § 4.152. We now proceed to obtain the various components 
in that formula. 

= ( 8 ) 



Using the recurrence relation 

( 11 ) 

dij 

in (8) leads to ~ faTe7_|(aT^). (10) 

(Lt 

Similarly — = — a*Ty_j(aT*). (12) 

6.41. Values of the various functions at f Writing 

2qla = y in the formulae in §6.40, we obtain the following results: 

= (l±y)^[«(l±y)*]. «i(Tw) = — o*(l±y)«/-|[a(l±y)*]; 

( 1 ) 

~ (i±y)*^i[«(i±y)*]> «2(T’»’) = — «Hi±y)5^-i[a(i±y)*]. 

( 2 ) 
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The Wronskian for the Bessel functions of argument a(l±y)* is 
[202, p. 156, ex. 61a] 


«(l±y)*Wn-^»J»] = 2/77. 

( 3 ) 

Using (9) § 6.40 for J\ and ¥[ in (3) gives 


<x(l±y)*[Ji7_,-J_,r/]==2/77. 

( 4 ) 

By (1) §2.191, argument in this 

Substituting from (1), (2) into this identity yields 

case being ^ 77 . 

-aKl±y)«Wr-|-J-,F*] = c2 

( 5 ) 

and from (4), (5) it follows that 


2c^ ~ —ia^liroi. 

( 6 ) 


6.42. Evaluation of fi. We have now found expressions for all the 
components in formula (9) §4.152. Substituting from (1), (2), (6) 
§6.41 therein, and writing — a(l+y)^ = a(l— y)*, we obtain 

after a little reduction 

cosh 2/477- = i7ra(l— y)i[J'_,(M72)rj(Wi)— J j{m;i)F_,(w 2 )] 4 - 

+ ( 1 ( 1 ) 

If the values of are large enough, (1) may be simplified by 

using the dominant terms in the asymptotic expansions of the Bessel 
functions. Then [202, pp. 160, 161] 

J-l(w) ~ ]^cos(t(;— J tt+Jtt), J^{w) ~ (— ]^cos(zi;— J tt— ^tt); 

\jrWj yTTWj 

( 2 ) 

Y_^(w) /— ]^sin(M7— ^77+^77), Fj(m 7) ~ sin(M;— ^77— J 77 ) ; 

\7TWJ \7TWJ 

( 3 ) 

the part omitted in each case being 0(1 /w^). Substituting these into 
(1), after some reduction we find that 

cosh 2/477 == (y/(l— y2)l[(l-f y)l — (1— y)ij}c08(tt7i — 1472). (4) 

Since stability of the solutions of (1) § 6.40 depends upon the factor 
(gee §4.83), this subject may be investigated using (4). The 
circuit of Fig. 23 d is examined in this respect in [44], which may be 
consulted. Stability conditions for various mechanical and electrical 
devices are discussed in a number of the technological papers cited 
on pp. 373-81, and to these the technical reader is referred. 
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6.50. Stability of solutions. In § 4.60 we discussed this question 
for the equation y*+(o— cos 22 )y = 0, use being made of Fig. 8 b. 
It can be shown that, when tff{(oz) is assigned, the (o, g')-plane for the 
equation y''+[a—2qtj)(a)z)]y — 0 may be divided into stable and 
unstable regions after the manner of Fig. 8. The stable (unstable) 
regions lie between characteristic curves for solutions of integral 
order having period n and 2irt (w and n, or 27r and 2n). The stability 
diagram is symmetrical about the a-axis, provided is sym- 

2ir 

metrical about the origin, and is periodic with J ^(ojz) dz = 0. 

0 

Characteristic curves for coexistent solutions of fractional order 
having period 2«w, a ^ 2, and corresponding to the iao-^ curves of 
Fig. 11, may be drawn in the stable regions of the plane. Here fi is 
imaginary, but in the unstable regions it is either realj or complex, 
according to the form of solution assumed (see §4.70). Solutions of 
period n or 2^- do not coexist (unless q = 0), and the second solutions 
corresponding thereto are probably non-periodic (like the Mathieu 
case), although a proof of these statements has not been published. 

The asymptotic nature of the stability diagram has been discussed 
at some length in reference [171], which should be consulted for 
information on this topic. Amongst other matters it is shown that 
in the region corresponding to that below curve Oq in Fig. 8 b, is 
real and the solutions unstable — as in the Mathieu case. This arises 
mainly from the fact that |a| > 2^ and a is negative. In the regions 
corresponding to those above the characteristic Oj, 

a ~ — 2<j'|0(«<z)in,ax+O(gl) (a, 9 on right of a-axis) (1) 

and a —2,\q\\tft{(az)\^a+0\q\i ( „ left „ ). (2) 

If, as contemplated hitherto, l<4(a)z) L.^ = 1, (12) §12.21 is repro- 

min 

duced. 

t Provided ^ hcte period rr. If 0 has period the boundaries correspond to 
solutions with periods 2ir, 4^, Reference [82] may be consulted in connexion with 
stability for small values of the in (2) § 6.10. 

X In this case iso-fi curves may be plotted as in Fig. 11. 
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7.10. Non -periodicity of solution. If the first solution has period 
TT or 27r, it may be shown that any second linearly independent 
solution cannot have either period. We now illustrate this by a 
particular case [84]: 

Theorem: If a be assigned for 002 ^( 2 , g), the odd second solution 
cannot have period tt when q ^ 0. 

Proof, Suppose the second solution is the odd function 


which has period tt. 
for ce 2 „( 2 ,?): 


00 

2 Ca .+2 8in(2r-|^2)z, 
r=0 

®y (1) §^*10 we have the recurrence formula 
(a-~4M2~?M4+2^o) = 0, (1) 


and if the assumed second solution is substituted in Mathieu’s equa- 
tion, we obtain the relation 


(a~4)r2--gc4 = 0. 

Multiplying (1) by Cg, (2) by and subtracting leads to 




A^ A^ 

Co Ca 


2 w 4 q C2> 


( 2 ) 

( 3 ) 

( 4 ) 

( 5 ) 

( 6 ) 
( 7 ) 


For convergence of the series representing each of the two solutions, 
we must have A^ ->0, C 2 ,. 0 as r -> +oc. It follows that each 

determinant in (7) does likewise, so A^c^ = 0. But A^ ^ 0, save in 
the case q = 0, 71 > 0, so Cj = 0. Hence all the c are zero, and a 
second solution having period tt does not exist. The same conclusion 


When r ^ 2 the recurrence relations are, respectively, 

(O — = ?(^i!r+2+^2r-2). 
and (a— 4r*)c2, = 

Dividing (4) by (5) yields 

■'42r^2r+2 ^2r+2^2r ~ ^2r-2*'2r •^2r*'2r— 2> 

SO [84] 

= 2^0 c,. 


A^ A2r^2 

= 

-^2r-2 -^2r 

= ... = 

A 2 At 

^2r+2 


^2r“2 ^2r 


Cj Ct 
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may be reached for a solution of period 27r. When the period is 257r, 
5 ^ 2, it may be inferred from §§2.16, 4.16 that the two solutions 
of Mathieu’s equation coexist, and have the same period. This may 
be established by a method similar to that used above. Since the 
period cannot be a sub-multiple of tt, it follows that the second 
solution corresponding to ce 2 ,^(z,q) is non-periodic. The cases of 
argued in like manner. Since Cejiz.q), Se^(z,q) 
are derived from GeJ(z,q), respectively, by writing iz for z, 

the same conclusion may be reached here. The periods are, of course, 
Tri and 27ri. It may be remarked that a general treatment of the 
periodicity of the solutions of Mathieu’s equation is given in [150], 
to which reference should be made. A different approach to the 
non-periodicity aspect will be found in [71, 89, 126]. 

7.20. Relationship between first and second solutions. The 

following analysis is applicable when the first solution has period tt, 
27r, and the second is non-periodic. It does not hold when both 
solutions are periodic with period 2s7t, s ^2, 

Choose ^he first solution with period tt, even in z. 

Then we denote the second non-periodic solution, odd in z, by 
+z) be written for z in the differential equation, it is 


unchanged, so ^ solution. Thus we may write 

fe 2 «(’^+ 2 ) = yce 2 »( 2 )+ 8 fe 2 „(z), ( 1 ) 

where y, 8 are constants, and the presence of q is presumed. Again, 
taking (n+z) for 2 in ( 1 ) gives 

fe2„(2w+2) = yce2„(z)+Sfe2„(7T+2), (2) 

since ce 2 „( 2 ) has period n. 

Substituting for the last member of (2) from (1) leads to 

fe2„(277+2) = y(l+8)ce2„(2)+8iife2„(2). (3) 

Replacing 2 in (3) by (z— tt), we get 

fe 2 n(’^+ 2 ) = y(14-8)ce2„{2)— 8*fe2„(7T— z), (4) 

the negative sign arising from fej^ being odd in z. Putting — z for 
z in (1) and substituting in the third member of (4) leads to an 
alternative version of ( 1 ), namely, 

fe 2 «(’^+ 2 ) = y(l+S- 8 *)ce 2 „( 2 )+S»fe 2 „{ 2 ). (5) 

For the identity of ( 1 ), (5) we must have 

Y — y(l+S— 8 *) and 8 = 8 ® simultaneously. 


(6) 
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Now {e 2 n(z) is non-periodic, so by (1) neither y nor 8 can vanish. 
Thus 8 = 1. Inserting this in (1) yields 

fe 2 „(w + 2 ) = yce 2 „( 2 ) + fe 2 „( 2 ), (7) 

and since y is independent of z, it follows that 

fe2„(7r+2)-fe2„(2) = yce^„(z), (8) 

a periodic function having period Tr.t Thus fe 2 n{z) must satisfy (8). 
In addition, when g = 0 it must reduce to sin 2nz, for ce 2 n{^) then 
reduces to cos2nz, and these are two independent solutions of 
= 0, a = 4n^. 

If f 2 n(^^ y) is a function periodic in z, with period tt, and we write 

fe2„(2,3) = C’2„(?)2ce2„(2,g)+/2R(2.?), (9) 

(8) is satisfied provided y = 2 h(?)* Also, if C 2 n(y) Oj and 

/ 2 /i(^> sin 2nz as g -> 0, (9) fulfils the conditions for a second 
non-periodic§ solution of Mathieu’s equation. 

7.21. The function f 2 n{^> ?) normalization. The second 

member of (9) § 7.20 is odd in z, so/ 2 ,^( 2 , q) must be odd in order that 
fe 2 n( 2 ,g) may also be odd. 

First normalization rule, based upon § 2.11. We take the function 
/ 2 n( 2 > ?) = sin 2 w 24- f q%(z), (1) 

r=l 

where are odd continuous functions of z, the coefficient of sin 2nz 
is unity for all q, and f 2 ,i{^y q) -> sin 2nz as g 0. 

Second normalization rule based upon §2.21. Here we take 

Sin%q) == f,f^+\sin(2r+2)z = 2f^\sin{2r+2)z, (2) 

r=0 r-0 

where = C' 2 n(?)/ 2 ?+ 2 - is shown that as g 0, -)■ 1 

while -*-0, r ^ n—l. This is true if we adopt the rule that 

ciM) 1 = i [«]* = 1- (3) 

r-0 r=0 

Then, as g 0, /|®”> = C 2 „(g)/|r’ ^ i . (4) 

and since /^®“*2 0, r ^ — 1 , 

/2«(2,3)^sin2n2 (6) 

t When the order of the function is (2n-l- 1), cej^^i ha« period 2tr. Hence 27r must 
then be written for tt throughout. 

t As shown in § 7.31, it is convenient to make 0 * 0 ( 9 ) = 1* 


§ 9 ^ 0 . 
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as required. Now the calculated by the method given 

in §7.53. Then taking the positive root 


c^niq) = 


7.22. Definitions of the second solutions. By aid of §§ 7.20, 
7.21 we define as follows: 


fe2„(z,7) 

= C'2«(7)2ce2„(2,9)+/2„(2,g) 

(^2nh 

(1) 

fe2n+l(2.7) 

= C2»+i( 7)2 ce2„+i(2, 5')+/2„+i(Z, 7) 

(^2n+l)f 

(2) 

ge2»+i(2.7) 

= + 1 ( 7)2 se 2 „+i( 2 , 5')+72«+i(2> 7) 

(^2n+l)f 

(3) 

ge2»+2(2.7) = 4+2(7)3 8e2„+2(2,^)+£72„+2(2,g) 

The series for/„,( 2 ,g), gm{z,q) are given below. 

(^2n+2)- 

(4) 


First normalization Second normalization 

Function tn § 7. 2 1 m § 7. 2 1 

sin2n2+ 29’’'S',(2) t-W?) X /i?+’»sin(2r+2)2 (la) 

f-1 r-0 

00 00 

/i«+i(2.9) Hm(2n+1)2+ 2g’'S,(2) C-Wd?) Z 1)* (2a) 

9tn+i(*>9) cos(2n+l)2 + 'S',„^.j(g) X (^^^ 

r-l r-0 

9t»+i(*>9) cos(2n + 2)2 4- 2 g'’<7,(2) ‘San+»(9) X cos 2r2 (4a) 

f*“l r*=0 

As g 0, 

= /m ’ 1 . <4(7) ^ <>, f^(z, q) Hr sin mz; (5) 

<4(7)7™* = 7™ * 1 . <4(7) 0. 7m(2. 7) cos mz. (6) 

The second normalization is merely (1) §2.21 applied to 
7m(2.7). 80 we get 

<^in 2 ftr+i — <^2n+l ^ fir+l — ^in+1 2 7ir+l 
r»0 r=0 r=0 

= <Sin+2[27§+|^7ir] = l- (7) 

The /, grare single-valued continuous functions of q. 

fm(^»9)y 9mi^y9) ^^*0 periodic, having period tt, 277, according as m 
is even or odd. The second solution comprises a non-periodic part 
involving the first solution, and a periodic part with the same period 
as the latter. By virtue of the factor z in the first part, the functions 
(1)~(4) tend to ±oo with z. In accordance with (a) §4.14 these 
solutions are unstable. Thus, if (a,q) is upon a boundary line a^, 6^ 
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in Figs. 8, 11, the first solution is stable, the second unstable. If 
(a,q) is not upon a^, 6^, both solutions are either (a) stable,t 
(b) unstable in — oo < 2 < co. 

When q is positive, and a is a characteristic number for a function 
of integral order, the complete solution of Mathieu’s equation is 

y{z) = A oejz, q)-\-BkJz, q) (a = aj, (8) 

or y(z) = lBeJz,q)+Bge„(z,q) (o == 6J. (9) 

Either (8) or (9) constitutes a fundamental system of solutions. 


7.30. Determination of CJq), 8^{q), f^(z, q), gjz, q) with first 
normalization in § 7.21. There are at least five methods of 
approach, of which we select one.| We exemplify this by using the 
function 

fei(2,gr) = Ci{q)z(x>i(z,q)-lrfi(z,q), (1) 

which corresponds to the first solution cej( 2 ,g) having period 27r. 

fi(z,q) is the second member of (2 a) §7.22 with n = 0. Substituting 

(1) into 

2gcos22)^ = 0 (2) 

we get 

^i(?K®®i+(^~2gco8 22)cei]-t-/J[H-2Ci(g)cei+(a— 2gco8 22)/i = 0. 

(3) 

Since ce^ is a solution of (2) for a = a^, the [ ] vanishes leaving 

/j4-2Ci(g)cei+(a~2^cos22)/i = 0. (4) 


By hypothesis Cy{0) = 0, so we assume C^{q) == 2 Substituting 

r=l 

00 __ 

this and/i(25,g) = sin 2 + (^)» obtain, with the aid 

r=l 

of results in §2.13, 


2C^ ce 




sinz — -gsinSz-f- 

8 ^ ^ 64 




X[aig+a2 3® +^8 ?*+•••]» 


-3sin 32 + -8in5) 


X 


o/i = [8in2+gSi+9*Sj+...]Jl+g-ig*-^g®- 
—2qfiCos2z = — 2g[i(— 8inz4-sin3z)+co8 22(9iSi+9*/S,+g®iS3+...)]. 


t The period is then 2«7r, « > 2, or infinity (see § 4.71). An infinite period implies 
a non-periodic bounded function. J Another is given in § 10.75. 
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Equating the coefficient of ^ to zero yields 

g®: — sinz+sinz = 0, identically; 

g: 2aisinz-|^28inz— sinSz == 0. 

Now the particular integral corresponding to sinz is —^zcosz, 
which is non-periodic. 

Since /i(2,g) is to be periodic with period 277, the coefficient of 
sinz must vanish, so = 1. Thus 

^1+^1 “ sin3z, giving 8 ^ = — -sin3z. 

o 

_ — 3 1 _ — 

g*: fi'J+^2“2a2sinz-f--aisin3z-~-8inz+iS\— -2/SiCOs2z ~ 0, 


so 


~8in3z-| 
8 

= 0, so 


To avoid a non-periodic term, ql ^ 

= — /-BinSz-f ^8in5*\, 

S.= ^ain3z + jLsm5z. 

|(38in32-|8in6z)-l8in2- 

52—2^2 ^^s2z == 0, 
o 

_^sin7z = 0. 


giving _ 

}®: 2a3 8in2 + 


so 

^3+^8— |2a3 4 - ^ j 8 in 2 + ^ 8 in 32 — i 8 in sin Iz = 

As before the coefficient of sinz must vanish, so ol ^ = —3/64, and 

•” 35 I I 

-SJ + -S3 = — — 8in 32 + - sin 52 + — sin 72, 


and SO on. Thus 

00 ^ ^ 

c.(j) - |,< + _j»+0(5«), 

and 

/i(*> 5 ?) = sin 2 — ^ g sin 32 -f sin 3z 4- ^sin 62j — 

1 s/ 36 . , 8 . ^ 1 . _ \ 

~ ~ T + 18®'" + • 


( 6 ) 


(6) 
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Finally the series representation of the second solution, corresponding 
to cei(z,9), using the first normalization rule in §7.21 is 



Fig. 15. Graphs of feo( 2 , q)^ g), q — 0*08. 


By virtue of the first member on the r.h.s. fei(2,g') is non-periodic, 
unless there are values of g yt 0 for which C\(q) vanishes. When 
g ->■ 0 in (7), fei(2,g) > sin2. Also 

fei(2w-f 2)— fej(2) = 6\(g)277cei(2,g), a function with period 2it, (8) 
so the conditions in § 7.20 are satisfied (see footnote respecting odd- 
order functions). 

The graphs of feo(2, 0-08), fei(2, 0-08) are depicted in Fig. 16. 

7.31. CJq), SJq) for first normalization in § 7.21. The follow- 
ing were obtained by procedure different from that in §7.30 [80]: 
fej = 1 (by convention),! (1) 

^ ^ ^1 

fe. = (2) 

t When o = g = 0, Mathieu’s equation becomes = 0. Thus y = Cj z-fc*, where 
ceo(z,0) = 1/V2 = c,, and feo( 2 , 0) C^{q)zQe^{z,i)) = C^{q)zlyj2, If wetakeCo(g) = 1. 

C| 1/V2,andy = (1/V2)(z+1). 
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fCj 


(3) 

fOa 

c,(}> = 

(4) 

gei 

«.(?)-? 84’’+266»‘+36864«‘+'’<«**’ 

(5) 

ge* 

1 

(6) 

gea 

■^(q) = i§27*+^(7*)- 

(V 


7.32. C^{q), S^{q) for second normalization in § 7.21, when 

5^ 0. By § 7.41, the respective coefficients of sinmZj cos m2 

in the periodic part of the series forfe^(2,g), ge,,j{2,g), tend to unity 
as g -> 0, the other coefficients tending to zero. By (1 a)-(4a) § 7.22 
the coefficient of sinmz, cosmz is unity for all g, and the remainder 
tend to zero with q. Hence when q^O, C'^(g), ASy,j(5') for the second 
normalization are the limiting forms of these functions in the first 
normalization. Retaining only the terms of lowest order in §7.31 
gives 

Ooiq) = 1; Ci(q) = Siiq) = q; C^iq) = S^iq) = 

C' 3 (g) = S,{q) = ^q\ (1) 

Accordingly these are the forms of the various functions as g ->■ 0. 
To illustrate this, the values of and 63(1) were computed by 
the method of §7.64 using (7) §7.22. The results were 

Ci(l) =: 0-9626, (2) 

C,{1) ~ 0-00613 ~ 1/195. (3) 

These data indicate that (7i(l) ->■ 1, and 63(1) ->• 1/192. 

7.40. Recurrence relations for If (1) §7.22 is substi- 

tuted in series form into (2) §7.30 and the coefficient of sin(2r-f-2)2 
equated to zero for r = 0, 1, 2 ,..., we obtain the two recurrence 
relations (omitting superscripts on the/) 

fea«(2.7): (a-4)/2-?/4 = 

and (o— 4r*)/2r-2(/2r+a+/ar-a) = > (r ^ 2). 


( 1 ) 

( 2 ) 



7.40] CORRESPONDING TO re„, 8e„, Ce«, So« 149 

Similar procedure using (2)-(4) §7.22 leads to the following: 

(a-l+g)/i-?/8 = 2.4i*"+w (3) 

[a_(2r+l)*]/^^,-g(/^^3+^-0 = 2(2r+lM«»/^ (r > 1). (4) 

ge*„+i(2.g): {a-\-q)g^-qg^= (5) 

[a-(2r+l)^]g^^,-q(g^^,+g^.O = (r > 1). (6) 

ge*„+2(a,9): ag^-qg^ = ii, (7) 

{a-A)g^-q(g^+2g^) = -4fi<*»+» (8) 

(o-4r%3,-j(j/3,^3+?8r-*) = -4r5^f (»• ^ 2). (9) 

7.41. Behaviour as? -> 0 . By §3.32, 1, 
and the remaining A, JS -> 0 as ^ 0. We shall now demonstrate 

that have similar properties. We take the particular case of 

fe3(2;,g). By §§2.151, 3.32, 3.33, 7.31, we have 

« == 9+-,ir2*+8*4?®+..., Af^ = 0{q), 

= 0{q), Cjiq) = 0(q^), when ? -> 0. (1) 

Since /2,+i = fir+\l<^z(9)> (3), (4) §7.40 may be written 

(o-l+g'l/i-g/a = 2Ci(q)A'^\ (2) 

[«-(2r'+l)*]/8,+i-g(4^3+/2r-i) = 2 ( 2 r+l)C' 3 (g)^<»V ^ ^ i). ( 3 ) 

Substituting for a, A, from (1) into (2) gives 

(8+?+TJf7*+...)/i-7/3 = 0(q^). (4) 

Now assume that tends to a constant value as g,->- 0. Then 

h -> g/3/(8+g) k( 1 - \q)h ^ 0 . (6) 

Substituting from (1) into (3) with r = 1, 2, we get 

(■^«®+A?®+-)/3-?(/6+A) 603(9') (6) 

and (Tir7*+!Jj?®+...-16)/5-?(A4-/3) = 0(7*). (7) 

Since A -> a constant as 9' -> 0, it follows that A 6. Similarly this 
result may be derived for all the /of higher order than 5. Neglecting 
/,in(7),weobt.in ^ ,S, 

Substituting from (5), (8) into (6) yields 

- 603(9'). (9) 

Hence as j -> 0, Oj(g) A 3 ®/l 92. (10) 
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This result is compatible with (4) § 7.31, provided /a -> 1 as g -> 0, so 
the assumption above (5) has been justified. 

By similar analysis it may be shown that and -> 1, while 
the remaining/, g 0 8L8 q 0/ This latter result is independent of 
the normalization, which must be compatible with it. The two 
normalizations in § 7.21 fulfil this requirement. 


7.42. Behaviour of /p, g^, as q^O. Since /gVi = f^+iIGsiq), 
we get by aid of (4) § 7.31 

(i) 

From §7.41, when q->0, it may be deduced that /i, /g are 0(q)y 
/? = 0{q^), /j = 0(q^), and so on. Since / 3 ->l, it follows from (1) 
that /i, /a, /g, /, -> 00, but this is inconsequential. Also by analysis 
of the type in §7.41 it may be shown that C„^(q), S^^iq) are 0(q"^), 

2n \ 

Hence when o = 0, if m = ^ ! all /, or of order lower than m, 

2n+lj 

and I of order higher than m are infinite. Thus, including 

there are 

infinite. As before, this is inconsequential. 


coefficients in the series which become 


7.50, Theory underlying computation of fp, gp. The recur- 
rence relation (4) §7.40 is a complete linear difference equation of 
the second order. Let <^ 2 r+i> ^ 2 r+i be independent solutions of 

[a-(2r-f-l)2]c2,t.l-^f(C2r^3 + ^2r-l) = 0, (1) 

and he a particular solution of (4) §7.40. Then the general 
solution of the latter is 


“2r+l =/2r+l+S^2r+l + «lA2r+l> (2) 

where S, e are arbitrary constants. As shown in §3.21, one solution 
of (1) tends to zero, the other to infinity as r->- +«3- Now the A 
in the series for ce 2 „+i( 2 ,g') satisfy a relation of the form (1), and 
they tend to zero as r +oo* Hence we may replace hy 

^^ 2 r+i> ^ being a constant to be determined. For convergence of the 
series containing we must have / 2 ,+i ->0 as r-> +oo. Then 
from (2) 

^2r+l = («2r+l~«^2r+l) = /2r+l+^-42r+l ^ aS r ->• +00. (3) 

Now choose a value of r = a, which is such that: (1) |Ag,+,| decreases 
rapidly with increase in r, (2) /jr+8, say, vanishes to an adequate 
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number of decimal places, (3) ^ Since € is arbitrary, f 

let it be such that when r — s, ^ 2 f+i ~ Then for r < s, 

/2r+l = (4) 

The value of d depends for given a, g, m upon the value of s. Since 
Ar+l* expressed to a limited number of decimal places, is independent 
of s (if large enough), it follows that t^ 2 f+i i® dependent upon s. Now 
^ 2 r+i ~ ^ 2 r+i“”^^ 2 r+i> ^ varics with 8, as WO should expect. 

7.51* Calculation of the in § 7.50. The w satisfy (4) § 7.40, so 
with r — 8, we put neglect i^ 2 s+ 3 - Using tabular 

values of the A [52, 95], we calculate 

( 1 ) 

Also with r = 8 and (r— 1) for r, since (‘^) gives 

[a_(2r- == 2{2r-l)A<^_\^K (2) 

Since i^ 2 r-i is known from (1), w^ 2 r -3 calculated from (2). 

Again with (r—2) for r in (4) §7.40, calculated using 

the values of ^ 2 r- 3 * Proceeding in this way we ultimately 

reach r = 1. Then 

{a—9}w3-q(wi+w^) = (3) 

from which may be calculated, since are known. 

7.52. Determination of 6 in (4) § 7.50. Substituting from this 
equation into (3) § 7.40 gives 

(a-l+q)(Wi-0Ai)-q{w^-eA3) = 2^«”+» (1) 

Also by (2) §3.10 gJ, = {a-l-qjA^. (2) 

Then from (1), (2) we obtain 



Since the values of all quantities on the r.h.s. of (3) are known from 
§7.61, d may be calculated. Then the f 2 r+i may be computed using 
(4) §7.60. 

7.53. Calculation of the /j^+i in fei( 2 , 8). Here ^ = 8, 
a = — 0'43694 36013 20,. We divide (4) §7.40 throughout by q, and 
substitute w for /, since W 2 »'+i ® solution. Then 

(2r4-l)*]w„.,i— (M>2,+3+Wa.-i) = 2(2r+lM^Vi5'-^ ( 1 ) 

t Its value need not bo known. 
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We now choose s to conform with the conditions specified below 
(3) §7.50. Usually several trial 8 will be required at this stage, 

Table 8. Numerical data for evaluation of 


S—1, t^?x5 = 0 


r 

2 r + l 

(2r-l-l)*-a 

Q 

( — 


0 

1 

0 17949... 

0-62641 79363i 

0-16660 44838, 

1 

3 

M7949... 

0-73886 56386, 

0-65414 16639, 

2 

5 

3 17949... 

0-24505 69636i 

0-30632 12045i 

3 

7 

6 17949... 

0-04030 13496, 

0-07062 73618, 

4 

9 

10 17949... 

..398 49422, 

..896 6I2OO7 

5 

11 

15 17949... 

...26 33419a 

...72 41903, 

6 

13 

2M7949... 

....1 24547o 

....4 04777, 

7 

15 

28 17949. . . 

4424i 

16690, 

8 

17 

36-17949... 

122, 

620, 

9 

19 

45-17949... 

2, 

12, 


r 


(-imijVi 

(-D'+VSiVi 

= lie„ + l-«4«VlK-l)r+l 

0 

1-64697 72,, 

1-07865 764, 

0-46731 97i4 

1 

1 04643 43,1 

1-27226 89„ 

0-22683 46„ 

2 

0-24124 68,1 

0-42197 47,5 

0-18072 79,4 

3 

0-02792 9441 

0-06939 67,7 

0-04146 72„ 

4 

..187 03„ 

..686 I85, 

..499 16,0 

5 

....7 56i5 

...45 34,0 

...37 7845 

6 

1 ^6» 

....2 144, 

....1 97,7 

7 

zero 

7„ 

7,, 

8 




9 





e.g. r = 8, 9 in Table 8. With r == 5 in (1), we put neglect 

^ 2 tf+ 8 » obtain 

w’2,-1 = -2(25+lM^>+ig-i. (2) 

Choosing r — s = 7, = — 4-424iX 10“’, and (2) gives 

Wia = 30x 4-424iX lO-’/S = 1 -66904 X lO"*. (3) 

Taking r = 6 in (1), = 1 -245470 x 10“®, so with == 0, by 

hypothesis, we get 

-J(169-43694...)1-65904X lO-S-Wu = ^X l-24647oX 10-», 
giving = — 7 - 5615 X 10 -®. (4) 

Taking r — 5, A^ = —2-63341 OjX 10-*, and using Wu, in (1), 
we find that 


M), = 1 -870353 X 10-». 


( 5 ) 
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Proceeding in this way we obtain the values in column 6, Table 8. 
Using (3) § 7.52 yields 

0 = 1-72194 54961. (6) 

Next we calculate 0Ai^\^ and get column 7. Finally subtraction of 
the corresponding values in column 7 from those in column 6 yields 

the/^V+i- 

Check that conditions in § 7.50 are satisfied, 

(1) The |^ 2 r+il decrease rapidly with increase in r ^ 3; see column 
4, Table 8. 

(2) With r = Ty vanishes to seven decimal places, which is 
adequate here. 

(3) Writing (r+1) for r in (1), we get 

[o— = 2(2r+3)^^»V3. (7) 

= 0, by hypothesis, while for r = 7, {2r+3)^ > |a|, so (7) becomes 
approximately 

M’i8r+8+?«'2r+5/(2r+3)* = -2^^V+3/(2>-+3). (8) 

For r ^ 3, the data in column 6, Table 8, show that the w decrease 
rapidly with increase in r.f Then \Wi^\ > so in (8) the term 

in t^ 2 r +6 neglected. Hence 

0=1 -2A^y/l7 = -2x I- 224 X 10-«/17 

-1 -44x10“®. (9) 

Thus kisM?! 1-659 X 10-«/l-44x 10“® l-15x 10®. (10) 

We have shown, therefore, that the imposed conditions are satisfied. 
It is of interest to remark that in a second set of calculations with 
^10 = 0, 0 1-946, which exceeds the value at (6) above, while for 

a given r < 6, exceeds that in Table 8. This is in accordance with 
§7.50. The fir\-i ^re in agreement to the eighth decimal place, 
r = 0 to 7. 

7.54. Normalization. We use the second normalization rule in 
§7.21. Then from the values of in Table 8 

I/lr+i = 0-30424 884 . (1) 

r=0 

Substituting in (7) §7.22, we obtain 

Ci(9) == 1/(0-30424 884 )* 

= 1-81294 873. (2) 

t Since t/’i^ -- 0, it might be preferable to say that Iw’trt s/w’tr+il <lerreases rapidly 
with inciease in r, the ease of r = 7 being omitted. 

49A1 V 
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Multiplying the figures in column 8, Table 8, by (2) yields column 3, 
Table 9. Then 


fei(z,8) = (l- 812 ...) 2 cei<z, 8 )+ 2/i?+i8in(2>'+l)2. (3) 

r =0 

Table 9 


r 

2r4-l 

/aJ+i ~ 

0 

1 

0-84722 67o 

1 

3 

0-41123 957 

2 

5 

0-32765 044 

3 

7 

0-07617 8 O 7 

4 

9 

0-00904 93. 

!) 

11 

0-00068 50* 

6 

13 

0-00003 587 

7 

15 

0-00000 138 


7.55. Formulae for calculating 92n+2- These may be 

derived by analysis similar to that in § 7.50, and we get; 




(1) 



(2) 

ge2n+i(2.3): 


(3) 



(4) 

ge2»+2(2.7): 


(5) 


e = 

(6) 


The procedure in calculating the /, g is identical in form with that 
in §§7.63, 7.64, and the normalization rule at (7) §7.22 is used to 
determine C^{q), S„{q). 


7.60. Second solutions corresponding to ce„( 2 , —q), se„(z, — g). 
These are derived by writing (i»r— z) for z in (l)-(4) §7.22. Thus, 
with the aid of (2)-(6) §2.18, we obtain 

-?) 

= (-l)»+ife*„(i7r-z,g) (a,„) (1) 

= -C2«(7)[(i’^-2)ce8„(2, -g)4-(-l)'‘^i (-l)’/i?+’a8in(2r+2)z], 


( 2 ) 
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= (~irge2n+l(i^-«»9) (*2n+l) (3) 

= S 2 „+i(?)[(i»r-«)ce 2 „+i( 2 , -g)+(- 1)" (- 8in(2r+ 1 ) 2 ] ; 

(4) 

ge2n+l(2. - 3 ) 

= (-I)”fe2„+i(i7r-2,g) (aj„+i) (6) 

= C' 2 n+i(?)[(i’^- 2 ) 8 e 2 „+i( 2 , -?)+(- cos( 2 r+l)z]. 

ge2»+2(2.-3) 

= (-l)“ge2n+2(i’^-2.3) (*2n+2) (7) 

= 'S2„^2(g)[(j7r-2)8e2„+2(2, -?) + (- l)»i^(- COS 2/2]. (8) 

Then by § 7.22, when q-^0, 

— 9 ) +&inmz, gejz, —q) -> + cos m 2 ;, 
the multipliers (—1)” ensuring the conventional positive signs. Since 
ce^( 2 ;, —q) -> +cosm 2 ; and se^( 2 :, —q) -> +sinm 2 ;, we obtain the two 
solutions of y''+ni^y = 0, which is the degenerate form of Mathieu's 
equation when g = 0. 

The complete solution of y''+(a+2qcos2z)y = 0 for g positive, 
i.e. q negative in the standard form, is obtained from (8), (9) §7.22 
by writing — g for g, the characteristic numbers being those above 
and in §2.18. 


7.61. Second solutions corresponding to Ce^( 2 ;, g), Se^( 2 , g). 
These are solutions of y"~-{a—2qcosh2z)y = 0, corresponding to 
a = a^, ( 1 = respectively. They are derived from (l)-(4) §7.22 
by writing iz for z. Thus for the second normalization of § 7.21, with 
the aid of (2)~(5) §2.30, we get: 

Fe2„(2,g) = -ife2„(2i,g) 


= C'2„(g)2 Ce2„(2, g) + /’2n(2. 9) 


(1) 

I’e2„+i(2,g) = -tfe2„+i(2i,?) 

= C'2n+l(3)2 Ce2„+i(2, g)+J'l!„+l(2, q) 

i^2n+l)y 

(2) 

Ge2»+i(*.?) = ge2„+i(zi,3) 

= -<s^«+i(9)* Se2„+i(2, q) + q) 

(^2n+l)» 

(3) 

Ge,„+2(*.9) = ge2n+2(*».9) 

= -'S»„+2(9)2Se2„+2(2,g)+(?2n+2(*.9) 

(^2n+2)* 

(4) 
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By writing iz for z in the third members of (1 a)-(4 a) § 7.22, we obtain 

9) = C'2n(9) 2 fir% 8inh(2r-f 2)z, ( 1 a) 

r *0 

-f 2 «+i( 2 . ?) = (^ 2 n+i( 9 ) 2 8inh(2r+ 1 ) 2 ; (2 a) 

r =*0 

?) = 2 C08h(2r+ l)z, (3 a) 

r =0 

?) = 'S' 2 „+a(g) 2 cosh 2rz. a) 

r =0 

By §7 .22, when ? -> 0, q) -> +sinh mz, GeJ^z, q) +cosh mz. 

The complete solution of the differential equation for q positive is 

y(z) = ACGj,z,q)^-B¥eJz,q) (aj (6) 

or y{ 2 ) = riSe„( 2 ,?)-fBGe„,( 2 ,?) (6J, (6) 


according as the characteristic number is or b^. Either (6) or 
(6) constitutes a fundamental system of solutions for the modified 
Mathieu functions of integral order. 


7.62. Second solutions corresponding to Ce„,( 2 , — g),Se„(z, — g). 
These are solutions of y" —(a-\-2qcosh.2z)y — 0. They are derived 
from (l)-(4) §7.61 by writing (\-ni-\-z) for z, since this alters the sign 
of g in the equation in § 7.61. Thus from (1) § 7.61 we have 

(— l)«Fej„(|7ri+z,g) 

= <^'2«(?)[(i«+2)Ce2jz. -g)+(-l)'‘J:j-l)--+V2V®?!j8m^ 

( 1 ) 

Now, if 2 is real, the r.h.s. represents a complex function, but it is 
expedient that the function defined should be real. Since Cea„(z, — g) 
is a first solution of the differential equation, there is no need to 
retain Ce 2 „(z, — g). Accordingly we adopt the following defini- 
tions: 


-?) 

= C',„(g)[2Ce2„(2. -g)+(-l)» 2^(-l)-+m8inh(2r-f2)2] 


K«). 

( 2 ) 


t This result is obtained also, if we take --tfe|„(« 2 , — g), using (1) § 7.60. 
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7.621 CORRE8POND1NO TO re«. He., Ce.. Se„ 

Fej„+i(2, -q) 

= -?)+(-!)»+» (- l)yjJ”+V>sinh( 2 r+ 1)2] 

(^2»H-l)» (^) 

Gej„+i(2, —q) 

= C'2„+i(?)[2Sej„^.i(2, -?)+{-l)“ i^(-l)72?+t“co8h(2r+l)2] 

(®2n+l)> (^) 

Ge2„+2(2, -q) 

= ->S'2„+2(«/)[2Se2„+2(2, -?)+(-!)» cosh 2r2] 

(^ 2 n+ 2 )- (®) 

By § 7 . 22 , when q-> 0 , 

Fem( 2 , — ?) -> +sinhm2;, Ge,^(2, —q) +C08hm2, 

these being solutions of y^—in^y = 0 , the degenerate form of the 
modified Mathieu equation when g = 0 . As in § 7.60 the multipliers 
(_ l)n ensure the conventional positive signs. The complete solution 
of y''~(a-j-2g^cosh22:)y = 0 for q positive, i.e. q negative in the 
standard form, is obtained by writing —q for q in ( 5 ), ( 6 ) § 7 . 61 , the 
characteristic numbers being those above and in § 2 . 31 . 



VIII 

SOLUTIONS IN SERIES OF BESSEL FUNCTIONS 

8.10. First solution of y'*—{a—2qQosii2z)y = 0, g > 0. Let 
u = 2kcos\iz, = g > 0, and the equation becomes [52] 

(u^—^k^)y^ +uy' +(u^—p^)y = 0, (1) 

with = {a-\-2k^). Assume a solution 

y-l{-nC2rW. ( 2 ) 

r=0 

and substitute it into (1); then we get 

r=0 

From Bessel’s equation 

w2JJ^+iiJ2r + ^^*^2r == (4) 

and by recurrence relations 

~ *^r-2 (^) 

Substituting (4), (5) into (3) leads to 

2 ( ®)*^r — ^^(*^2r-2”t“*^r+2)] “ (^) 

r^Q 

since 2k^—p^ — —a. Equating coefficients of Jgr 2 ;ero (r — 0, 1, 
2,...), we obtain 

Jq acQ—k^c^ = 0, (7) 

J 2 (a— 4 )c2— P(c4+2co) == 0, (8) 

Jar («-4r2)C2^-P(c2^^2+C2r-2) = ^ ^ 2). (9) 

Now (9) is a linear difference equation of the second order, and it 
has two independent solutions, so the complete solution takes the 

«2r = yC^r^^^r. (10) 

where y, 8 are arbitrary constants. When r +cx), 0, while 

by §3.21 IJarl -> oo in such a way that |v 2 r+ 2 l ~4(r+l)*g“^. Thus 
by 2^ § 8.50, (2) would diverge, so the solution d^. is inadmissible, 
i.e. 8 = O.f Since (7)-(9) are identical in form with the recurrence 
relations (1) §3.10 for the A in 

Ce»n(2. ?) == 1 cosh 2rz (Oj„), 

r^O 

t See § 3.21. 


( 11 ) 
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it follows that is a constant multiple of Hence 

2 1 — 1 YA^^J^(2k cosh z) (12) 

f=0 

is a solution of y""— (a— 2gcosh 2z)y = 0. Now both (11), (12) are even 
functions of z with period iri and they satisfy this equation for the 
same (a, g). Thus one is a constant multiple of the other. Accordingly 

Ce2n(2,?) = ^ i (-l)^^g^>J2r(2A:COSh2). (13) 

r=0 

By 2® §8.50 this series is absolutely and uniformly convergent in 
any finite part of the 2 ;-plane. Putting z == gives 

K = ceij„(i7r,g')/^^*«>, (14) 

since all the B.F. vanish except when r = 0, giving JJj(O) = 1. Hence 
from (13), (14) it follows that 

By taking u == 2A:sinh z in the differential equation and proceeding 
as shown above, we derive the solution 

2 ^2r^^r(2^8inh2). (16) 

r=0 

This is even with period Tri, and is also a constant multiple of 
Ce2n(*.9)- With 2 = 0, /fj = ce 2 „( 0 ,g)/^i*">, so 

Ce*„(2,?) = ^5j^,^^2^r>y*,(2A:sinh2) (a,„). (17) 

Thus (15), (17) are alternative forms of the first solution. 

The multipliers K pertaining to various functions in the sections 
which follow are derived in Chapter X. 


8.11. The second solution. Since the recurrence relations for the 
Bessel functions Y^r are identical in form with those for Jgr* both 
functions satisfy the same differential equation, it follows from (15), 
(17) §8.10 that the function defined by 


Feya„(2,g) 


2 (-ir^2r'i;r(2*co8h2) 


= 2 ^i*">y2r(2A:8inh2) 

® r=0 


(|C08h2| > 1) 

(l)t 

/|sinhz| > 1\ 

I B{z)>ol 

( 2 ) 


t The y in Fey signifies the T-Bessel function. 
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is an independent solution for a ~ The restrictions indicated 
on the right are necessary for absolute and uniform convergence, 
and are obtained in 3® §8.50. Actually, although both series are 
non -uniformly convergent as |cosh 2 :| or |sinh 2 ;| ->1, they converge 
when these arguments are unity, but the rate of convergence is dead 
slow! Solutions in B.F. products are free from these disadvantages 
(see §13.01). 

Using the well-known expansion for the Y functions in (1), (2), we 
find that 

Fey, „(*,,) = ^[v+log(t2l)] Ccj,, ( 2 ,^) 4 - two double summations, 

( 3 ) 

y being Euler’s constant. The first member on the r.h.s. may be 
written 

-[y+log^+logi(l±e-**)+ 2 ]Cejj„( 2 ,g), (4) 

77 

from which it is clear that neither (1) nor (2) is periodic in z. In 
Chapter XIII we shall obtain a relationship between Fey 2 w( 2 ,g) and 
the alternative second solution Fe 2 ^( 2 ,g) of Chapter VII. It is not 
possible to do this using the series (1), (2), since the non-uniform 
convergence of (1) and the divergence of (2) at the origin renders 
term-by-term differentiation invalid.f This applies to kindred func- 
tions in succeeding sections. 

The complete solution of the equation, corresponding to a = is 

y = A Ce2„(2,g)+fiFey2„(2,g), (6) 

where A, B are arbitrary constants. This constitutes a fundamental 
system. 

8.12. The solutions Ce 2 ,i+i( 2 ;,g), By analysis 

similar to that in §8.10, we obtain (1), (3) below: 

C 62 n+l(^> ?) 

= (2r+lM^nV’«/2,+i(2A:8inh2); (2) 

t The result of so <loing to (I) gives Fey.,,,(0, g) — 0, which is untrue by virtue 
of (9) §13.31. 
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= 2 (3) 

1 r^O 

= ^ 2 * )^ir" sinh z). (4) 

^ rio 

The restrictions at ( 1 ), ( 2 ) § 8.11 apply to (3), (4) respectively. 

To derive ( 2 ), (4), we observe that 062 ^+ 1 ( 2 , g) is an even function 
of Zy whereas J 2 r+i( 2 ^sinh 2 ) is an odd one. If we multiply the latter 
by the odd function coth z the product function is even. Assuming that 
y = Got\izw{u)y with u = 2 ^ sinh 2 , and proceeding as in § 8.10 leads 
to the series solutions ( 2 ), (4). By virtue of the logarithmic term in the 
expansion of these solutions are non-periodic, but ( 1 ), ( 2 ) have 
period 27ri. The complete solution takes the same form as ( 6 ) § 8 . 11 . 


8.13. The solutions Se^( 2 ;,g), Gey^( 2 ;,g). As before we assume a 
Bessel series with argument u = 2k cosh 2 , namely, 

00 

M’(m) = 2 (1) 

r- 0 

this being an even function of z. But is odd in z, so we 

take the odd function . , , , 

y ^ ta,\\nzw{u) (2) 

and substitute it in the differential equation. Then the transformed 

equation is [52] 

= 0. (3) 

du 

Proceeding as in § 8 . 10 , we find that 

C2,^i== Al(2r+l«+V^ (4) 

Ki being a constant multiplier. Hence 

iB,n\izw{u) = tanhz ^ (— l)'’(2r-f l)jS^*^^^^y^i(2A;cosh^) (5) 

r=o 

is a first solution of y"— (a— 2 gcosh 2z)y corresponding to the charac- 
teristic number a == 62 h+i* ®y analysis of the type in § 8. 10 we obtain 


Se2„+i(z,g) 


tanh n2r+ l)i 5 r+V>*^ 2 r+i( 2 ^ cosh z) (6 

1 r^O 


2n+l) 
( 6 ) 

( 7 ) 


4M1 
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These representations both have period 27n. Since sinh^; is odd in z, 
(7) was obtained by substituting (1) with u = 2k8ixihz in the 
differential equation. 

The remaining solutions derived as shown above and in previous 
sections are 

Gey2„+i(3,g) 

1 ^0 ( 8 ) 

= 2 (9) 

1 r^O 

These are the second solutions corresponding to (6), (7). By virtue 

of the logarithmic term in the expansion of the Y function, (8), (9) 
are non-periodic. Attention is drawn to the restrictions and com- 
ments in §8.11. 

Se2„+a(3,?) 

2 r =0 (10) 

{2r+2)B^%\^^J^^,{2k8mhz). ( 11 ) 

The B.F. in (10), (11) being of even order are both even in 2 , but 

the hyperbolic multipliers are both odd. Hence the representations 
are odd in z, also they have period iri. 

The second solutions (apart from G^^iZy q) in Chapter VII) corre- 
sponding to (10), (11) are 

Gey2„+2(2.9') 

* r =0 ( 12 ) 

= y (2r+2)fi<f4*)r,,,,(2fcsinh2). (13) 

See remarks below (9) above. The complete solution takes the form 
t/ = A Sejz, q)+B Gey Jz,q). (14) 

8.14. The solutions Fek„(z,q), Gek„(z,q). These are derived 
from §§8.11-8.13 by expressing the Y functions in the series for 
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Fey„( 2 , q), Gey„( 2 , q) in terms of the J - and ii -Bessel functions. Thus 
K^(u) = (1) 

so Y,{u) = iJ„(u) — -e-i”'’^K,(—iu). (2) 

TT 


Writing v = 2r, and applying (2) to (1) §8.11 yields 

[ 00 O 1 

i y (— / A^^^K^{—2ikcoBhz)\ 

••=» r4S J 

{k > 0, Icoshzl > 1) (a^n) (3) 

= i Ce 2 „( 2 , q) - 2Fek2„(2, q), . (4) 

where we adopt the definition 

Fek2„(2,g) == 2 ^i^”'^2r(-2iicosh2) (a2„). (5) 


In like manner (2) §8.11 yields 

Fek 2 „( 2 , q) = 2 (- 1 rA<S-”^K^{-^ik sinh z). (6) 

Since Fey 2 „( 2 :,g), Ce 2 n{Zyq) are real if 2 ; is real, it follows from (4) that 
Fek 2 yi(z, 5 ') is complex. The restrictions at (1), (2) §8.11 apply here, 
and convergence is considered in § 8.50. By virtue of the logarithmic 
term in the series for the K function, (5), (6) are non-periodic in z. 
These remarks apply also to the remaining functions given below: 


Fey 2 „+i(z, q) = i[Ce 2 „+i(z, g)-f- 2 Fek 2 „+i( 2 , g)], (7) 

with 


®'ek2»+i(2.9) 


7rM«'‘+« 


00 

-42r+l^’-^2r+l( ~ COsh z) 

r«0 



(®2»+l) 


( 8 ) 


= 2 (-ir(2'-+lM^nt"AV,,(-2iTsinhz). (9) 

^ r = 0 

f*ey2„+i(2,g) = «[Sc2„+i(2,g)-t-2Clek2„+i(z,g)], 


( 10 ) 



164 SOLUTIONS IN SERIES OF BESSEL FUNCTIONS [Chap. VIII 


with 

Gek2„+i(z,g) 

8es„4.i(iw,g) 


se. 

TTi 


2 l)5(2^V>iir2,+i(-2iA:coshz) 

2 (-1 WAV'^2..i(-2iA;sinh2). 


with 
Gek2„+j(z,9) 

8eL*2{iw, g) 


Gey2„+2{z,?) = iSe2„+2(z,g)-2Gek2„+2(z,g), 


(^2n+l) 

( 11 ) 

( 12 ) 

(13) 


Zn+z) 

(14) 


2 (2r+2)5««+">iir2,,2(-2tA:cosh2) (6, 

--= - * 2 ^ 2 ( - 2»^ sinh z). 

* »•=» (16) 
If desired the K functions may be expressed in terms of Hankel 
functions by aid of (1). 

The complete solutions given at (5) §8.11, (14) §8.13 may some- 
times be unsuitable. However, in any complete solution of that type 
it is permissible to substitute Fek^ for Fey^, and Gek,^^ for Gey^, 
by virtue of (4), (7), (10), (13). 


8.20. First solution of y"+(a— 2 jcos 22 :)y = 0. By writing —iz 
for z in the series for Ce^, Se^ in §§8.10, 8.12, 8.13 we obtain 

ce2„(z,3) = 2 (-l)’‘.4g")J2r(2*COS2) (OjJ (1) 

= -Jm- 2 (- » 2). (2) 

ce««+i(2.9)= - 

= -®^;f^cotz2 (-l)'(2r+l)^«»t*’4+i(2A8inz), (4) 
8e2„+,(2,?) = -^^l^tanzj (-l)'(2r+l)£f*»V)^,,(2icosz) 
= 2 *)^^*?’iV'4.i(2A-8inz), (6) 

1 rrsft 
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„ "=» (f>2n^2) (V 

= 2 (-ir(2»-+2)5^»+t«4+2(2*8in2). (8) 

8.30. Solutions of i/''—(a+2qco8h2z)y — 0, q > 0, If we write 
(irri+z) for z in y"--(a—2qco8h2z)i/ = 0, it takes the above form, 
i.e. the sign of q is changed. Making this change of variable in series 
derived in §8.10 et seq, leads to the following representations tf 

Ce2n(^>-s) = (-l)"Ce2„(im+z,q) (a^J (1) 


= 2 ^^’“4(2*sinh2) 

<* ^ 


The multiplier (—1)'* is needed by virtue of that in §2.31. 
Pey2„(z, -4-) = (- 1 y^Fey^Jivi+z, g) (a^J 

= (_l)n®®2tXjp?) 2 (-iyAiJr%(2ikBmhz) 

® r=0 

= 2 ^2f^^2r(2»A:cosh2). 

® r«0 

Fek2„(z, -q) = (-l)'‘Fekj„(|77i+z,g') 

= 2 ^2r'^2r(2^:8inh2) 

® r=0 

- 2 (-»Mi*r"»/ir*r(2*C08hz). 

® r=o 

J’ey 2 „(z, -q) = i Ce 2 „(z, -q)~2Fek2„(z, -q). 

^2a+l(^> ?) 

= (-l)"'-H'Se2„+i(^iri+z,?) (62,, n) 


( 2 ) 

(3) 

W 

(5) 

( 6 ) 

(7) 

( 8 ) 

( 9 ) 

( 10 ) 

( 11 ) 


= (-l)"-f;^SS^^cothz 2 (2r+l)BgVi”/2,+i(2*8mhz) (12) 
= {_1)»?||J.1^ 2 {-l)'5g»4«W2ico8hz). (13) 


t Formulae 2, 3, 9, 12, 13, 19, 22, 23, 29, 32, 33, 39 are given in reference [6] without 
the multipliers external to the L. The method of derivation differs from that used here. 
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Feysn+iCz, -S') 

= (-l)"+H‘Geyjj„+i(iwi-f2,g) (62„+i) (14) 

1 7^0 (16) 

= 2 ^r+V’nr.l(2tl-COsh2). (16) 

I’ek2„+i(2, -q) 

= (— l)’*Gek2„+i(iiTt+2,g) (17) 

= (-l)”~*^tife?-coth 2 2 ( 2 r+l) 5 r+W^^^ ( 18 ) 

^ 2 (-imnv>Av,i( 2 ^cosh 2 ). ( 19 ) 

i'ey2„+i(2, -q) == i Ce^,, ,1(2, -g)+2Fek2„+i(2, -q). ( 20 ) 

Se2„+i(2, -q) 

= (_l)n+ijCe2„+i(^’f»+2,g) (a2„+i) (21) 

= (-l)""^%?lfer- 2 ^2nV>4+i(2^8inh2) (22) 

^ r*0 

- (-l)"-®5ljl?^?-tanh2 2 (-l)^(2r+l)^(22"V>4+i(2fccosh2). 

n , , ' ( 23 ) 

Gey2n+l(2. -?) 

= (-l)"+’tFey.2„+i(|7Tt+2,g) (a.2,,+1) (24) 

= (- 2 (- l)'^4<nV>r2,+i(2/-(sinh2) (25) 

^ r = 0 

= (-l)'*"‘»^-5^(Ll‘!irlanh2 2 (2r+l)^(n"i'>nr.i(2*i-cosh2). (26) 

^ r=0 

Gek2„+i(2, -q) 

= (— l)"Fek2„+i(j7r»+2,g) (27) 

= 2 ^^nV‘^2m(2^’sinh2) (28) 

^ r^O 

= (-l)”-®|;”|^?:-?-tanh2 2 (-l)^2r-f l)4f+V’A'2,+,(2A'co8h2). (29) 

* r=0 

Gey2„+i(2, -q) = » Se2„+i(2, -?)+2 Gek2„+i(2, -q). ( 30 ) 
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Se 2 „+ 2 (z, -q) 

= (— l)"+^Se2„+2(i’«+2>?) (V+ 2 ) (31) 

= (-l)»H-i«ikg(Mcotha 2 (2r+2)£(nV’4+2(2A:8inhz) (32) 

- (-l)«-^g^|^tanhz2(-l)12»-+2)fi<2nt*’4+2(2*C08h«) (33) 

* r=0 

Gey 2 „+ 2 (z. -q) 

= (-l)~+^Gey2„+2(i«+z,?) ihn^z) (34) 

= 2 (-l)12r+2)£r/2«JW2(2i*sinhz) (36) 

= (- 2 2)5^n-S"^lW+2(2i^ cosh z). (36) 

2 r=0 

Gek2„+2(2. -?) 

= (-l)”+iGek2„+2(i^*+2,?) (37) 

= (-l)'‘+i®®^:2^fe-^cothz2 (2r+2)£<r^^^^^ (38) 

2 r^O 

= (-l)’‘'^-2^&^]tanhz 2 (-l)’-(2r+2)5r++2*>^2r+2(2A:coshz). 

* ••=« (39) 

Gey2„+2(2> -?) = »«e2„+2(2, -gr)-2Gek2„+2(z. -3)- (40) 

The functions involving the F-Bessel function are complex, but those 
involving the /l -B essel function are real, if z is real. 

8.40. First solution of y" -\-{a-\-2qQo^2z)y = 0,g > 0. This may 
be derived by writing ~iz for z in the first solution of 

2 /"— (a-f 2gcosh 22 )y = 0 

given in §8.30, or by putting (^tt—z) for z in the first solution of 
y"+(a— 2 gcos 22 )t/ = 0 given in §8.20. Thus we find that 

ce 2 „( 2 , -q) = (-l)"ce2„(i7T-z,?) = (-l)'*Ce 2 „(-i 2 ,g) (1) 

= (- l)"^fer- 2 (- l)'^l?”V2,(2A:sinz) (2) 

® r=0 

^ (-1)'* 2 (-l)^^r'4(21--C08z). 


(3) 
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-q) 

= (-l)"Se2n+l(i^-2.?) (*2»+l) 


(4) 


^ 2 (-ir( 2 r+l)B( 24 tV*,+i( 2 *sin 2 ) (6) 

= f {~irB^iVi^%.ni2kcosz). 


Z, 

^ r- 0 

se 2 ,H i(z. -g) 

= (-l)»ce2„+i(|7r-z,5') (a2„+i) 




r=0 


( 6 ) 


(7) 

( 8 ) 


1 ^ 


se2„4a(2. — g) 

= (-l)’*se2„,2(|n— 2,g) 


( 10 ) 


- (11) 

r”0 

tanz2 (-l)^(2/--h‘2^ (12) 

* r 0 

8.50. Convergence of solutions. 

1'*. Formulae asymptotic in m. To discuss convergence we require 
formulae for the various J3essel functions, valid when m, the order 
of the function, is very large and positive, and far exceeds the argu- 
ment | a|. Then the first terms in the ordinary expansions of t^(w), 
/„,(a) predominate, and we may write 

Similarly we have 

1 


m !\2 


YnM ■ 


7T 


-(m-l)! - 


( 1 ) 

( 2 ) 


From (1), (2) we infer that under the above condition 

l>^,,(«)l > l«4(«)l and |A'„,(m)| > |/Jm)|. (3) 

2". Si>ries involrhm J and I functions. If 2r > |2/tcoshz|, (1) 1® 
gives, with r extremely large, 


/ 2 ,( 2 I- cosh 2 ) 


(2r)! 


(I'COsh 2)*^ 


(1) 
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When r is large enough, by ( 4 ) § 3.21 

miMr+lf. ( 2 ) 

Thus, taking the ratio of the moduli of the (r+l)th and rth terms 
in ( 15 ) § 8 . 10 , we get 


^2r+2j/2r+2{2*_COSh 2) 1*^1 I CO^^I* q aS f -> +00 

.42r«/2r(2^•COsh2) 16(r+l)^ 


( 3 ) 


if z is finite but unrestricted. Hence the series is absolutely con- 
vergent. By applying the ^ test, it may be proved to converge 
uniformly in any closed region of the 2-plane, or in any closed 
interval, z real. These conclusions are applicable to all series in this 
chapter which involve the J and I functions. 

3 ®. Series involving Y and K functions. We consider (1) §8.11. 
Then (2) P gives 


Y 2 r{ 2 kcoshz) ~ — (2r— l)!/7r(icosh2)®'‘ 
and, therefore, by aid of (2) 2°, 

^2rH2>'2r+2(2i-COsh2) _ + ->l/lco«hzl* 

A^r Y^Xlk cosh z) 4 (r+ 1 j^j ^2 1 1 z |2 


( 1 ) 

( 2 ) 


as r +00. If I cosh 2 1 > 1 , the series is absolutely convergent, and 
the ' M' test shows that it is uniformly convergent. As 2-->0 the 
convergence becomes non-uniform. The series converges at the 
origin, but the rate of convergence is very slow. If |co8h2| < 1 , 2 is 
imaginary, |cos2| < 1 , and the series diverges. 

When the argument of the Y function is 2 k sinh 2, the third member 
of (2) is l/|sinh2|^. Hence the series is absolutely and uniformly con- 
vergent for isinh 2l >1 ; for I sinh 2] = 1 it converges non-uniformly, 
but when | sinh 2 1 < 1 it diverges. Thus ( 1 ) § 8. 1 1 represents Fey2^(2, q) 
up to and including the origin, whereas (2) §8.11 holds up to 
I sinh 2 1 = 1 only, so 2 — logg(l + 2i). Owing to the logarithmic term 
in the expansions of the Y and K functions of integral order, the 
additional restriction that B(z) > 0 must be imposed when the argu- 
ment is 2 k sinh z. Despite non-uniformity of convergence, as shown 
in § 13 . 60 , the function Feyg, 1(2,3^) is continuous, but its derivative 
at 2 = 0 cannot be obtained from either (1), (2) §8.11 by term-by- 
term differentiation. These conclusions apply to all series in this 
chapter involving Y or K functions. 
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IX 


WAVE EQUATION IN ELLIPTICAL COORDINATES: 
ORTHOGONALITY THEOREM 


9.10. The two-dimensional wave equation. In two-dimensional 
problems associated with sinusoidal wave motion, the displacement 
or its equivalent, at any point (z, y), must satisfy the wave 
equation, namely, 


dx^ 


-hg+‘!£ = «, 


( 1 ) 


where is a constant dependent upon the properties of the medium, 
and the pulsatance of the disturbance therein. In problems per-' 
taining to a rectangular boundary, e.g. a rectangular membrane, 
(1) is solved in the form given, subject to the particular boundary 
conditions imposed. If the boundary is circular or elliptical in shape, 
it is expedient, prior to solution, to transform (1) to either polar or 
elliptical coordinates, as the case may be. 


9.11. Elliptical coordinates. We write x+iy hcoHh(^-\-irj), 
so that, equating real and imaginary parts, u: == ^cosh^cos 17, 
y = hsinh^sinr). Thus 


4- 

cosh^l^ ' sinh^^ 


cos^T^-f-sin^^*^ 1> 


( 1 ) 


and 




sin^T] 


— cosh^^— sinh^^ — 1. 


( 2 ) 


Then ( 1 ) represents a family of confocal ellipses with major axes 
2Acoshf, minor axes 2Asinh|, the common foci being the points 
X = y = 0 , Also (2) represents a family of confocal hyperbolas 
with the same foci, as illustrated in Fig. 16 a. The two families of 
conics intersect orthogonally, and each intersection corresponds to a 
point defined by the coordinates x = h cosh ^ cos rj,y = h sinh ^ sin rj. 
The angle tj varies from 0 to 277 in passing once round an ellipse, 
while if we consider a stretched elastic membrane clamped between 
two similar elliptical rings, $ varies from zero along the line of foci 
to (q at the rings. 

At the extremities of the major axis of any confocal ellipse (Fig. 
10 a), 77 = 0 , 77, y = 0 , and x = Jb^coshf = At the ends of the 
minor axis, 77 = ^77, §77, x = 0 , and y = ±Asinh^ — ±6. If e is 
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the eccentricity of the ellipse, h = ae, so cosh| — and when 
c->l, ^->0, while a -> h. Thus a long elliptical cylinder degenerates 
to a ribbon of equal length, whose width is 2A, i.e. the interfocal 



(B) 


e-\ 




Ft 0 


Fx I 


v 



Fig. 16. (a) Orthogonally intersecting confocal ellipses and hyperbolas for elliptical 
coordinates. P has elliptical coordinates ( ~ 2, tj = in (60°), and cartesian coordi- 
nates X = h cosh 2 cos in, y ~ h sinh 2 sin in. 

(b) Degenerate form of ellipse when c — 1. As e -> 1, a -> A, 6 > 0 and the ellipse -> 

the interfocal line of length 2h. 

(c) Degenerate form of ellipse, when eccentricity e = 0. The foci coalesce at the 
centre of a circle radius r, equal to the semi-major axis. The original hyperbola 

through P (see a) is now radii making ~ ^in with X'OX. 

distance (see Fig. 16 b). With a constant, if e->0, ^->oo, and the 
ellipse tends to a circle of radius a. Since h — ae, k -> 0, the foci 
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tend to coalesce at the origin, and Acosh^ -> /i8inh^-> a. If h be 
constant, as a -> oo, ^ oo, and e ^0, so that the confocal ellipses 
tend to become concentric circles. Now (2) may be written 


COS^ry singly 

As A 0, yjx ±tan rj, so rj -> cos r) -> cos<^, the confocal hyper- 
bolas ultimately become radii of the circle and make angles <f> with 
the X-axis, as in Fig. 16 c. 




Fia. 17. (a) Hyperbolic (c/«i), elliptic (rf#,) arc length, and radius vector r. 

(b) Area (dsids^) enclosed by two contiguous pairs of orthogonally intersecting eon- 
focal ellipses and hyperbolas. 


and 

Now 


9.12. Arc lengths and radius vector r. Referring to 

Fig. 17, the hyperbolic and elliptic arc lengths are, resi)ectively, 

ds, = [{dx/8if+ {8ymi ( 1 ) 

ds2 = [(8x/8r)f+{dy/dTf))^]idr]. ( 2 ) 

dxjd^ == h sinh f cos 7y, = h cosh ^ sin 7y, 

dxjdri = — Acosh^siniy, ^yjdr} ~ Asinh^cosiy, 

so each bracketed member in (1), (2) is 

= A[cosh*f singly -fsinh^l cosily]* = A(cosh^^— cos^iy)* (3) 

= ~(cosh2^^-~cos2Ty)i. (4) 

Hence from (l)-(3) we obtain 

ds-y^ — l\d^ and ds^ = /i^diy. (^) 

Since da^ is along the direction of the normal to the ellipse, we may 

write j , 

dn = l^d^. (6) 
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The distance of any point (x,y) from the origin, expressed in elliptical 
coordinates, is 

r == = A[cosh2|cos^^+sinh2^sin2r^]* = A(cosh*^— sin*T])^ 

(7) 

= (cosh 2^+cos 27/)*. (8) 

When ^ is large enough, cosh ^ ~ sinh ~ so by (3), (7) with 
h constant, \ ~ h cosh ^ ^ h sinh f ~ r the radius vector. Hence 
we may write 

dsi^rd^^dr; ds^'^rdi), ds^ds^'^ rdrdri. (9) 


9.20. Transformation of (1) § 9.10 to elliptical coordinates. 

Write 2 = x+iy = Acoshd+ir;), 2 = a:— ii/ = Acosh(^— tr]), then 
zz — x^-\-y^, and 

4:dHz Id^ , 


dzdz 


/ 4. 


( 1 ) 


Putting ^ I = $—iT}y we get z = A cosh z = A cosh f, and 

^ 2 . Thus 

dt _ 1 

dz A sinh r 


dz 


1 


so 


_a _ 

dz ~ 

Hence 


A sinh 5 ’ 


1 




A sinh ^ d^ ' 
dzdz 


and 


_a I d 

dz Asinh^0^’ 

02 ^ 02 

03;2 dy^ A2 sinh X sinh I d^dX' 


4d^ 02 a* 

8C8^ ^ ap''" 
a* 


or 


a* , a2 _ 2 

dx^ ^ dy^ A2{cosh 2f — cos 2i;j 




( 2 ) 

(3) 

(4) 


Applying (3) to (1) §9.10 leads to the equation 

+ 2A2(cosh 2f — cos2t7)^ = 0, 

with 2A = Aj^A. Then (4) is the two-dimensional wave equation (1) 
§9.10 expressed in elliptical coordinates. 

9.21. Solution of (4) § 9.20. Let the desired form of solution be 
r]) = ^(^)<l>{r])y where ^ is a function of f alone, and <f> a function 
of rj alone. Then we obtain 

i>^+'l>^+^k’‘(coah2i—cos27))ili<f> = 0. 


( 1 ) 
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Dividiiiff tliroiigliout by and rearranging leads to 
1 ^^ 4 . 24-2 cosh 2^- 




■® + 2(<co,2,. 


( 2 ) 


Since the l.h.s. is independent of 7 ], and the r.h.s. of each side 
must be a constant, say a. Accordingly we obtain the two ordinary 
equations 

0 (3) 


and 


+ cos 2r])(f) 

dr)^ 


(a— 2Pcosh2^)^ 0, 




(4) 


where a is the separation constant.! Then (3), (4) are the canonical 
forms with which we have dealt hitherto, and the above analysis 
illustrates the genesis of the equations which bear Mathieu’s name. 
If in (3) we write for it is transformed into (4), while the 
latter is transformed into (3) if ±^7^ be written for 


9.30, Integral order solutions of (1) § 9.21. A solution com- 
prises the product of any two functions which are solutions of 
(3), (4) §1).21, respectively, for the same values of a and q. Since a 
may have any value, the number of solutions is unlimited. In 
practical a[)plications the appropriate solutions are usually given by 
ordinary and modified Mathieu functions of integral order, i.e. solu- 
tions of (3), (4) §9.21 corresponding to a ~ a^, b^. The solutions 


Table 10. Solutions of (1) §9.21 when a has values for 
Mathieu functions of integral order, g > 0 


« = MOKiv) 


C = 


for a = 

Property 

for a 

Property 

Ce„,{i,g)ce,„{-n,g) 

Period rr or "Zrr in iy, m 
even or odd 

Period ni or 2ni in m 

9)‘«w(’/. 9 ) 



even or odd 




Period n or in 7 ^, m 

even or odd 
Non-periodic in i 

9)«'m(’?' 9) 

As in column 2. 

q)fOm{v, q) 

Non-periodic in rj 

Period m or 'Ini in m 

9)gem(’?. 9) 



even or odd 




Non-periodic in 17 , f 

q)gOm(V’ 9) 


n> = 0 , 1, 2 ,... 


w = 1, 2, 3,... 



f This must not be confused with the semi-major axis of the ellipse. 
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— 00 ^( 7 ;, g) or se,^(r),q) with a, q real are important by virtue 
of their periodicity in tt, 27r, and single-valuedness. Various product 
pairs, including second solutions of (3), (4) §9.21, i.e. ordinary and 
modified Mathieu functions of the second kind, are set out in 
Table 10. 

When ^ < 0, the solutions in Table 10 are valid provided the 
definitions of the various functions in Chapters 11, Vll are used. 

Alternative solutions. As shown in Chapter VllI, there are alter- 
native second solutions of equation (4) §9.21. These are set out in 
Table 11. (See Chapter XIII also.) 


Table 11. Alternative second solutions of (1) §9.21 


Solution 

Alternative 

solution 

Defined 

at 

Solution 

Alternative 

solution 

Defined 

at 

Fe„(f, q) 

q) 

§§ 8 . 11 , 8.12 

-9) 

-9) 

§ 8.30 


q) 

§8.14 


—q) 

,, 

Oejf, q) 

Geym(|, q) 

§8.13 

Ge„(|, -?) 

Oey,„(f, -q) 

,, 


9) 

§ 8.14 

1 

Gek„,(f, -q) 



9.31. Solutions of (1) § 9.21 of real fractional order. When 
{a,q) lies on an iso-j8 curve in Fig. 11 the order of the solution is 
V — m+A 0 < ^ < 1, and the solutions of (3), (4) §9.21 coexist for 
a Then the solutions of (1) §9.21 are as shown in Table 12. 

Definitions of the various functions are given in §§4.71, 4.76. 


Table 12. Solutions of (1) §9.21 when a = ct^.^.pfor Mathieu 
functions of real fractional order v = and q is positive 


c = •I’.mAv) 

for a = 

Property of solutions 

q)co^{q, q) 

Sefi, q)cey(v, q) 
Ge„(f, ?) 8 e,,(ij, q) 
9)8e^{v, 9) 

If is a rational fraction pjs in its lowest terms, 0 < pjs < 1, all 
solutions in 17 have period 2 « 7 r, and in f have period 2siTi. If ^ 
is irrational, all solutions are non-periodic in rjy f. 

When q is negative Table 12 is applicable provided appropriate 
definitions of the functions are used, e.g. in §4.71. We omit con- 


sideration of solutions when {a,q) lies in an unstable region of 
Figs. 8, 11. 

9.40. Orthogonality theorem [135]. Letg,, „i be such that for 
n a positive integer and | == where ^ solu- 

tion of (4) §9.21. Then if a, q are real, the point (an,m^9n,m) 
t 9n,m ^ parametric zero of see §§ 12.40, 12.41. 
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the characteristic curve for the function the latter being an 

integral-order solution of (3) §9.21. For instance, the curve in 
Fig. 8 corresponds to ce^irj.q) and, also to Ce 2 (^,^). It follows that 
we may write 

(a„,m- 2?„,m COS 27j)^„ = 0 


and 


dSu 

■ 


•(««,m-2g„.mCOsh2^)^„ = 0. 


Put then for we have 

^ + ^^+2?«.m(C08H 2^-008 = 0. 

Also for {ap r,qp,r) 

^^' + ^'+2Woo8h 2^-008 2,?)C^,, = 0. 


( 1 ) 

( 2 ) 

(3) 

(4) 


Multiplying (3) by (4) by and subtracting the second from 
the first we obtain 



+ 2(?„,m-?p,r)(co8h 2f-COS 2r})C„^^ Cp,r = 0- (5) 

Integrating (5) with respect to | from 0 to ^q, and to rj from 0 to 
27r, we get 



fo 2n 

+ 2(g„,„-?p,r) J J (cosh 2^- cos 2r})Cr,,„, ipj didtf = 0. (6) 
0 0 

^n,m ®®n,m ^ 

the first integrand in (6) vanishes at ^ = 0, while the second 
vanishes by virtue of its periodicity in -q. Hence it follows that the 
last integral is zero if p w, i.e. 

f • 2n 

j j {coah2^—co8 2r])C„ „^^p^^d$dr} = 0 . 

0 0 


( 7 ) 
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This holds also if /> = n, r m. If p ~ n and r m, the double 
integral does not vanish. Then we have 

0 0 

It may be remarked that if == ce„ ^ or se„ these functions 
do not satisfy the usual orthogonal relations (§2.19) since ce„ ^, ce^^ 
have different q values, as also have se„ se ^ n ^ p, m ^ r. 

The 7] integrals in (8) may be evaluated by aid of the following 
formulae : 

2n 

- r cei„(t,)cos 2v drj = f = 02«. (9) 

'JT J r = 0 

0 
2Tr 

- f cel,+Av)oos2r, dr, = | = 02„^i, 

77 J r=0 

0 ( 10 ) 

2tr 

~ f sei„,,(r,)cos2^ dr, = I J 5 ( 24 +I)fi( 2 n+ 1 ) == 

rr J r=0 

0 (11) 

2rr 

- f «ei„+,(,,)C0S 2r, dr, = 2 (12) 

77 J r-0 

0 

Those parts of the ^ integrals involving cosh may be expressed in 
terms of derivatives by aid of (7) § 14.21. 
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INTEGRAL EQUATIONS AND RELATIONS 

10.10. Definition. The equation 

6 

y{z) = A J x(“. 2)y(“) 1 ) 

a 

in which ^ known function of the variables Uy z, and A a 

particular constant, is called a homogeneous linear integral equation 
for the unknown function y{u). termed the nucleus or 

kernel, and it is symmetrical if x(w> == x(^> ® 

The equation has a continuous solution only for a discrete set of 
values of A. These are called the characteristic values of the nucleus. 
The nuclei with which we shall deal herein are continuous and sym- 
metrical in Uy Zy except in § 10.30 et seq. 

Theorem, Let 

1^. <l>(u)y <f>'(u)y <f>"(u) be continuous with period n or 277, such that 
<f>"-\-(a—2k^cos2u)<l> == 0; 

2^. Xu,zy Xu,z continuous in w, s, such that 

{«) [<f>Xu—4>uxZzT = 

(i) ^ — 2 F(cos2m - cos2z)x = 0,t 

2tr 

then y{z) = A J x(^>^)^(^) (^) 

0 

satisfies Mathieu’s equation. 

Proof, By (1) 

27r 2 rr 

(a— 21:* cos 2z)y ~ ^ j” 22)xj^ du +Aa J x<f> du 

0 0 ( 2 ) 

2ir 2iT 

= A J ^^<f>du J* (a— 2 I:*cos2m)x^ (i« (3) 

0 0 

^•v 

t This is the wave equation + 7 ^ 4 - 2A;*(co8h 2u— cos22)x = 0 expressed in 

du* dz* 

the moditiod elliptical coordinates x = hconucosz, y = ih sin tx sin 2 , i.e. iu is written 
for u. 
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by 2® (6). Now 

2n ' 2rr 

J = J ^ J dx 

0 0 0 

2n 

= [^Xu— ^ux]r+ j Vx^^- 
0 

By hypothesis [ ] vanishes, so 

0 0 

Substituting from (6) into the r.h.s. of (3) leads to 

2n 

^ 4- {a—2k^ cos 2z)y ~ ^ J + («— cos 2w)<^ j x du 

0 

== 0, by hypothesis. (7) 

Hence y(z) satisfies Mathieu’s equation. 

If is periodic in u, z, with period tt, 2tt, y{u) has the same 

period as so (f){u) == X^yin). Accordingly we have the homo- 
geneous linear integral equation of the first kind for the periodic 
functions Qejiz,q), se,,j( 2 ,g), namely, 

27r 

y{z) = Ao J x(“.2)y(«) du. (8) 

0 

If [*AXtt“^ttX]o “ upper limit in (8) may be tt. 

The theorem is valid for Cc,„( 2 ;,g), Sc,,,(z,g^) if for z we write iz in 
(1), so that y satisfies y"— (a — 2Pcosh 2z)y ^ 0. 

10.11. The eight primary nuclei for ce^/^, //), se^( 2 :, r/). We 
commence with the wave equation 

where k^h == 2k. By substitution we confirm that simple solutions 
are: x = and The real and imaginary parts 

of these functions are separate solutions, so we obtain the eight given 
in Table 13. 
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(4) 

(5) 

(6) 
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Table 13 


Solutions of (1) 


cos X 

cos ki y 

sin kiX 

X cos A?! y 

sin ki y 

y cos Atj X 

y sin ki x 

X sin k^ y 


In modified elliptical coordinates, x = h cos u cos ih sin w sin 2 , 
and by §9.20, (1) may be transformed to 

2P(co8 2m— cos22)x = 0, (2) 

which is (6) 2® § 10.10. Substituting for x, y from above in Table 13 
and omitting the multiplier i, we obtain eight primary solutions of 
(2). These are the eight primary nuclei 2 ;), and they may be used 
in (8) § 10.10 with the upper limit tt. They are set out in Table 14. 


Table 14. The eight primary nttclei for se^(2,g), g > 0 



x{u, z) — nucleus of (8) § 10.10, and a solution of (2) 


y(2) 

1 

co8(2A; cos m cos 2) 

A,. 

V 

co8h(2A; sin u sin 2 ) 


pe 2 »(z. 9 ) 

2 

sin(2A; cos m cos 2 ) 

Knhl 

2' 

cos u cos 2 X 

X cosh(2A; sin u sin 2 ) 

A 2 « f 1 

cej, ,i(z,9) 

3 

sinh(2A: sin u sin 2 ) 

f^2n + l 

3' 

sin w sin 2 X 

X co 8(2A; cos u cos 2 ) 


sej.+i(*. 9 ) 

4 

sin u sin 2 x 

X sin(2A; cos u cos 2 ) 


4' 

cos u cos 2 X 

X 8inh(2A: sin u sin z) 

Man + 2 

8ej»f3(z. 9 ) 


Each nucleus in Table 14 is symmetrical and periodic in Uy z, 
(1), (4) have period tt, while (2), (3) have period 27r. The functions 
y{z) are allocated to their respective nuclei by considering periodicity, 
evenness, and oddness. Since ce,^(z,q)y se,^(z,q) satisfy a homo- 
geneous linear integral equation with a symmetrical nucleus, it fol- 
lows that they are orthogonal [215] (see also §2.19). 

We have now to derive the characteristic values corre- 

sponding to various nuclei. This may be effected by aid of Bessel 
series for the Mathieu functions, as shown hereafter. 

10.12. Bessel function expansions. Inserting nucleus 1 Table 
14, § 10.11 and oe^^iUyq) in (8) § 10.10, with limits 0, tt, we get 

TT 

ce^Jz, q) = hn J cos(2A: cos u cos z)cei„{u) du (o,„). ( 1 ) 

0 




181 


10.12] INTEGRAL EQUATIONS AND RELATIONS 


Substituting the expansions of the circular [202, p. 43] and Mathieu 
functions, (1) becomes 


= ■^2« I [/o(2*co82)+2 2(- l)’‘J2,(2i'cos2)coa2n<J: 


X 2 c^) 

S = 0 


Consider any r in the first 2. By virtue of orthogonality of the 
circular functions, all integrals vanish save when r — s. Thus we get 


rr 

(—1 )^2A2,fc ^2r(2^ COS J cos^2r« du 

= (--irA2,7r^<2">J2r(2^‘^ (3) 

Hence the expansion of the Mathieu function in B.F. is 


ce2a(2^,^) = (-lM^f^r(2i*COS2:). (4) 

r= 0 

By 2^ § 8.50, the r.h.s. of (4) is absolutely and uniformly convergent 
in any closed rectangle of the 2;-plane, real > 0. Since the r.h.s. 
represents 062^(2,^), it and also (I) is a solution of 
i/"+(a— 2gcos22)y “ 0, 

gr > 0, a = This remark applies as well to the integral equations 
and their expansions for ce2,,+i(2;,5^), se,^^{Zyq), with gr > 0, a = a2n+i» 
6^, respectively, given in later sections. 

Determination of Ag,^. In (4) put z ~ ^tt, then cos 2 ~ 0, and all 
the J vanish except e/o(0) = 1. Therefore 

^2/1 ~ ce2,t(|7r, ^ (5) 

r=0 

SO Ag^j is a function of q. Using the tabular values of the A, we have 
for n = 2, g = 8, 

ce4(j7r, 8) ^ 0-24703 39-0-59450 88+ 

r = 0 

+ 0-63941 57+0-33453 00+0-06089 34+0-00607 17+ 

+ 0-00039 05+0-00001 77 + 0-00000 06 

= 0-69384 47.t (6) 

Hence by (5), (6) we get 

A4 = 0-69384 47/7rX 0-24703 39 = 0-89275... 

W'hen g = 8. 

t This may be obtained from [95J to five decimal places. 


( 7 ) 
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10.13. Exponential nucleus. We shall now demonstrate that 

IT 

ce2„{z,?) = Aj„ f e«^oosu^sce,„(u) du KJ. (1) 

0 

To do so, we merely need to prove that its imaginary part vanishes, 
since by (1) § 10.12 its real part represents cegnC^J,?). Then 

Imag. part = X^n 2 J (— l)”*J2m+i(2^cos2:)cos(2m+l)w ce2n(^^) du^ 

0 

( 2 ) 

and this vanishes by virtue of the orthogonality of the circular 
functions. In the same way it may be shown that integral equations 
in the sections below can have exponential nuclei. Either the real 
or the imaginary part of the integral vanishes, as the case may be. 

10.14. Bessel series for ce2,^4.i(2, ^). Using this function and 
nucleus 2, Table 14 , § 10.11 in (8) § 10.10, a repetition of the analysis 
in § 10.12 yields 

ce2«+l{2.?) = S (-l)’'-42r"l“4-+l(2^C08Z) (ajn+l)- (1) 

r*0 

By 2^ §8.50 this series is absolutely and uniformly convergent in 
any closed rectangle of the 2;-plane, real > 0, as also is its first 
derivative. Consequently term-by-term differentiation is permis- 
sible, so 

cei„+i{2, q) = -A2„+i 2-rTk sin 2 X 

X f (-l)’-.4<2»+i)[dJ2r+i(2ikcos2)/<i(2/fccos2)]. (2) 

r«0 

Now and since J„(0) = 0 if p ^ 0, 

when z = \tt, the only non-zero term is \ Thus 

^®2n4l(2'^» ?) ~ (^) 

SO 

A2„h = = I 

r=0 

(4) 

10.15. Additional expansions. Using nuclei 1', 3 from Table 14 
§ 10.11 and proceeding as in §§ 10.12, 10.14, we find that 

ce2„{2, 9) = A,^ 2 (— 1)M^*">/,,(21; sin 2) (OjJ, 

r-0 


( 1 ) 
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y _ 1 V ceg„(0,g) . 

0 r=0 


8e2„+i(z,g) = M2„+i17- f (— l)'-5i24-![“-^2,+i(2^’8inz) 


r=0 
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( 2 ) 

( 3 ) 


with flzn+l 


-} _ "V ^2r-l- 1) _ (4) 

^ W2-»H) Z ' - TTifcfii*’* ' ») • ^ ’ 

1 ^ 

10 . 16 . Determination of /iaK+s' Kn+v If select 

i‘*2»+2> fl*® integral equation, using nucleus 4 , Table 14 , is 

TT 

®®2n+2(^»?) = /^2rt+2 J ^inusmzsin{ 2 kcosucosz)x 

0 

Xse2^42(^^?) (^ 211 + 2 ) ( 1 ) 

= 2/^2n+2 sintisinz 2 ] (— l)'’«4r+i(2^co82)cos(2r4-l)MX 

J r-O 

X 2 ^^+V^8in(2s+2)M<iM (2) 


»-0 


f 

= M2n+2 sinz 2 (— l)’'/2r+l{2^'C08Z)COs(2r+l)«X 
J r *0 

X 2 £<^'i:^*>[cos(2.9+l)w— cos(25+3)m] dtt (3) 
8 = 0 

= M2»+2i’^sinzX 

X 2 (— I)'''®^H-2‘**[‘^2r+l(2*COSZ)+J2r+8(2^COSZ)]. (4) 

r»0 

J2,.+2(«) = i[*f2r+i(“)+*^2r+3(«)]. SO ( 4 ) talccs the form 
se2»+2(*.9’) = f^2n+i'^^^^(—^)Vr+2)B^%V^Jtr+i(^^coaz). (5) 


This series and its first derivative is absolutely and uniformly con- 
vergent for all finite values of Zy real > 0. Thus term-by-term 
differentiation with respect to z is valid and we get 

r w 

8ek+2(2.?) = ^2«+2^ 2(—I)'’(2''+2)^2r"2®^{8eC*zJ2r+2(2*COSZ) — 

L ,ie=0 

— k tan z sin 2[«/2r+i(2^ z ) — J2r+s(2^-COSZ)]}]. (6) 
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As 2 Jtt all terms vanish except ^chJ 2 ( 2 kcosz)->lk^ and 
-“A:tan 2 sin 2 e/i( 2 A:cos 2 ) Hence 


(V 

(«) 

(9) 


““ ^f^2/i+2 2 

so fi 2 „ ^ 2 = - 2 sel, 

i r==0 

For the remaining nuclei in Table 14 § 10.1 1, we obtain 

. V V/ 7rCOt2 

^®2/»+l(^>S') — -^2/1+1 — 2^ ^ 

X X (-l)'(^^+lM2r"V*/2r+i(2tsin2) (a2„+i), (10) 


with 


y 

^2//+l — 


2^,,i(0,g) 2 

^J(2n4 1) 

1 1 r = 0 


2 J(2n-(-l) 
^2r+l • 


( 11 ) 


, , , 77 tan ^ 

se2„M(z.9') = 


X l)’^(-^^■ l)^ 2 r+V^'^r+l( 2 ^*^®®^) (^ 2 « n)> ( 12 ) 


r = 0 


with 


^2m+1 


2se2„+i(b,?) 


, , , TTCOtZ 

®®2/i+2(^)?) — M2n+2 7 ) 1 . X 


„B[^n+l) 

C< 

~2k 




) oo 

»Tn2(-iW+V’- (13) 


r«0 


with 


CO 


X 2 (-l)'-( 2 r+ 2 ) 5 < 2 *’i^*>/ 2 ,+ 2 ( 2 ^'sin 2 ) 


(I'l) 


/^2h+2 


^se2„+2(0,5') 

„kB^2n+2) 


2_ 

7rjfcB«"+'^> 


2(2r+2)B(f/2*'- 

r=0 


( 15 ) 


By 2® § 8.60 all series in § 10. 15 and the present section are absolutely 
and uniformly convergent in any closed rectangle of the 2 ;-plane, 
k^ ~ q real >0. 

The characteristic values in Table 15 are expressed in terms of the 
coefficients in the series for the corresponding Mathieu functions. 
By §3.21 the sigma terms are absolutely convergent in 0 < g < 

By §3.25 the A, B are continuous functions of g, and by § 3.30 

j 5 ( 2 w+i)^ B( 2 n+ 2 ) have no zeros in q > 0, but tend to zero 
monotonically as -> + 00 . A^, A^ -> I/tt and A^, as q~>0, 

and are continuous in 0 ^ g < go- n > 0, Ag^, X^n+v H'L+v 
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\ln — 


g) 

2 (“IMS" 

r = 0 

ce 2 n + i(K q) 


f (~in2r4-lMS?AV> 

_ r*0 

2(2r+l)BgV,'' 

r=aO 

- _ £f!k.+ 2ii^L?l 

2 2(-in2r4-2)Bg«t» 

f = 0 




cej.(0, g) 


u 


Man + l 


A* 2 n I 2 ~ 


2 ^8*> 

rcQ 

2c^+,j0, 9) 

2 2 

r«=0 

= 

2aea,^.t(K 9) 

.2 2 (-imW 

r = 0 

° lTBg"+l> 

2 8ea.+ 2(0, 9) 

2 2 (2r + 2)Bg-+a’'* 

raO 

7rfcBg»+‘'*> 


cea„(*, 9) 


ceii. + i(*. 9) 


8e3,+l(2. 9) 


808,4 a(2, 9> 


and for n ^ 0, Ajh+j, M 2 „+i, M 2 /.+ 2 . M 2 M +2 are continuous, 0 < g ^ g-j. 
The discontinuity in each of the first set at g = 0 is due to vanishing 
of the coefficient in the denominator. That in each of the second set 
arises from the factor ^■~r == g-t, and for w > 0 to vanishing of the 
coefficient in the denominator. The form of tlie latter may be derived 
from the general result (9) § 3.33. Thus as g -> 0, we obtain 

^(2«) ^ gn/22».-i(2TO)!; 1)!; (16) 

J( 2 «+l) ^ £( 2 h+ 1 ) ^ grn/2*"(2n)! (17) 

The reciprocal of each coefficient has an infinity of order » at g = 0. 

Table 16. Illustrating behaviour of characteristic values as 

g-> 0 


CharcuUeristic 

Behaviour as 

Characteristic 

Behaviour as 

value 

q 0 

value 

© 

t 


oo,n > 0 

Kn 

-> 00 , n > 0 

1 

-► 00 

^ntl 

M2»fl 

QO,n> 0 

M2» + 1 

-► 00 

-> 00 , n > 0 

/^« + 2 

-> 00 

A*2ii 4 2 

-> 00 


4M1 


Bb 
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10.17. Theorem on integral relations. If y{u) is a Mathieu 
function of period n or 2tt\ x(^y^) corresponding nucleus for the 

u 

integral equation; $i(u,z) = s® that ${u,z) = J x(^>^) 

[y(M)f(M,2)]““o = 

«/(z) = — aJ 

Proof, Substituting for x (^) § 10.10, we get 


n n 



y(z)IX = J ^i(u,z)y(u) du = j y(u) d[i^{u,z)\ 

0 0 

(2) 


n 

= [y(“)^(“.2)]“Io“ / i{u,^)y'Wdu, 

0 

(3) 

SO 

yiz) = -A J J X(«.2) «^wjj/'(w) du, 

(4) 


since the first member on the r.h.s. of (3) vanishes, by hypothesis. 


10.18. Example. To illustrate the application of (4) § 10.17, we 
take nucleus 4 in Table 14 § 10.11, namely, 

xi^y^) = sinwsin2:sin(2A;coswcos2:) 
with y(u) = se 2 n+ 2 (^^q)- Then 


C tan 2 C 

i(u,z) = 77“ I sin(2A:cosi4cos2) d(2fccoswcos2) 

■’ " ■’ (1) 

( 2 ) 


tan 2 


2k 


QO^(2k cos cos 2 ). 


But [y(M)^(«,2)]“„" = 0, so 
COt2 8e2„+2(2,g) 


IT 

~ — ~ J COS(2i’COS WCOS2)se2„ + 2(^) (^) 

0 

n 

^ J [«/o(2^-cos 2)+^ i (-l)’■+‘^.^2(2A•cos2)cos(2r+2)u]> 


X 


X 2 (2«+2)B^*”^2’cos(2s4-2)m du (4) 
«-0 


= ^ 2 (- in2'-+2)fi<f4«4,,2(2^cos2). 


(5) 
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Comparison with ( 5 ) § 10.16 shows that A = so from ( 3 ) and 
( 1 )§ 10.16 we get 

TT 

2k J sin u cos z Bin(2k cos u cos q) du 

0 

cos u cos 2:)se2^4.2(^> ?) (®) 

0 

The integral relations given below may be derived by analysis akin 
to that above. 

ir 

tan 2 ;ce 2 n+i( 2 J,^) = sinh( 2 A:sin 2 isin 2 ;)ce 2 „+i(w,g) dw, ( 7 ) 

2k J 
0 

/ ^ 

cot2se2„+i(2,g-) = / sin( 2 fccosMcos 2 )se 2 „^.i(M,g) du, (8) 

0 

t ^ 

tan2;se2^+2(^j?) ^ f cosh(2A: sin sin 2^)862^ 4.2(1^, g) ( 9 ) 

2k J 
0 



10.19. Formulae for ce^(2;, — g), se^^{z, —q). These functions are 
solutions of the equation y"-\-(a-\-2qcos2z)y 0. Thus the required 

formulae may be derived from those in preceding sections by aid of 
§ 2.18. The values of q and k remain as before, i.e. q > 0, 


10.20. Integral relations for Ce,„(2:, <7), Se^{z,q), These are 
derived by applying the relationships in (2)-(5) § 2.30 to the integral 
equations for ce^(2;,g), se^(2;,g^) in § 10.12 et seq. Thus 

Ce2n(2>S') 

tr 

_ ce2»(|7T, g) r (,os(2A; cos M cosh 2 )ce 2 „(M,g) rfw (1) 

^ J 

0 

TT 

^ J cos(2^'sinMsinh2)ce2„(M,g') dw, (2) 

Ce2„+i(z,g') 

7T 

= - j 2)ce2«+i(M. 9) du (3) 

^ 0 


2ce2„+i(0,9) 


V 

J 


cos u cosh z cos(2^" sin u sinh z)ce 2 n+i{'^i ?) du; 


0 


( 4 ) 
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Se2„+i{z,g') 


2se2„+i(i7r, q) 


TT 

sin u sinh z cos(2^ cos u cosh z)se2„+i(M, q) du 

0 


(5) 


sin M sinh z)se2„+i(M,^) du) 

^ 0 


Se2„+2(z,g) 


( 6 ) 


28ea'„+2(iw,g) 
■ 7r)fcJ5«»+*>“ 


sin u sinh z sin(2i; cos u cosh z)se2„+2(«, q) du 

i (7) 


2se2n^.2(0,g) 


TT 

j cos u cosh z sin(2A: sin u sinh 2)se2;i+2(^> 


( 8 ) 


0 

The evaluations of (l)-(8) are given at (15), (17) § 8.10; (1), (2) § 8.12; 
(6), (7), (10), (11) §8.13, respectively. From §10.18 and Table 15 
§10.16 additional relations in which ceg^^+i, appear 

under the integral sign may be written down. All the above repre- 
sentations of the modified Mathieu functions are first solutions of 
(1) § 2.30, provided a has its proper value. 


10.21. Integral relations for Ce^(z, —g), Se^(2;, —g). These may 
be derived from (1)~(8) §10.20 by applying the definitions (1), (11), 
(21), (31), §8.30. Thus 


Ce2n(z, -q) 

rr 

— ( — r cosh( 2 ^• cos w sinh 2:)ce2,i(ti, g) 

0 

n 

= ^ ^2" n/^’ J cosh( 2 ^' sin M cosh 2)ce2„(M, gf) dw; 

Ce2„+i(z, -q) 


( 1 ) 

( 2 ) 


(— I)"28e2„+i(i77-,?) 
7r5<*»+i> 


J sin u cosh z cosh(2A: cos « sinh 2)8e2„+i(M, ?) du 
0 (3) 




rr 


j sinh(2A; sin M cosh z)se2„+i(M,g') du; 
0 


( 4 ) 
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Se 2 „+i( 2 , -q) 

tr 

= J sinh(2^: cos u sinh 2 )ce 2 „+i(M, q) du (5) 

^ 0 


= - — f coswsinh2COsh(24sinwcosh«)ce2^+i(i^,g)rf?/; 

' 0 (6) 

~ - — f sinwcosh2sinh(2A:coswsinh2;)se2„+2(^»?) 

' 0 (7) 

(—1)^*^ 2 802' + 2 (^ 1 ^) r 1.x / XJ 

= ___ — I cosw8inh2sinh(2A:sinwcosh2)se2^+2(^’5^) 

' 0 (8) 


The evaluations of (l)-(8) are given at (2), (3), (12), (13), (22), (23), 
(32), (33) § 8.30. All the representations of the modified Mathieu func- 
tions are first solutions of (1) § 2.31, provided a has its proper value. 


10.30. Bessel-circular function nuclei. Hitherto our nuclei 
have been limited to circular and hyperbolic functions. But the wave 
equation admits of a plurality of solutions, and other nuclei may, 
therefore, be derived. Any solution expressed in modified elliptical 
coordinates, which satisfies conditions (a), (/>), 2^^ § 10.10, may be used 
as a nucleus for the integral (1) § lO.lO.j 
We commence by transforming 




to cylindrical polar coordinates, where x = r cos ok, y 
established procedure we obtain 


r sin OK. 


( 1 ) 


^4-1 ^+1^ 

r 8(x^ 


+ ifx = 0. 


(^) 


Writing x — U{r)V((x) and using analysis akin to that in § 9.21 yields 
the two ordinary equations 


and 


d^U 


dr^ 



(3) 

(4) 


t Provided the integral converges. 
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being the separation constant. The formal solutions of (3), (4) are, 
respectively, Jy(k^r), Yyik^r); and cosm, sinm. Thus if J^(kir)co8va, 
Jy(kir)8inv(Xf r)cos m, Y^(k^r)8inv(x are expressed in modified 
elliptical coordinates, we get the sets of B.F. nuclei in Table 17. 
Each nucleus satisfies conditions (a), (6), 2® §10.10 and the integral 
(1) § 10.10 converges if due regard is paid to the phase and modulus 
of 2 ;. 


Table 17. Bessel-circular function nuclei: k^ real > 0 


Nucleus x{r,oi) = U{r)V(a) 
(m - 0, 1, 2,...) 

<t>{u) 

y{z) 


CO , , 

(w,5) 

CO , , 

(z,q) 

8e2«' 


CO , . 

(w*9) 

8e2«4i 

ce . , 

( 2 . 9 ) 

:8e2«u 

y'2m{kir)l°:(2mcc) 

CO . . 

— 


CO . , 

8025 m' 

— 


y(w) 


Co 

Se2n 


{^,q) 


Ce 

Se2n 1- 1 


(z>q) 


Foy 
Gey2, 

Fey 
Gey2rt ^ 1 


iz,q) 




Remarks 


T — h[^(ooB 2u -f cos 2«)Jl 
for y{z ) ; in 1,2, are 
then periodic and sym- 
metrical in u, z: period 
TT, 27r, respectively. 

In (3), (4) replace cos 2z 
by cosh 2z, R(z) > 0. x 
in 3, 4, are non-periodic, 
as also are Fey, Gey 
(see § 8.11). The nuclei 
for y{iz) are skew- 
symmetrical in u, z. 


Formula for r, r ~ with 

X = h cos u COS Zy y = ih sin u sin 2 :, 
the modified elliptical coordinates. Thus 

r = A[^(cos 2t^+cos 22;)]! (5) 

and, since k\h == "Ik, 

k^r = i;[2(cos2w+cos2z)]l. (6) 

Yj, has a singularity at the origin, and since k^r has zeros when 
cos 2u = —cos 22 :, (6) cannot be used as the argument of the Y func- 
tion if z is real. Writing iz for 2 :, R{z) > 0, there are no zeros (u real), 
so we obtain the argument for the J, Y functions used in the nuclei 
for the modified Mathieu functions in column 5, Table 17, i.e. 


k^r = A:[2(cos2u+cosh 22:)]!. (7) 

Formulae for cos_pa, sin^a. From above, 

cos a = xjr = cosi^cos 2 :/[i(cos 2 w-fcos 22 ;)]i (8) 

and sin ix== y/r = i sin u sin 2 ;/[i(cos 2ti+cos 22 j)]*. (9) 

Then by de Moivre’s theorem 

(cospa+isinj)a) = (cosa+f sina)^, (10) 
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SO oospa, sinpoc are obtained by equating real and imaginary parts 
in (10), and substituting from (8), (9). The remarks in column 6, 
Table 17, may now be confirmed. 

10.31. Hankel-circular function nuclei: real > 0. By (4) 
§8.14 

Fek2„(0, q) = J[i Ce^Jz, q)-Fey^Jz, g)] (a^J, ( 1 ) 

80 by Table 17, § 10.30 we see that the nucleus for Fek 2 ^(; 2 ,^) is 

r)]cos 2ma = r)cos 2ma, (2) 

in which k^r is given by (7) § 10.30, with R(z) > 0. Other nuclei are 
set out in Table 18. 


Table 18. Hankel-circvlar function nuclei: k^ real > 0 



Nucleus x{Tt a) 

(m = 0, 1, 2,...) 

j,(u) 

in (1) § 10.10 

3/(*) 

in (1) § 10.10 

1 

2 


®®2n + 1 

Fek . V 


The Hankel function may be expressed in terms of the if -Bessel 
function by the relationship (1) § 8.14. 


10.32. Nuclei for real < 0. Here we write —k\ for k\ in (3) 
§ 10.30: (4) § 10.30 is unchanged. The formal solutions of (3) § 10.30 
are now the modified B.F. Iy{k^r) and K^(k^r). Hence we have the 
nuclei r)cos 4(A:ir)sinm, ir,,(A:ir)cosm, and iSrj,(iir)sinm. 
Y^{ik^r) is also a solution of (3) §10.30, so Y^(ik^r)QO%v(x and 
r)sin m may be used as alternative nuclei. The nuclei are set 
out in Table 19. 


Table 19. Bessel-circular function nuclei: k^ real < 0 



Nucleus x(r, a) 

(m = 0 , 1 , 2 ,...) 

^(u) 

y{z) 

y(» 2 ) 

Remarks 

1 


ce , . 

Be,. 

ce , V 

862 / 

Ce , , 

Se,. <*•-«' 

Those in Table 17 
apply here, mu- 

2 


Z 

®® 2 « + 1 

ce , . 

8 ® 2 n+l ^ 

S® (*.-?) 

®® 2 n + l 

tatis mutandis. 

If Y{ikir) is used 

3 

( 2 ma) 

ce , , 

BB,, (“•-«> 


Fek , . 

Oek 5 „(*- «> 

in (3), (4), Fey, 
Gey are obtained 

4 

( 2 m +l)a 

Z 

®^ 2 «+l 


Fek . V 

for y{it). 
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10.33. Integral equation for ce 2 „(z, q) with Bessel nucleus. In 

1, Table 17 put to = 0, ^(u) = (ie^Ju,q), and insert x. <t> in (8) 
§ 10.10 with upper limit IT. Then 

TT 

ce2rt{2,5') = <p2n / d'o{*[2(co8 2M+co8 2z)]‘}ce2„(M,^) du. (1) 
0 

To determine i®* z = 0, then from (1) 

ce2n(b,9) — <P2n f C08 m) 2 cos 2 m dw. ( 2 ) 

J r~0 

Now by (2) § 10.34, with 2 = 0, 


rr 


I 


jQ(2k cos i4)cos 2ru du 


= I [dg(^) + 2^2^(— i)'"‘^m(*)®®s2TOMj 
= (-lynJlik). 


cos 2m du 


(3) 

(4) 


Hence from (2), (4) w'e obtain 

= ce„.(0, ?)/Tr I (- 1 YA^-^J\(k). (5) 

• r=*0 

An alternative expression for 92,, may be derived as follows: Insert 
the value of from (5) § 10.12 into (4) § 10.12 and integrate both 
sides of the latter with respect to z from 0 to rr. Then 

TT ^ 

COS 2rz dz = 

( — \YA^^^^J2r(2k COS z) dz (6) 

n 

since J J 2 r{ 2 kcosz) dz ~ 7rJj(k). Thus from (7) we get 
0 

f (~ l)M^f > ^ g). (8) 

r=»0 

Substituting the r.h.s. of (8) in the denominator of (6) leads to 
9«« = 


rr ^ 



( 9 ) 
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10.34. Expansions of Mathieu functions in Bessel function 
products. We apply the addition theorem 

<^[K*+V 2 ®+ 2 t>>icos 2 M)*] = f (-!)'"€„ J„«)J„(t;')cos2TOM, (1) 

m = 0 

where €<> = 1, == 2 for m > 1. Let — ke-^^, and (1) 

gives 

Jo{A:[2(cos 2w+cos 22 )]^} = {~iy^€^^J„JJce-^^)J^JJce^^)Qo^2mu, (2) 

m-^O 

Substituting from (2) into (1) § 10.33 we obtain 
ce2«(2.9') 

= 'Pan 2 Y, (— f COS 2rM COS 2mM dw, 

r=0 m=»0 i 

“ (3) 

term-by-term integration being permissible, since the series before 
and after integration are absolutely and uniformly convergent. Now 


n 

TT (m = r = 0), ^ 


j COS 2ru cos 2mu du 

= 0 (m r > 0), 

(4) 

0 

^TT (m = r > 0). , 


Hence (3) becomes 



00 

ce2„(z,3) = <P2„^2(- 

-\yAf;^^J,{ke-^^)J,{kei^), 

(5) 




so this series satisfies — 2 Pcos 22 )y = 0 , > q. When 2 = 0, 

(5) gives 00 

<P2n = ceg„(0,g ') /tt 2 (6) 

/ r=»0 

as at (5) § 10.33. 

If in (5) we write iz for 2 , this being permissible by § 13.60, then 
Ce2,(2,g) - i (7) 

r=0 

SO the r.h.s. satisfies i/" — (a-— 2^'^co8h 22)y = 0, > 0. 

Substituting (Jtt— 2 ) for 2 in (5) leads to 

ce 2 „( 2 , -q) = (-1)"92»’^ 2 (8) 

r-0 

SO the r.h.s. satisfies y"+(a-|-2A;2 cos 22 ) 1 / = 0, > 0. 

Putting iz for 2 in (8), or (^ni+z) for 2 in (7), yields 

Ce*„( 2 , -q) = (-l )"92n ^ 2 (- lMr'/,(^:e-*)/,(A:e*), (9) 

r-0 

so the r.h.s. satisfies y" — (a-f 2A:^cosh 22 )y = 0, k^ > 0. The multi- 
plier ( — 1)^ is used in accordance with the definitions in §§2.18, 2.31. 
mi c c 
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10.35. Integral relation for Se 2 „ 4 x(^> 9 ) Bessel nucleus. 

In (2) Table 17, if we put m = 0, iz for z, take <f>(u) — se2„+i{tt,g), 
(8) § 10.10 gives, with the aid of (4) §2.30, 


Se 2 „+i( 2 , q) = <P 2 n+i I »')sin a 2 8in(2s+ l)tt du, (1) 

X «=“0 


where kiV = A;[2(cos2w+cosh22;)]^ = A;(e^+e“^+2cos2w)*. Now if 
C is a cylinder function, then [214, (4), p. 365] 




w 

== 2''r(v) 2 (— i)”‘(»»+v) 


'^m+v(Vl 


m-0 


VX V\ 


( 2 ) 


1 ^2 


with vT^ = v\-\-v\-\-2viV2G0^2Uy |vi| < while C^{gos2u) is the 
coefficient of ot^ in the expansion of ( 1 — 2oci 2w+ ctf )“*' in ascending 
powers of Thus 




(?J,(cos2tt) = ^ (— 1)‘ 
and in particular 




2”»-^r(»+m— s)co3”»-i^ 2 i4 

(m— 2«)!s!r(v) 


(3) 


m 


sin w ^^(cos 2w) = 8in(2m4-2)w/2cost^ = (—1)"* 2 (— l)*^sin(2p+l)w> 

p^O 


(4) 


the third member being obtained by expressing the second in 
exponentials and expanding. Also from (5), (9) § 10.30 with —iz for z 


sin a = yjr = A sinh 2 sin i^/r = 2A; sinh 2 sin w/Aji r. 


(5) 


Writing J for (£, = ke-^, = ke^, i/ = 1 in (2), and using (4), (6), we 

obtain 

. 00 m 

Jx(l;x r)sin a = j^sinhz ^ (”*+l)w'm+i ^ (— l)*’8in(2p+l)M, (6) 

m— 0 p=*0 

with «;„+x = J„,+i(Vi)J,„+i(v2). 


Hence from (1), (6) 

Se 2 „+i( 2 , 3 ) = <P 2 »+ 1 ^ 8 inh 2 J «’m+l(”»+l)X 

m«»0 

m 00 

X I X (~i)*’si“(2p+l)M X ■®l«+i^’sin(25-f-l)tt dw. (7) 

^ p«0 «-0 
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2ir 

Since f sin{2m+l)«8in(25+l)«dw _ 0 (m 9 ^: a) | value of 

J TT (wi = a > 0 ) j 

0 

(m+l) times the integral in (7) is found to be 


’’^■® 2 m+l — ’’■(w*'+l)[Bi— B8+-®5' 


( 8 ) 

Hence by (7), ( 8 ) 



c , . 4iT8inh2 

^® 2 n+l(^>?) — 92n+l 

00 

2 

(9) 


10.36. Alternative form of (9) § 10.35. By applying the 
formula 

m = ( 1 ) 

to = «4 '(^i)*^v+i(^2) •4+i(^i)*^»/(^2)> (2) 

and writing = « 4 +i(^i)* 4 ^+i(^ 2 )> we obtain the recurrence relation 

WJ- = ^ (»'+ 1 )si»h 2 • «’..+i+ W^.+1- (3) 

Applying (3) to its r.h.s. repeatedly and writing m for v yields 

4 

= -sinh2[(TO+l)M;„+i+(OT+2)M>„+2+(w+3)ta„+3+...]. (4) 

Accordingly we have 

I 

m ==0 

4 

= -sinh2[Bi(M>i+2t4;2+3ta3+...)— 

— B3(2w2+3w8+-)+-B6(3m’8+4m>4+-)— •••] (6) 

= ^sinh* 2 (”»+l)[5i-53+-B5--+(-l)’"-Bam+i]«'m+i («) 

TO— 0 

4 — 

= sinh Z 2 -Bjm+l W'm+l- C^) 

TO-0 

Hence from (9) § 10.36 and (7) above, we obtain 

®®an+l(2>3) — ?2n+l’’’ 2 ( l)'^-®8r+l^^['^(*^l)*4+l(*^a) )JM]. (8) 

r-0 
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10.37. Determination of <P 2 «+r When z + 00 , the asymptotic 
form of Se 2 „+i( 2 :, is, by (8) §10.3(5, 

''^e2„+i(2,g) <p.2„n7tBi(2/77r2)*cos(«;2+j77). (1) 

Comparing this with (5) §11.10, we see that 

92«+1 = + (2) 

With this value of <P 2 »i+i (^) § 10.36, (5) § 13.11 is reproduced. 

10.38. Integral relations for Fey2„(z,q), Gey2„+i(z, q). From 
Table 17 we get 

2w 

Fey 2 „(z, 9 ) = 92,1 f Fo{l'[2(cos2M+cosh22)j5}ce2„(M,g) du. (1) 

0 

By § 10.34 and (2) § 10.35 we see that the value of the integral may 
be obtained from the r.h.s. of (7) § 10.34, if Y^(ke-) be written for 
Jr(ke^), Thus 

^ey2«(2. «) = 92« 27 t f (-\YA{^;^'>J^{ke -')Y^(k^). (2) 

r=0 

If we let z -> -\-oo and equate the asymptotic form of the r.h.s. to 
(9) § 11.10, we find that 

92k = ce2„(0,g')ce2„(i7r,?)/2w^§- (3) 

With this value of (2) gives the B.F, product series for Fey 2 ^( 2 , q) 
at (1) §13.20. 

Again, from Table 17 we get 

2n 

Ciey 2 „+i(z,g) = 92n+i f Fi{l:[ 2 (cos 2 M+cosh 22 )]»} 8 inase 2 „+i(M,?)dM; 

0 (4) 

and from (2) § 10.35 we see that the analysis for the present case is 
the same as that in §§ 10.36, 10.36, provided Y^(k^) be written for 
JJJce^). Then by (8) § 10.36 

^®y2n+l(*>?) ~ 92n+l^ 2 ( ^)’^-®2r+l^T'4(^l)^+l(^2) '^+l(*’l)^(*’2)]' 

r=0 

( 5 ) 

If we determine 92 „+i as indicated above, the expansion (8) § 13.20 
is reproduced. Moreover, we have here a method of obtaining the 
B.F. product series representations of the modified Mathieu functions 
of the first and second kinds, which is an alternative to that given 
in Chapter XIII. 
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10.40. Integral relations for Fek„„ Ce,„, Fey,,,, Cek,„, Se,,,, Gey,,,, 

q > 0, with infinite upper limit. We commence with the formula 

00 

~ j e~-^*^^^^^^cos\\2rudu, ( 1 ) 

6 

This integral converges uniformly with respect to z if li(z) ^ x , 
X > 0. Under this condition, if —2ikcoshz be written for 2 , we get 


'^A^ 2 t^''K^{ — 2ikcoshz) = f cosh 2ru du (2) 

r=0 J r=0 

00 

== J gSifccoshscoBhu Cej„(tt,5') du. (3) 

0 

If z and k are real, the above restriction may be removed, since the 
real and imaginary parts of (3) are absolutely and uniformly con- 
vergent by §10.42. Then by (5) §H.14 and (3) above we have the 
integral relationshij) 

00 

Pek 2 „( 2 ,^) = J du. (4) 

^ 0 

Applying (4) §8.14 to (4), on equating real and imaginary parts, 
we obtain 




7 ryl««) 


J sin(2^ cosh z cosh M)Ce 2 ,t(M, q) du (6) 


and 


00 

Fey2„(z,9)= — J cos(2i:cosh2COshM)Ce2„(M,?)dM. 

" 0 (6) 

Similar analysis leads to the following: 

00 

Fek2„^i(2,<?) = J Ce2„+x(«.?) iV 

^ 0 
00 

Ce2„+i(z,g) = J cos(2*cosh2coshw)Ce2n+i(w.?)‘^“> 

« ( 8 ) 

and 

00 

Fey2„+x(z,g) = J 8in{2i;cosh2C08hM)Ce2n+i(«.«) 

^ 0 ( 9 ) 
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To derive integral relations for Grek„, Se„, Gey„ we commence 
with the integral relationship [132] 

00 

vK^(z) = 2 J " sinh tt sinh du — (10) 

0 

R(z) > 0. Then by aid of formulae in §8.14 we find that 
Gek2„+i{z,g) 


= j* e***®®®*‘*®°®*'“8inh2sinhttSe2„+i(M,g') dzt, 


(H) 

Se2„+i(2,j) 

00 

_ r 8in(2^cosh2cosh«)sinh2sinhMSe,„^.i(M,g') dw, 

j 

0 (12) 

Gey2„+i(2,g) 

00 

_ - f cos( 2 icosh 2 C 08 hM)sinh 2 sinhMSe 2 „+i(M,g) dM, 

0 (13) 

Gek2„+2(2,g) 

2i 


^ f * ®°®'* “ sinh z sinh u Se2„+2(tt, q) du, 

tClT ^ J 


(14) 

Se2«+2(2,9') 

= — — J cos(2A: cosh z cosh tt)sinh z sinh u Se2„+2(“> ?) 

(16) 

Gey2„+a(2,?) 

_ — — f sin(2^: cosh 2 cosh M)sinhz sinh « Se2„+2(“> 

Ictt J 

0 (16) 
Relations (11)-(16) may also be expressed as follows: 

Gek2„+i(z,g) 

00 

= ^^^^^y^tanh2 J e^^*®°®*‘*®°®'’“Se^„+i(M,g) dtt, (17) 

^ 0 
Se2n+l{2.?) 

00 

= tanh 2 j cos(2A; cosh « cosh w)Se2n+i(^,?) (18) 
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Gey2„+i(2,g) 

00 

_ _ ^ ^ f sin(2A cosh z cosh «)Se 2 „^.i(M, g) dw, (19) 

A/TT-Oj^ ^ J 

0 

Gek2„+j(z,?) 

00 

= " fe^!fe2r *^»hz J dw, (20) 

Se2n+2(2.g) 

00 

= J sin(2^ cosh z cosh M)Se 2 „+ 2 {M, q)du, (21) 

^ 0 
Geyzn+iiz.q) 

00 

= f cos(2i: cosh z cosh M)Se 2 „+ 2 («, g) dw. (22) 


J 

0 


On integrating by parts and using the result that 
Se^(O) = Se„(oo) = 0, 


(17)-(22) reduce to (11)-(16), respectively. 

(4), (7), (11), (14), (17), (20) converge if A:coshz is complex, pro- 
vided that its imaginary part is greater than zero. The arguments 
of the circular functions in the integrals obtained by separation into 
real and imaginary parts must be real. The. nuclei in the integral 
equations (5), (8), (12), (16) are symmetrical in u and z. §§10.42- 
10.45 are based on A: > 0,z real: z ^ 0 in (4)-(9), z > 0 in (ll)-(22). 


10.41. Integral relations for Fek,„(z, —q), Gek,„(z, —q). These 
are obtained by applying (7), etc., §8.40 to (4), (7), (11), (14) § 10.40. 
For example, if .B(z) > 0, 

00 

Fek 2 „(z, ~q) = J c- 2 *«‘“''*'«>«»“Ce 2 „(«,g) du. (1) 

0 

The remaining relations may be obtained by the reader. There are, 
however, alternative relations for these functions, which we shall 
now give. Applying (1) § 10.40 to (9), (19) §8.30, we obtain 


Fek 2 „(z, -q) 


ce 2„(0,g) 


00 

J g- 2 fcC 08 h« 008 hUCejj^(«, 
0 


~q) du. 


( 2 ) 



200 


INTEGRAL EQUATIONS AND RELATIONS [Chap. X 


It should be noticed that for Cej^, j > 0 in (1) and < 0 in (2). 

00 

Fek2„^i(2, -g) J 

» (3) 

Similarly from (10) § 10.40 and (29), (39) §8.30 we find that if 2 > 0 

Gek 2 „+i( 2 , -q) 

00 

~ J coshacosh u gjjjjj ^ ^ Se 2 „+,(M, —q) du, (4) 

Gek2„+2(2. -?) 

oo 


If i^ni+z) be written for z in the integrals in § 10.40 corresponding 
to Ce^, Fey^, Se,^, Gey,^, they diverge. 


10 . 42 . Convergence of integrals ( 4 )-( 9 ) § 10 . 40 . In that 
section functions are defined by infinite integrals whose properties 
we shall now investigate. Constant multipliers will be omitted for 
brevity. We exemplify using (6) § 10.40. Both members of the 
integrand are continuous in 0 ^ ^ Wq, however large Uq may be, 

the continuity of the first member holding in any closed interval of 

Vq 00 

z real. Thus J exists, so we consider J with Uq extremely large. 

0 Vo 

Then by (2) § 11.10 the asymptotic form of Ce 2 ^(w) oc a:“*sin(a;4-i7r), 
where x = 2^co8hi^, du c:i dxjx. With these substitutions the in- 
tegral for consideration is 

00 

/ = J cos(a;cosh 2 )sin(a:-f- j7r)a;“*Ma:. (1) 

Xo 

Since |cos(:rcosh2)sin(a;+ J^)| ^ 1 if 2 is real, we get 

00 

/ < J x-^ dx = 2xQ^y (2) 

Xo 

so the original integral converges absolutely. Further, the con- 
vergence is independent of z in any closed interval i) ^ z ^ Z 2 j so 
(6) § 10,40 is absolutely and uniformly convergent therein. Conse- 
quently it represents a continuous function in the interval. In § 13.60 
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it is demonstrated that the series for Feyg^Cz, q) — the function repre- 
sented by (6) § 10.40 — is uniformly convergent in < z < Zj, and 
so represents a continuous function therein. The convergence of 
(4), (7) § 10.40 follows from that of their real and imaginary parts. 

10.43. Differentiation under the integral sign. This is valid 
provided the resulting integral is uniformly convergent. To exem- 
plify, we differentiate (6) § 10.40 with respect to z, and obtain 
(omitting the external multiplier) 

00 

sinhz J 2k cosh U8in(2k cosh z cosh u)Ce 2 ni'^ y Q) (1) 

0 

Thus we consider the integral 
00 

1 = sinhz J sin(a:coshz)sin(a:+ J7r)a:~l dx (2) 

I 

= ^ sinhz r {— cos[a;(coshz-[-l)H- J7r]4- 

1-* +00 J 

+ cos[a:(co8hz— 1)— dx, (3) 

Now — cos[ ] oscillates between finite limits for any z in Zj < z < z^ 
as Z -> -f-oo, while x~^ 0 monotonically. Hence by a known 

theoremf the integral converges uniformly with respect to z in the 
interval. It vanishes at z = 0, owing to the factor sinhz. 

In the second integral of (3) write 

a:(coshz---l) = y, dx = dy/(coshz—l), 

and we get 

^ /“•w-i”)!'-* '*1'. m 

V9 

the upper limit being y = a:(coshz— 1), x -> +cx), and the lower limit 

Vo = a:o(coshz— 1). 

From what precedes it is clear that, excluding the region of z == 0, 
(4) is uniformly convergent in any closed interval z^ < z ^ z^- When 
z -> 0, the external factor tends to 1/V2, the upper limit y \xz^, 
and t/o -> \xqZ^, Thus as z 0, 0, but y -> 0 or oo according to 

the way z->0, i.e. it is not unique. Hence (1) is uniformly con- 
vergent in 0 < Zj < z < Zg. Accordingly Fey 2 n(z, q), as defined 

t See Bromwich, Theory of Infinite Series, 

Dd 


4961 
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by the integral, is continuous in z > 0. A second differentiation 
under the integral sign is not permissible, since the resulting integral 
is oscillatory and diverges owing ^o presence of the factor in the 
integrand. The preceding conclusions apply equally to (5), (8), (9) 
§ 10.40. 


10.44. Convergenceof integrals (ll)-( 16) § 10.40. Theinves' 
tigation follows on the lines of that in the preceding section. In 
all cases we get an integral akin to (3) § 10.43, so the integrals are 
uniformly convergent in < z < Zg. Thus they represent continuous 
functions. These integrals cannot be differentiated under the sign, 
since the resulting integrals diverge. As in § 10.43, z^ real > 0. 


10.45. Convergence of integrals in § 10.41. The analytical 
procedure is similar to that in §§10.42, 10.43. Thus for (2) §10.41 
we consider 

00 00 

J* = J dx (1) 

X9 Xo 

with X = 2k cosh u. It is obvious that (1) is absolutely and uniformly 
convergent in 0 ^ z < Zg, so Fek 2 ^(z, — g), as defined by (2) § 10.41, 
is a continuous function of z. Differentiating (2) § 10.41 under the 
integral sign with respect to z leads to a consideration of 


J (2) 

Xo 

This is seen to be absolutely and uniformly convergent in z^ < z ^ Z 2 , 
so long as the neighbourhood of z = 0 is excluded. It diverges if 
z = 0. These conclusions apply equally to (3) § 10.41. In the case 
of (4), (5) §10.41, integrals of type (2) above are involved, so the 
preceding conclusion applies. These latter integrals can be differen- 
tiated under the sign, except in the neighbourhood of z = 0. 


10.50. Integral equations for ce,„( 2 :, g), se,„(z, with nucleus 

g 2 iMco 8 hf cosTjcos^+sinhfsinTysin^ jg readily Confirmed by substitu- 
tion that [183] 

2n 

{ = J ^f(d) de, ( 1 ) 

0 

f(d) being an arbitrary differentiable function of is a solution of 

dK , dK 



10.60] INTEGRAL EQUATIONS AND RELATIONS 203 


Introducing elliptical coordinates (Chap. IX), and taking 


4)fc2 = > 0, 

(1), (2) become, respectively, 

2«‘ 

C = J dd, (3) 

0 

and ^ "*■ 2^— cos 2r)% = 0, (4) 

with w = cosh f cos rj cos 6+ sinh f sin rj sin 0. The physical interpreta- 
tion of (3), (4) deserves to be mentioned. (4) is the equation for 
propagation of ‘ellipticar waves, and (3) is a solution thereof. Now 
Q 2 ikw represents a system of omnidirectional plane waves, since 6 
varies from 0 to 27t. Hence we may visualize ‘elliptical’ waves as 
being synthesized from ‘plane’ waves moving in all directions (6) 
and properly coordinated in amplitude and phase [/(^)]. 

As a suitable solution of (4) we take ^ == fi{i)f 2 iv)> where fi,fz ar© 
solutions of 



^-(a-2Pcosh2aA= 0 

(5) 

and 

^ + (a—2k^coa2r))f^ = 0, 

(6) 

respectively. 



The next step is to define /(0), so that (3) is a solution of (6) with 
^ written for / 2 . From (3) 


drj^ 


2w 

— J [4I:*(sinh|cos7jsin0— coshf sini]CO80)*+ 


Now 


-j- 2i^(cosh $ cos Tj cos 0+sinh ^ sin sin d$. (7) 


(sinh I cos r) sin 0— cosh $ sin ij cos0)® 

= (sinhfsini]cos0— cosh^cos7jsin0)*— |(cos2i}— CO8 20). (8) 
Substituting from (8) into (7) gives 


d% 

dr)^ 


2n 

J fid) j^2I;2(cos 21] - COS 20) + ^ j e***"- d$. 


(9) 
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Then by (3), (9) 


aw 

(a— 2 Pco8 2 > 7 )^ = 24^008 + (10) 

0 

b 


Sub8tituting from (11) into (10) leads to 

fnr 

’ I /~ nt.2^ o„\y r r/»//n I £ 


J-| + (a-2)[:*C08 2»jK = / [/''(0)+(a-2/fc*cos20)/(0)]e2'*“d0 + 

A 


(eSifcio). 


^f(^)g2ikw\ 


If /(0) satisfies (6), the first [ ] in (12) vanishes, while if f(d) has 
period n, 27t, the second [ ] vanishes at the limits. Under these 
conditions C satisfies (6) as required, so f(B) must be a multiple of 
8®>n(^>?)- Also the same a, q in (5), (6) it follows that 
/i(f. 3 )« CeJ^,?) or SeJ^,q), &nd Urj,q)cc ce Jr], q) or 8ejr),q). 
Thus (3) yields the integral equations 

2n 

Cem(^)ce„(^) = />m J e*<*“ce„(tf) dS (13) 

0 

2 w 

and Se„(f)se„,(7;) = J e*‘'*«’se„(d) M. (14) 

0 

Pm> characteristic values of the nucleus e^***". 


10.51. Evaluation of (13), (14) § 10.50. We commence by 
writing 

2kw — 2k{XiCosd-{-yiBin6) = 2icos(0— a), (1) 

where 

Xi — xjh — cosh f cos 17, Pi — yjh = sinh^sinij, 

Zj = 2Ar(cosh*^co8*97+sinh*f sin*»7)l = 2^(cosh*^— sin*?;)* = kiV, 

and Of = tan-*(yi/arj), or tana = tanhftanr;. Next we use the ex- 
pansion [202, p. 43] 

e<i*.cos(tf-a)i ,,, J„(2 j) 4-2 I tPcosp( 0 -a)J„(z,), 

P-1 


( 2 ) 
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together with that of ce 2 n{^), in the integrand of (13) § 10.60, thereby 
obtaining 

00 

Ce2„{f)ce2„(7;) = J [Jo(2i)+ 2 f t»’cos^)(0-a)Jp(Zi)] X 

X f ^g.~>cos2r0dfl. (3) 


r-O 


Now 

2it ^ 

J [./o(2i) + 2 2 a)Jp(Zi)]co3 2r0dd = 2iTi^cos2ro(Jgr{Zi), 

0 *>-1 (4) 

the other integrals vanishing by virtue of orthogonality of the 
circular functions. Also, the series concerned are absolutely and 
uniformly convergent. Hence by (3), (4) we obtain the result 


Cej„{^)ce2„(i,) = 2npi„ 2 (-l)'J^*/>cos2ra Ja,(Zi), 


r=0 


(6) 


this series being absolutely and uniformly convergent. Since the 
r.h.s. of (3) when evaluated is real, it follows that the imaginary 
part vanishes, so 

2n 

J sin[zicos(0— a)]ce2„(0) dd = 0. (6) 


To evaluate /) 2 „ in (6), put = 0, then a = 0 and Zj 
giving 


2k cosh 

Ce2„(^)ce2„(0) = 2np,, t (-l)M<r)J2r(2*cosh^). (7) 

r-o 

Thus from (7) above and (16) §8.10, 

Pin = ce2„(0, 3)ce2„(i7r, g)/27ri4i*’*> = PiJ2n. (8) 

Using (8) in (13) § 10.50, and remembering that the imaginary part 
vanishes by (6), we get the integral equation for ce 2 „{r),q), namely, 


2Tr 


Ce2,M)<^2n(l).= Pin / cos[zi cos(0-a)]ce2„(0) dd 


Pin I (-l)"^g.’‘>C08 2raJ2r(2l)- 
r=0 


( 9 ) 


( 10 ) 


10.52. The remaining integral equations. Analysis similar to 
that in § 10.51, using the multipliers p^, defined in Appendix I, 
leads to the following: 

Pin+l — Pin+l/^^> (l)t 

t When used in (13), (14) § 10.50, must be multiplied by — i, since the 

l.h.s. are real. 
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tv 

Cetn+i(i)<^^in+iiv) = PtH+1 J 8in[2i cos(0-a)]ce2„H.i(0) dd (2) 

0 

= - 3 > 2 «+i i r-l)’'^^V’cos(2r+l)aJ2,+i(zi), (3) 
r-0 
2ir 

j C08[2iC0s{fl— a)]ce2„+i(^) = 0. (4) 

0 

^2n+l “ ^2n+l/^'^* (^) 

2fr 

Se2„+i(f)se2„+i(ij) = aja+i J sin[2i cos(d-a)]8e2„+i(d) dd (6) 

0 

= S (- 1 sin(2r+ 1 )a J^M. 0) 

r»0 

2ir 

j cos[5?iC08(fl— a)]se2^^i(0) dd = 0. (8) 

0 

^2n+2 ~ ^2n+2/^^> (^) 

27r 

Se2„+2(f)se2„+2(i?) = <72„+2 / cos[2i cos(d-a)jse2„+2W dd (10) 

0 

= -^2«+2 I {-iyB^^lV>sm{2r+2)acJ^M, (H) 

r-0 

2ir 

j sin[2iCOs(fl— (x)]se2n+2W == ^- (12) 

0 

By analysis similar to that in § 8.60 it may be shown that the series 
herein and in § 10.51 are absolutely and uniformly convergent in any 
finite region of the 2 ;-plane. 

cos 

10.53. Expansions of ^j^{21:(cosh^^cos7^costf+sinh^sin7^sin0)}, 
> 0. Assume that 
cos[2Ji cos(^— a)] 

~ 2 [^2m(’?)Ce2m(^)^2m(^)+^2m+2(’?)Se2m+2(^)®®2m+2{®)]- (1) 

m-0 

Multiply both sides by ce 2 „(^), integrate with respect to 0 from 0 to 
277, and we get 

2fr 

J cos[2iC08(d-a)]ce2„(«)dfl = »7C2„(»j)Ce2„(^). 

0 


( 2 ) 
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the other integrals vanishing by virtue of orthogonality (§2.19). 
From (2) above, (8), (9) § 10.51, it follows that 

C'4n(’?) = 2ce2„(l))/j32„. (3) 

Multiplying both sides of (1) by se 2 n+ 2 (^) proceeding as before, 

^2n+2(v) = 2se2n+2(^)/^2n+2* (^) 

Substituting (3), (4) into (1) yields the expansion 
cos{2A;(cosh | cos t) cos0+sinh f sin rj sin0)} 


^^2n(^)^^2niv)^^2n(^) I ^^2n+2li)^^2n+2iv)^^2n+2i^) 


. (5) 


By similar analysis we find that 
8in{2A;( cosh ^ cos rj cos 0 + sinh ^ sin rj sin 0)} 


=2y 


^^2rH-l(^)^^2n+l('^)^^2n-n(^ ) ^ ^^ 2n-n(^)^^2 n +l('^)Q^2n-n(^) 
P2n+1 ^2n+l 


In (5), (6) write for then, referring to § 10.60, the r.h.s. of (5) above 
reduces to the form (7) for 0 = 0, and to (8) for 0 = ^tt, while (6) above 
reduces to the form (9) for 0 = 0, and to (10) for 0 = Jtt. Accordingly 
we obtain the expansion 

gi«j co8(^-a) 

— gik,(xcos9+i/8iii®) _ co8{fci(a;cos0+y8in0)}+i8in{A;i(a:co80+ysin0)} 

r 1 1 

= 2 y — Ce,„(f)ce2„(ij)ce2„(0)4-- Se2„+2(^)8eij„+2(7;)se2„+2(0) + 

^ Von S»„.o 


+» Cej„+i(|)ce2„+i(7j)ce2„+i(0) + 

IPan+i 


+ ” S®2n+l(^)®®a»+l('’?)®®2n+lW} • C^) 

^2n+l / - 


When the fundamental ellipse tends to a circle, it may be shown, 
by aid of Appendix I, that with 0 = 0, ^tt, (5), (6) degenerate to 
well-known expansions in B.F. 

10.60. Expansions of nuclei in characteristic functions, q>0. 
If in (2) § 10.11 we put x == Ji(u)S(z), and proceed as in §9.21, we 
obtain the two ordinary equations 

J2T> 

■j-j-(-(a— 2gcos2w)i? = 0 


( 1 ) 
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and -^-\-{a—2qcoB2z)S = 0 . ( 2 ) 

For a given value of g, if a == a,,,, Jbhe products of the first solutions of 
(1), (2) are Xmc = c„,ceJu)oeJz), while if a = 6„, we have 

Xm, = «»,se„(«)se„(z), 

and being arbitrary constants, m taking positive integral 
values. Hence we may write 

00 CO 

X = 2 c„ce„(w)ce„(z)+ J «„,8e„,(tt)se„,(z). (3) 

m-0 m=l 

Now X = and e-**^®**^*^®*^^ are also solutions of (2) § 10 . 11 . 

It appears, then, that these composite integral function solutions may 
be expressed in infinite series of periodic Mathieu functions. The 
real part of the first, being even in 2 , is the nucleus for ce 2 n{Zjq), 
Now the second series on the r.h.s. of (3) is odd in u, z, while ce 2 „( 2 :, q) 
has period tt. Let us assume, then, that 

00 

C08(2A:C0S MC0S2J) = 2 (^) 

the r.h.s. of which is even in w, z and admits the period tt in both 
variables. To determine multiply both sides of (4) by and 

integrate with respect to u from 0 to tt. Then 

■rr TT 

J cos( 2 A:co 8 Mcosz)ce 2 „(M) in = C 2 „ce 2 „{z) J ce|„(M) iu, (5) 
0 0 

all other terms on the r.h.s. vanishing by virtue of orthogonality 
(§ 2.19). Hence by (5) above and (1) § 10 . 12 , 

^2n(^)IKn = i’fC2„Ce2„(z), 

so, using ( 6 ) § 10 . 12 , 

C2« = 2Ma„ = 2^<,*”Vce2„(iTr,g). (6) 

Consequently from (4), ( 6 ) we obtain 

^( 2 ») 

cos(2^ cost* COS z) = 2 N ^ (u)c&^„{z), (7) 

which is the expansion of the nucleus for ce 2 „(z,g') in terms of the 
functions themselves. The seven remaining primary nuclei in 
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Table 14 may be expanded in a similar way, and the results are 
given below [97]: 


cosh(2A-sin?^sin2) ^ ^ “-^vCe 2 ,,(w)ce 2 ^( 2 ), (8) 

^ ^(2n+l) 

sin( 2 tcosMcos 2 ) = -2k y ce 2 „+i{M)ce 2 „+i(z), 

■*— ' ce®,, .,l»7rl 
n **0 

“ 2{(2»»+l) 

sinh( 2 A;sin?tsm 2 ) = 2k y - 7 --,^.se 2 „+^{u)se^„^i(z), (10) 

seo„_n(U) 


cos u cos z 


n *0 

^(2/1+1) 


( 11 ) 

CC2„^i(0) 


2 J5(2ik 1) 

i (^2) 

^^S^2/<+l(2^) 


sin sin 2 sin (2 A; COS COS 2) ~ 
cos u cos z sinh(2A: sin u sin z) — 


^ ^(2/1+2) 


2 n +2 


® W2«+2) 


(2), 

(13) 

(14) 


By writing iz for z in the above relationsliips, series are obtained in 
terms of Mathieii and modified Mathieu functions. For z real, con- 
vergence of the series follows from the fact that the A, B -> 0 as 
fi —> “|~oo (see § 3.35). 


10.61. Results deducible from § 10.60. Writing u — in 
(7) § 10.00 yields 

1=22 ^r‘>ce2„(2). (1) 

n «=0 

Assuming the r.h.s. of (9) § 10.60 and its first derivative are uniformly 
convergent with res})ect to u, by differentiating and substituting 
tt = Itt we get 

COS2 = 2 .4i*"+i>ce2„^i(2). (2) 

n = 0 

In a similar way we find that 

sinz = 2 (^) 

n «=0 

sin 22 -= 2! (4) 

«»o 


49t>i 


F t‘ 
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Inserting the expansion of ce 2 „( 2 ) in (1) gives 


1=22 1 ^^*r"’cos2rs, 

n *=0 ^ r —0 


(5) 


Since the l.h.s. is independent of z, equating constant terms, i.e. 
r = 0, yields oo 

1=22 Mi'"?- (^) 


n =0 


Equating the coefficient of cos 2 r 2 to zero leads to 
f = 0 (r ^ 0). 

n =0 


(7) 


Similarly we deduce that 

f [^(2«+l)]2 = f [£(2«+i)]2 = 2 = 1. (8) 

n = 0 n =0 n *=»0 

tjsing the orthogonal properties of the functions the following expan- 
sions may be obtained: 

00 

cos 2rz = 2 ce 2 „(z), 


n »=0 


cos( 2 r+l )2 = 2 ^ 254 i^^ce 2 „+i( 2 ), 


n ==0 


sin(2r-}-l)z — 2 


n-O 


sm(2r+2)z = 2 ®®2n + 2(^)5 


n =0 


(9) 

(10) 

( 11 ) 

( 12 ) 


2 = 2 = I = I = 1 , (13) 


n = 0 
r >0 


n =0 


n = 0 


n = 0 




n-0 


71 = 0 


7 ? = 0 


2 = 0 (14) 


7l==0 

provided r ^ s. Additional relationships between, the functions of 
integral order will be found in reference [97]. 

10.62. Additional expansions. Assuming uniform convergence 
of the series in § 10 . 60 , numerous results may be deduced by dif- 
ferentiating or by integrating term by term. Two examples involving 
B.F. will suffice to illustrate this point. Integrate both sides of 
(7) § 10.60 with respect to u from 0 to tt, and we get 

1«. J„(ikoonz) = 2 2 [-4i*’*>]*ce.^„(3,g)/ce2„(i7T,g). 

n“0 


( 1 ) 
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IfZ=:0, Jo(2)fc) 

= 2 f [^M^ce2„(0,g)/ce2„(|rr,gf); 

n»»0 

CO 

(2) 

while for z = 

1 = 22 
«i s A 

(3) 

as at (6) §10.61. 

7i— ‘U 



2®. Multiplying both sides of (7) § 10.60 by coa2mw and integrating 
as before leads to 

J^J2k cos z) = f ce 2 „(z, qyce^ni^n, q) (m > 0). (4) 

»=0 

Rigorous proofs of the validity of results in §§ 10.53, 10.60, 10.61, 
and a demonstration that, under conditions similar to those for the 
Fourier case, a function of period tt, 27r may be expanded in a series 
of Mathieu functions of integral order, are beyond the scope of the 
text. For functions having period 2^77, 5 > 2, the Mathieu functions 
of order 2n+j3, 2n+l+i3, p = p/s, 0 < jS < 1, would be needed (see 
§§2.20, 4.71). 


10,70. Integral equations of the second kind. We commence 
with the equation 

^ + [«- 2 ? </>((ou)]y = 0, ( 1 ) 

where has the same properties as in (1) §6.10. 

Multiplying throughout by sin vu, ~ a, gives 

sin vuy''-\- a sin vuy = 2q\f)(ix)u)sinvuy, ( 2 ) 


so 


z z 

J sinuM dy' +a j mivuy du 


Z 



0 


(3) 


Thus 

z z z 

\y' sinvuf^—v J cosvudy-\-a^ sinvuy du 2q j ip(uju)sinvuydu, (4) 
0 0 0 
and ultimately, since a = we get 

z 

y'(z)sinvZ’~vy(z)oosvz = -~vy(0)-\~2q ^ \jj(iou)s\nvuy du. (5) 

0 

If in (2) sinvw is replaced by cos>^, the equation corresponding to 
(5) is 


y\z)QOsvu-\‘vy{z)s\nvz = y'(0)+2g' J \ls{o)u)(tosvuy du. (6) 

0 
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Multiplying (6) by cob vzfv, (6) by Binvzjv, and subtracting the first 
from the second, yields the integral equation 

Z 

y(z) = y(0)co8 If- ^ J ^inv{z~u)ils{u>u)y{u) du, (7) 

0 

Hence we are led to two solutions of (1), in the form of the integral 
equations of the second kind with variable upper limits, namely, 


z 

yi{z) = 2^i(0)cosv3+^^^^’^+^ J Bmv(z—u^(aiu)yx{u) du, (8) 

0 

and 2 

yj(2) = ^2(0)008*^+^^^^— — + ~ J Bm.v(z—u)^{u)u)y 2 {u)du. ( 9 ) 

0 

If we specify the initial conditions, as in §4.10, to be 
ViW = 1. yi(0) = 0, 

1/2(0) == 0 , y^O) = 1 , 

(8), (9) give 

Z 

y^{z) = cos»'2 + ^ J Bmv{z—u)ili{<jju)yy<iu)du (10) 

0 

Z 

and 1 / 2 ( 2 ) == f miv{z—u)ilj(o)u)y^(u)dUy (11) 

V V J 

0 

respectively. For Mathieu’s equation tj;{o)u) = cos2w. 

10.71. Integral equations for y''—{a—2qcosh2z)y = 0. Using 
the procedure in §10.70 but with sinhvti, coshi^t^ for sini^, and 
cosvw, respectively, we get 

z 

y{z) = y(0)coshv2 + ^(-^-— — f sinhi'( 2 — M)cosh2My(M) da. 

*' S (1) 

For the initial conditions in § 10.70, (1) yields 

Z 

2 / 1 ( 2 ) == coshu 2 — — J sinhv( 2 — M)cosh luy^iu) du (2 finite) (2) 
0 

and , 

^ 2 ( 2 ) = — r sinhv( 2 — M)cosh 2My2(a) dw (2 finite), (3) 

V V 3 

0 

where 1 / 1 ( 2 ), y^iz) are, respectively, even and odd solutions of the 
above differential equation. 
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10.72. Solution of (10), (11) § 10.70. Write = 2qlvy and assume 

Vli^) == C08PZ+pCi(z)+ph2(z)+ph^{z) + ..., (1) 

the c being continuous functions of z. Substituting (1) into (10) 
§ 10.70 we get 

pc^{z)+p\{z)+.,. 

z 

= p j 8Uiv{z—u)tfs{oju)[cosvu+pc^{u)+p^C2{u)+.,.] du. (2) 
0 

Equating the coefficients of p on each side of (2), we have 

z 

C^{z) == J 8\nv(z—u)CQ8vU\ls{oiU) du 

0 

z 

= I J [sini/(2;-— 2i^)4-8ini/^]«/f(a>t^) dw 
0 

z z 

= Jsinv 2 J 0(cow) du j 8inv{z—2u)i/f{a)u) du, (3) 
0 0 

This is now substituted for 0 i{u) into the r.h.s. of (2) and 02 ( 2 ) 
obtained by equating the coefficients of p^ on each side. If p and 
p\^{oiu)\ are small enough, a first approximation is given by 

yi(z) Cif cosi/2+(g/i/) sinvz J ^{(ou) + J 8mv{z—2u)^((x)u) duu 

^00 

(4) 

the omitted part being 0(l/v*). Similarly for (11) § 10.70, we find that 

sin vz z z T 

2 / 2 ( 2 ) (?/^^) cosv^; J ^{(du) du ■— j cosv(z—2u)i/f{(Du) duL 

‘-0 0 

(5) 

the omitted part being 0(1 Jv^), 

10.73. Alternative forms of (7) § 10.70. This may be written 

z 

y(z) = CyCoavz-\-8,8mvz-\-^ f 8inv{z—u)iL{(ou)y(u)du, (1) 

V J 

0 

where Cy = y{0), 8y = y'(0)/i/. Now let a = m being an 

integer, then (1) § 10.70 becomes either 

dV 


d2» 


4-[m®— {— A*+2g^(a)2)}]y = 0 


or 


^+[A*-{2gi^(w2)-m*}]y = 0. 


( 2 ) 

(3) 
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Since (1) is an integral equation for (1) § 10.70, it follows that the 
integral equations of the second kind for (2), (3) are, respectively, 

z 

y(z) = C',„co 8 m 2 :+<S„ 8 inwt 2 +— j 8in»n(z— 

”"1 (4) 

Z 

y(z) = (7;^co8A2;+^A®^^^ + Y I sin A( 2 :— w)[2g 0(a>u)— dw. 

(5) 

Alternatively, if we take a = af+Q|, by varying either aj or a.^, 
keeping a constant, we can write down an infinite number of integral 
equations. The C, 8 are functions of q. 

10.74. Integro-differential equations for 

y“ -\-2Ky' -\-[a—2q^{(t)z)']y = 0. 

The integro-differential equations corresponding to (1), (4), (5) §10.73 
are, respectively, 

Z 

y(z) — C,,co8i^-f (SySini'Z-f - j* sinj'(z— 2/c^jy(M) d«, 

0 (1) 

y{z) = C^cosmz-f 5,„sinwi2-t- 

Z 

4-— r sinm( 2 ;— te)[2g0(o>w)— A^— 2/c^ y(u)du, (2) 

m J L 

0 

and 

y{z) = CxCosXz+ExsinXz+ 


+ 


i j* 8inA(z— m) 2qtli{wu)—m^—2K 


i. 

du 


y{u) du. (3) 


The 0, 8 are functions of q. 

10.75. Second solution of Mathieu’s equation using (4) 
§ 10.73. The integral equation may be split up into the two parts, 
namely, 

Z 

yJz) ^ C„^coHmz + — j smm(z—u){2qcos2u—X^)yi{u)du (1) 
m J 


and 
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Let a be the characteristic number for ce^{z, q), then we have to 
determine y^iz) from (2). For 002(2,5'), by (6) §2.151 


a 


4 —O'* 

^12^ 


763 

13824 


q*+-, 


80 With m-2, \‘= . 

Assume that 

y^{u) = «o(tt)+5'«i(M)+g'*.s‘2(M)+..., 

^2(9) = i +^ i 9'+^2 9'*+^3 ?*+■••• 


(3) 

(4) 

(5) 

(6) 


Substituting (4), (5), (6) into (2) gives 

«o(2)+?«i(2)+9*«2(z)+ 3®«8(2)+- = (l+i3ig+|825*+^39®+-)sin22+ 


Z 


+ 



0 


cos 2u — 



763 


27648 



X 


xK(^)+g5i(w)+gS(^) + ---] du. 
Equating like powers of q on both sides of (7) leads to 
8q(z) = sin 22, 


g 


Si(z) = jSj^sin 



0 


(7) 

(») 


= J3i sin 2z+^ J sin 2(z—u)sin 4u du 
0 

= (i3i+J)sin22— isin42. (9) 

If for the sake of illustration we adopt the normalization of § 2. 1 1 , 
the coefficient of sin2z is unity for all q. Thus in 8^(z), 8.^(z),.„ the 
coefficient of sin 2z must vanish, so 

= - J- a^nd 8i(z) = -J2sin42; (10) 


z 

q^ 8^{z) = / sin 2(2— ?4)|^cos 2u ^^(m) — j 

0 

z 

= P 2 ^in 2 z— J sin2(2— w)j^l^cos2wsin4t^ + ~sin2«ij du 
0 


( 11 ) 
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9 11 

Thus ^2 = and s^{z) = ~z cos 2z -f ^sin 6z, (12) 




-—2 4-— 2 COS 4z 

32 ^96 13824 




giving 

and 

* 3 ( 2 ) 


^3 


619 

34560’ 




2 cos 4z — — 

96 13824 


sin 4z - 


1 


23040 


4 


sin 82 , (13) 


and so on. Then 


® 1 /I 1 \ 

2 / 2 ( 2 ) =l^q%{z) --== sin 22 -— ?sin 43 -f-g' 2 /-zcos 2 ^ 4 --~sin 62 l — 

*/ — ^ 2 -f -4-2 cos 42 sin 42 -I- -—4 — sin 82 ) -I- ... . (14) 

\ 32 ^96 13824 ^23040 ^ 


Thus 


2 / 2 ( 2 ) = fe^Cz.g) = .j2ce2(2,g)4-sin22-j4g,8in4^-f 

+^g2sin62-^?2(-g8in42^-4sin82)4-... (15) 


/, 1 , 9 2 , 619 , 

I 1 gr J (72 J g3 

\ 6^^128^ ^34560^ 


...jsin 224- 


-f J 8in2(z-M)j5'cos2u-|-5^2-}-^^^5'^-...jfe2(M,?)dM. (16) 
0 

A similar treatment of equation (1) would yield the series for 002(2:,?), 
the first solution of Mathieu's equation with a = as given at 
(3) §2.150. In general, if yi(z) ~ and the q series for a is 

unknown, write 

a = ni^-\~ 0 Liq-\-(X 2 q^-\- 0 L^q^-\~ (17) 

make the coefficient of cos m2: unity, and determine 0:2,... so that 
all terms in the expansion are periodic in tt or 27r, according as m is 
even or odd (see §2.13 et seq.). To obtain ^^nXz,q)y treat (2) in this 
^''ay. ge;„(2:,?) can be obtained by analysis similar to that from 
(3)1(15). 
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10.76. Integral equations for yi(z)y2(‘^)- Let 2/1(2), y^iz) be 
independent solutions of 

y'* -\-{a—2qQOH2u)y = 0, (1) 

for the same a, g. Then writing ^{u) = (2gcos2w— a), we have 

y{-myx = 0 (2) 

and yl—iMy 2 = (3) 

Multiplying (2) by y^, (3) by yj, adding and integrating with respect 
to u from 0 to 2, gives 

z z 

/ iyWt+y'iyl) du = j iy'iy 2 +yiyi)i(u) du, (4) 

0 0 

z z 

so J diy'^y'^) = J ${u) diy^y^). (5) 


0 0 

Hence by partial integration of the r.h.s. of (5) we find that 

y'My'ii^) = 2/i(o)y2(o)-yi(o)t/2(o)f(o)+ 

z 

+2/i(z)y2(2)^(2)H-49 J yi{u)y2{u)sin 2« du. (6) 

0 

If the initial conditions are yi(0) = — 1, yi(0) = ^3(0) = 0, the 

first two members on the r.h.s. of (6) vanish, and we obtain 

Z 

= yx(2)y2(2)^(2)+4g' J y^{u)yz(u)s.m 2u du. (7) 

0 

Results similar to (6), (7) may be obtained in connexion with Hiirs 
equation. 

For the equation y''— (a— 2gcosh 2^)?/ = 0, with 
’^(u) = (2gcosh2w— a) 

we get 

2^i( 2)2/2(*) = 2^i(%2(0)+2'i(0)y2(0)x{0) — 

Z 

—yi¥)yi.i^)xi^)^-^ J yi(M)2/2(M)sinh 2« dw. (8) 

0 

10.77. Differential equation satisfied by w{z) = yi{z)y2iz). 

Mathieu’s equation may be written 

y'-^y = 0 , ( 1 ) 

where ^ = (2g cos 22— a). Differentiating (1) gives y'"~^y'—$'y = 0, 

yi-^yi-ryi = o (2) 

and yi—iy'i—fyi = 0- (3) 

4M1 Jff 
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Multiplying (2) by (3) by and adding leads to the equation 


yry*+’!/2Vi-2fyiy2-%iy2+y2yi) = o. (4) 

Prom (1) we he.e = 0 (6) 

and (yl~^y 2 )yi = 0, (6) 

so by addition 

ylyi+yly'i = ^( 3 / 12 ^ 2 + 2 / 2 ^!) = ( 7 ) 

Also w'" = 2/1"2/2+2/!'2/i+3(2/!2/!+2/22/1)- (8) 

Hence from (4), (7), (8) the equation sought is 

w"' -^w' -2^' w = 0. (9) 

This result applies to Hill’s equation (1) §6.10, provided 

$ = [2}^(to2)— a]. 

The complete solution of (9) with three arbitrary constants is 

w = Ay\+Byi y^+ Cyl- ( 10 ) 



XI 

ASYMPTOTIC FORMULAE 


11.10. Approximations. The modified Mathieu functions lend 
themselves readily to the derivation of approximate asymptotic 
formulae when Jt(z) is large and positive. If k and z are such that 
2X;cosh;3; = v, this being appreciably greater than the order of 

the function, the dominant term in the asymptotic expansion of 
J^(2kQO^\iz) is [202, p. 168] 

(2/7rv)lco8(t;-~i7r-r7r) = (-l)'‘(2/7rv)*sin(t^+ (1) 
Substituting (1) in (16) §8.10 and using the multipliers in 

Appendix I, leads to the approximate result 

Cez»(2.?) ~i>2n(2/^rw)*sin(v+J»r) {a^J. (2) 

Writing 

•^2r+i(2^co8hz) ~ ( 2 /trv)*cos{w— J( 2 r+l)»r} 

= (-l)'-+»(2/irt;)*co8(v+iiT) (3) 

in (1) §8.12 leads to 

Cejjn+ilz.g-) ^2„^.^(2/7rw)^co8(^»+J7T) (ag„,.j). (4) 

The same result follows from (2) § 8.12, while (6), (7) § 8.13 give with 
tanh z coth 2 ; 1 , 2k sinh z 2k cosh z ke^. 


Se2„+i(z,g)'^ -«2„+i(2/7rv)lcos(i;+i7r) ( 62 „+i)- (5) 

From (4), (5) when jR{z) > 0 is large enough, it follows that 

Cea»+l(2.?) (P2n-nf^Zn+l)^ 2n+l(^> ?)• (6) 

From (10), (11) §8.13 we derive 

Se2„+2(z,?)~S2n+2(2/’r*')‘sin(t;+i7r) ( 62 „+ 2 ). iV 

and so by (2), (7), when £{z) > 0 is large enough, we may write 

^®2n+2(^>3) {P2n+J^2n+2)^^2n+2(^i9)- (®) 


As z (large and real) increases, all the above functions, and those at 
(9)“(12), alternatef with ever-increasing rapidity, but decreasing 
amplitudes. When z -> +oo they all tend to zero exponentially. 

The second solutions corresponding to the first given above are 
defined in §§8.11-8.13. Using the multipliers in Appendix I and 


t An alternating function is one which oscillates and hcus real zeros. 
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proceeding as at (l)-(4), we obtain the following approximate asymp- 


totic representations: 

Fey2„(z,9) 

2' 

z;: 

\nv, 

|^C08{t)+ Jir) 


(9) 

I’ey2„+i(3,?) ~ 


TV] 


(10) 

Gey2„+i(2,?) ~ 

\n 

^j^8in(tJ+j77) 

(^2« fl)> 

(H) 

Gey2„+2(z,?) ~ 

/2 

■-j^cos(t>+Jw) 

(^ 2 ^ 1 + 2 )* 

(12) 


The dominant term in the asymptotic formula for Fey2,^_^2(^»9^) 
a constant multiple of that of Gey 2 „+ 2 » constant heing 
A similar remark applies to (10), (11). These formulae are valid if 
JS(v) -> -f 00 with V, so — ^77 < phase z < Jtt. 

11.11. Approximate formulae for ry), 

Fek, Jz,q), Gek^(z,q), Using the dominant term in the asymptotic 
expansions of the Hankel functions in § 13.40,1 if \v\ > n we get: 


\nVi 

g±i(v-lir) 

(®2n)> 

(1) 

Me^nVf(z.5')'~J»2»+i(- 

rv) 

(®2n+l)> 

(2) 

Nea>vT(2.?)-5*„^x(J 

L p g±(‘(B-iw) 
v) 

(^2»-l-l)> 

(3) 

Ne^^)v<|>(2,g) -- a2„+a|^ 

ip g±Hv-M 

v) 

(^2n+2)- 

(4) 


Note that (1) is a constant multiple of (4), and (2) of (3). 

Applying the relationships in §13.41 to (1)~(4), formulae for 
Fek„j( 2 ,g), GekJ^z^q) are derived immediately. As 2 -> +co the first 
function tends to a constant multiple of the second, for any m. 

11.12. Formulae for ^ < 0. Using the formulae in § 8.30 and 
proceeding as in § 11.10, we obtain the following: 


Ce2«(2. — ?) ~ 

(®2n)> 

(1) 

Ce2n+l(2. -?) «2n+ie’’/(2wv)‘ 

(^2n+l)> 

(2) 

Se2»+i(2. -?) '^P2'»+ie'’/(2ffv)‘ 

(®2w+l)> 

(3) 

Sea„+2(2. -9) «2»+2«’’/(2itv)» 

(^ 2 / 1 + 2 )* 

(4) 


t Or the formulae in § 11.10, substituted into (1), (2) § 13.40. 
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These functions are constant multiples of one another, and each tends 
to +00 monotonically sls z~^ +oo. 

The formulae for Fek^^iz, —q), Fek 2 „^i(z. —q). + — (/), 

Gek 2 ,jf 2 (^» ““?) obtained from {l)-(4), respectively, on refdacing 
by e-^. Each function tends to zero monotonically as 2 > j x. 
All formulae given hitherto in this clia})ter depend upon c being 
large enough for the Bessel functions in §§ S. 10-8. SO to be represented 
(approximately) by the dominant terms in their asymptotic expan- 
sions. We shall now remove this restriction on 2 , and establish w hat 
may be regarded as accurate asymptotic expansions. 


11.20. Accurate asymptotic expansions in We commence 
with the modified Mathieu equation 

y" -(a — 2k^cosh2z)t/ 0. (I) 

If in (1) we write x = — ike- = ~-ii\ it becomes [IM] 


d'^y 1 dy 
dx^ ' X dx 




0 . 


A second transformation is effected by putting y 
now get a 


ive 


and we 

(••i) 


00 

To solve (3) assume that tx = ^ {—lYCj.x-^~K with Cq = 1. Inserting 

r-O 

this in (3) and equating coefficients of like powers of x to zero, we 
obtain the recurrence relations 


8ri+(4a-i) - 0, (4) 

16r2+(4a-0)ri - 0, (5) 

' 2(r+l)c^,i+[a-(r i-i) 2 ]r^+X-V ,.2 - <* (r > 2 ). ((i) 

From (4)-(6) we find the expressions for the r to be as follows 1 10.‘5|: 

_ (4«-l*) (4a-P)(4«-32) 

, fj-- 2 ,, -2 . (n 

(4a-l2)(4a-32)(4«-52) 1 

C3 “3!83“~ ~ 3 \ ’ 


(4o— I2)(4a- 

- " 


-3*)(4o- 
'4! 8* 




k* 

2.4! 


(4a- 13), (!)) 


and so on. It should be noted that, (1) the dominant term and the 
two which follow are independent of k, (2) the first member of each 
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c is identical with that in the asymptotic series for J^(v) when a = v*, 
i.e. the degenerate form of the c when i -> 0. If a: remains constant 
meanwhile, equation (2) reduces tg the standard form for the B.F. 
J^{v) and Y^{v). Frequently the terms involving k in (8), (9) are small 
numerically, compared with the earlier terms in the series, and may 
be neglected, but this point should always be checked. The solution 
of (2), with X ~ -iv, is 


y = we-^ ^ 2 (- == 2 




r-0 




[(1— C2W-*+C4t>-‘‘ — ...) — — 03 ^-*+...)] 


vk 


[P-iQl 


( 11 ) 

( 12 ) 


where P (13) 

and Q = . (14) 


The real and imaginary parts of (12) are lineiirly independent solu- 


tions of (1), so we have the two solutions 

Vii^) = a’"^[Pcos(t^+j77)4-(i>.sin(r4 Jtt)] (15) 

and = i;-i[Psin(D+ J tt) — ^ cos(<i-l-i7r)|. (16) 

When 2 -> + 00 , we may write 

y^(z) ~ i;“icos(?;+j7r) (17) 

and Vziz) v~^mi(v+lTT), (18) 


these being the dominant terms in the asymptotic expansions (15), 
(16) respectively. 


1 1.21. Asymptotic expansions for Ce^^, Se,„, Fey,,^, Gey,„, ^ > 0, 
If (18) §11.20 is multiplied by we obtain (2) §11.10, the 

dominant term in the asymptotic formula for Ce 2 n{^, q). Hence using 
(16) § 11.20 we infer that 

Ce2»(2.?)'~i>2»(2M*[-P2nSin(v+iw)-Q|,'J>cos(v+j7r)] (a2„). (1) 

The subscript 2n and the superscript (a) signify that a^n is to be used 
for a in the formulae for the c in (7)-(9) § 11.20. 

If (17) §11.20 is multiplied by —P 2 n{^M^y we obtain (9) §11.10, 
the dominant term in the asymptotic formula for Fey 2 ^( 2 , g). Hence 
using (15) § 11.20 we infer that 

I’ey2„(2,?) P2n(2/’rt')‘[^2»cos(v+ j7r)+Q^“>8m(t;+i7T)] (a^). (2) 
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Writing 

= (^)^t-P 2 n sin(r+ In) - cos(t;+ Jn-)J (a^J, (3) 

(^)^reco8(t»+i7r)+(^^>sin(t;+i^)] (a^J, (4) 

and proceeding as shown above, we arrive at the following: 


Ce2„+i(z,2) P%n+-iS^i2+i 


(5) 

Se2„+i{z,?) ~ ~*2(»+l '^2n+l 

(^2rt+l)> 

(6) 

Se2»i+2(*>3) ^2n+2-®2n+2 

(^ 2 / 1 + 2 ) > 

(7) 

Fey2„+i(2,?) P2»+1^2»’+l 

(^2n+l)> 

(8) 

^2n+1^2n+l 

(^2/H-l)j 

(9) 

Geyan+aCz,?) ~ -S2n+2'Sf^n+2 

(^ 2 / 1 + 2 )- 

(10) 


In the series for the c in § 11.20 are obtained using the 

characteristic numbers given at the r.h.s. 

The asymptotic expansions for ^^>6 

written down immediately by aid of (1), (2) § 13.40 and the appro- 
priate formulae above. Then by means of §13.41 the asymptotic 

expansions for Fek^( 2 ;,g), Gek,^( 2 ,g) may be derived. The phase 
range in the above formulae is — < phase z < 

11.22. Degeneration of expansions in § 11.21 to those for 

Jm{^ir)y YJikir), By Appendix I when 2 :->+oo, ^ 0, a~>^n^y 
then ke^ ~^k^r and 

pLJlnih'r)- ( 1 ) 

As A: ->• 0, the series degenerate to those in the asymptotic 

expansion of excluding the factors 

( 2 / 77*1 >•)* 3^1 'T- \n-nn) 

[see reference 202, p. 168], In a similar way, under the above con- 
ditions, the asymptotic expansion of Fey 2 ,j( 2 :, q) degenerates to 
times that of 

11.23. Accurate asymptotic expansions for g < 0. These are 
derived by applying the definitions at (1), (4),... §8.30 to the expan- 
sions for g' > 0 in §11.21. Thus from (1) §8.30 and (1) §11.21 we 
obtain 

Cea„(z, -5-) ~ 1)% -«-'•] (1) 
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the c being those in § 11.20 with a = ag,,, Cq = 1. Since 
Ce2.(2, -g) = 2 (~lM^f>cosh2r2, 

r=0 ^ 

it is a real function if z is real. The imaginary part of (1) must then 
be omitted. This remark applies also to (3)-(5) below. The phase- 
range for formulae in this section is — < phase z < Under 

the conditions stated in § 11.22 

Ce4„(2, (2) 
and the part in [ ] in (1) degenerates to the series which occur in 
the asymptotic formula for 

For the other functions we obtain 

Ce2n+i(2. -?) [«” f f {-Ifc^v-A (^»2«+i). (3) 

[^nvy L r=0 r-0 J 

the c being those in § 1 1.20 with a = b^n+i- 

Se2„+i(2, -?)~^~^[asat(3)buta = a2„+i] (4) 

Se2„+2(2, — ?) ~ “ = *2»+2] (^2»+2)- (5) 

Each of the four functions above tends to -foo monotonically as 
z -foo. 

I'’ey2„(2,-g)~^|^ji[asat{3)buta = a2„] (a^J, (6) 

Fey2«+i{2. -?)~ -^|^*[asat(l)buta = 62 „+i] (fcjn+i). (7) 
C!ey2„+i(2,-?)~^^t[a8at(l)buta = a2»+i] («2»+i). (8) 

C*ey2„+2(2. -?) ~ ® = *2n+2] (*2n+2)- (9) 

Each of the four functions in (6)~(9) tends to +ioo monotonically 
as 2 -> + 00 . 

Applying the relationship (10) §8.30 to the expansions (1), (6) 
above, yields ^ 

Fekj„(z,-?)~^^je-«2(-l)’'Crt’~’' KJ. (10) 

the c being those in §11.20 with a = Cq = 1. The formulae 
for Fek 2 „+i( 2 , —q), Gek 2 „+i(z, —q), Gek 2 „+ 2 ( 2 :, —q) are obtained from 
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( 10 ) on replacing by « 2 n+i> pL+v « 2 n+ 2 » respectively, and using 
the c corresponding to the characteristic numbers 62 n+i» ® 2 n+i» ^ 2 n+ 2 - 
These functions tend to zero monotonically as 2 +oo. 

When the conditions in § 11.22 are satisfied, 

( 11 ) 

i.e. I/tt times the asymptotic expansion of the iC -Bessel function. 
The degenerate forms of the four asymptotic expansions above are 
then constant multiples of each other. Formulae for — g), 

Ne(i)’(^)( 2 , —q) may be derived from ( 10 ) and kindred formulae, by aid 
of the relationships in § 13.41. 

11.30. Alternative asymptotic expansions in 2 , with argu- 
ment 2 ^: cosh 2 . Previously the argument has been v = but it 
may sometimes be expedient to use u ~ 2k cosh 2 , so we shall develop 
the appropriate asymptotic series. 

The functions Fey,,j( 2 ,^), ^ > 0 . Let x = — 2 iJfccosh 2 in 

( 1 ) § 11.20 and we get 

{x^+^k^)y"-\-xy'—{x^-\-p^)y == 0, (1) 

where p^ == {a-\-2k!^). Writing y = tve-^ in (1) transforms it to 

{x^-\~^k!^)w''—{2x'^~x-\-^k^)w^—{x — p\)w = 0, (2) 

with p\ ~ {2k^~a), As in § 11.20 we now assume that 

w = (3) 

r-0 

with cIq = I, 

Inserting (3) in ( 2 ) and equating coefficients of like powers of a; to 
zero, we obtain the relations [52] 

= id’i+i). (4) 

d2 = (5) 

= [^)*+J( 2 r+l) 2 ]d,— 4^2(2r— 

+i*( 2 r-l)( 2 r- 3 )d ,_2 (r > 2 ). ( 6 ) 

By expressing (4), (5) in a slightly different way, they are readily 

compared with (7) § 11 . 20 . Thus 


4M1 


og 
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Writing T = l—d^u 

by aid of §§11.10, 11.21 we obtaib 


Ce 8 „( 2 , q) 8in(tt+ J tt)- C/^“> co8(M+i77)] 

^ ' («2„). 


(9) 

( 10 ) 


( 11 ) 


Ce2n+i(2.?) ~ -i>2»+i(:;^)^[^a»+iCos(M+i»r)+t/ig>+i8in(«+iflr)] 

' ' («2»«). (12) 

®’®y 2 n(*>?) — J’anf— at (12) but with 2n for 2n4-l] 

(«2n). (13) 

®’®y 2 »+i(*> ?) — l> 2 n+if— (11) with 2n+l for 2n] 

(«2n+l)- (14) 


The phaee range of (11)-(14) is — Jtt < phase z < ^tt. 

When ifc ->• 0, the parts (2/im)l[ ] in (1 1)-(14) degenerate to the 

asymptotic expansions for the Bessel functions J^n^u), 52»(“)» 

^n+i(“)> respectively (see § 11.22). 


11.31. Formulae for g < 0. To obtain these use definitions (1), 
(11), etc. §8.30 in (11)-(14) § 11.30. Then u = 2kcosh.z becomes 
2iksmhz, and the required expansions are foimd if in (1), (3), (6), 
(7) § 11.23 we write 21;sinh z for v and d, for c,. 


11.32. The functions Se„,(z, g), Gey,„(z, g), g > 0. First we derive 
the differential equation for ^( 2 ) = y(z)/sinhz by writing 

y(2) = x(2)8i“h2 

in (1)§ 11.20. 

It transforms to 

^-^+2coth2^ + (4i:*cosh*2+l— p*)x = 0, (1) 

where p® = a+21:®. The solution of (1) is, therefore, y/sinhz, where 
y may be Se„,(z,g). Grey,„(z,g). Now write x — — 2iftcoshz and (1) 
becomes [62] 

(a:»+41;*)^-(-3a:^— (p®+a:®— l)x = 0. (2) 

If in (2) we substitute x = m«~®, we obtain 

(a:®+4jta)tp''-(2a;*-3a:+8jl;»)w'-(3a;-pf-l)M; = 0, (3) 

with pf = (21:®— a). 
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To solve (3) assume that 

w; = 2 (—1)% (4) 

r-O 

Inserting (4) into (3) and equating coefficients of like powers of x to 
zero, we obtain [52] 

= i(Pi+i), (6) 

ea = i(pf+J)(2>?+S)-3P, (6) 

2(r+l)e,+i = [(^)f+l)+J(2r+3)(2r-l)K- 

-4i*(2r+lK_i+i*(4r*-l)e,_j (r > 2). (7) 
Then using the procedure in § 11.20 with u = 2/kcosh2, 

V = l~e2U~^+e^u-*—... (8) 

and W = •••> (9) 

we obtain the asymptotic expansions 

Se2„+i(2,g) ~ -«2„+itanhz(A\ix 


X[Fg>+iC08(«+j7r)+W'^n’+l8in(tt+i7r)] (10) 

Se2„+2(2, q) ~ «2„+2 tanh z | x 

X[F^«+2sin(«+Jff)-W^i»+2Cos(M+j7r)] ( 62 »+a). (H) 

Gey2n+i(2,3) -52„+itanhz|^j^X 

X [as at (11) but 2n+l for 2n+2] (12) 

Gey2„+2(z.?) ~ X 

x[as at (10) but 2m+2 for 2n+l] (62„+2)- (13) 

The phase range of (10)-(13) is — < phase z < Jtt. 

When k-^0, the parts (2/7m)i[ ] in (10)-(13) degenerate to 

the asymptotic expansions for the Bessel functions «^n+i(“)> *4n+a(^)> 
F2 „+i(m), Yin+ii'^h respectively (see §11.22). 

1 1.33. Formulae for g < 0. Write 21: sinh z for v, e, for c, in (4), 
(6), (8), (9) §11.23 and multiply by cothz. The expansions so 
obtained are identical with those found by applying the definitions 
(21), (31), (24), (34) §8.30, resiiectively, to (10)-(13) § 11.32. 
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11.34, Formulae for Fek^(z, — g), Gek^( 2 , —g). These may be 
obtained from the asymptotic expansions for — g), Fey,„(a:, — g), 

Se^(z, ~g), Gey^( 2 :, — g) and application of formulae (10), (20), (30), 
(40) § 8.30. 

11.40. Asymptotic formulae for ce^{z,q), Be^{z,q) when q is 
large and positive [52]. From (12) § 12.21 we see that when q is 
very large and positive, a —2q+0(q^), so we shall assume that 


a= — 2 g-f ^+^ 2 ? ^+“ 3 ? *+•••> ( 1 ) 

where a, cxq, are constants dependent upon the function and its 
order. Putting this series for a in the standard Mathieu equation 
for ce^, se,^ gives 

y''—(^co8h)y+{ocq^+ao+ociq-^+a2q-^+...)y = 0 . ( 2 ) 

To solve this equation we assume that [73, 101] 

y = e«‘x(*)^(2)[l+?-*/i(2)+5' 1 / 2 ( 2 )+. (3) 
Substituting (3) into (2) and equating coefficients of q, q^, <f, q-^, g~i 
to zero yields the equations 

= 4 cos* 2 , (4) 

2x'r+(«+x‘')^ = 0, (6) 

r+(ao+2x'A')C = 0, (6) 

/ir+2A'r+(A'+2x'/2+«o/i+«i)^ = 0, (7) 

Ar+2A'r+(A'+2x78+«oA+«iA+«2)C = o. (8) 


Solving (4), (6) we obtain 

X = ± 2 sin 2 +a constant 1 

and i; = a constant/(cos2)*{tan(|2+|7T)}±“/*. I 

Inserting (9) into (3) leads to the first approximations: 


y, = e**®‘“*/(cos2)*(tan(^2+j7r)}“/^ (10) 

and y, = e-®*®*“®{tan(i 2 + j7r)}“/*/(cos2)i, (11) 

These are formal approximate solutions of y''+(o— 2ycos22)y = 0, 
when q is large and positive. 

A first approximation to (1) is 

a+2y otyi, (12) 

and from § 12.30 a+2g 2(2|)+l)gi, (13) 

where y = 0 for cOq, sej; y = m for ce^, se„,+i. Thus we take 

« = 2(2y+l). (14) 



11.40] ASYMPTOTIC FORMULAE 229 

If in addition we use the formulae 

[tan(| 2 ;+ = 2 ^cos(^ 2 + j7r)/cos^2, (16) 

[tan(^2;+i7r)]l = 2*sin(^2;+ jTr)/cos*2, (16) 

(10), (11) may be expressed in the form 

yi = 2^+M*®^’^^[cos(^2;+ (^'^) 
and 2 / 2 = (18) 

Writing —2 for 2 in (18) gives (17), and vice versa. 


11.41. Construction of asymptotic formulae for ce^, se^, q 
large and positive [52]. First we remark that (17) § 11.40 has 
poles at 2 — Itt, — Itt, Itt, Itt,..., and in general at 2 = (4r+3)^7r, 
r = -—00 to -f 00 . Also (18) § 1 1.40 has poles at 2 = |7r(2r+ 1). Since 
ce^j, se^ are bounded functions, the variable 2 must be restricted to 
exclude the singularities of (17), (18) § 11.40. 

Secondly, using the two latter formulae, the solutions of Mathieu’s 
equation may be expressed hy y = €yi± 02 / 2 » where c, d are appro- 
priate constants: for ccq, se^, ^) == 0, so bearing in mind the inter- 
changeability of (17), (18) §11.40, we choose 6 = 0 = Cq2-^. Thus 
we obtain 

(7^[g2fc8inzcos(j2+j7r)±e-2^®^^8in(i2+j7T)]/cOS2, (1) 

these being valid in ~ Jtt < 2 < and < 2 < ^tt, thereby 
avoiding the singularities mentioned above. We have now to dis- 
criminate between these solutions to ascertain which represents ceQ 
and which se^. With the uj)per/lower sign (1) is even/odd in 
— Jtt < 2 < ^TT, and with the lower/upper sign it is even/odd in 
Jtt < 2 < Itt. Hence we have deduced that when g > 0 is large 
enough, 

CQ[e^^^^^^cos(lz-\-^7T)+e-^^^^^^Bin(lz-{-l7T)]/cosz, ( 2 ) 

se^ 

the open interval — < 2 < pertaining to cOq and < 2 < f tt 

to se^. Also 

^^®(2,g) ~ (7()[e^^®*'‘*cos(^2 + Jtt)— e~**®*“*sin(^2-t- j7r)]/cos2, (3) 
se^ 

the open interval < z < frr for 00 ^ and — < z < for se,. 
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An argument similar to that above enables the following to be 
derived: 

{z,q) in —\n < z < \n\ 

(4) 

For the interval <z < alter the centre signs to =F. The 
constants C, S are determined in § 11.42. 

q large and negative. The formulae for this case may be derived 
from (2)~(4) by applying the relationships in §2.18 and altering the 
range of z accordingly. 

11.42, Formulae for Ce^( 2 , g), Se^+i(z, q), q large and positive. 
If the method given in §§11.40, 11.41 is applied to (1) §2.30, use 
being made of the fact that Ce is even and Se odd, the results 
obtained are those in § 11.41 with zi written for z. Thus 

Cejlz,q) 2i(7^[e^^‘*®^*^^(coshi2— isinh ^ 2 ?)^”*+^+ 

^^~ 2 tA;elnh 0 (QQgJj sinh COsh^)"*^^. (1) 

Putting a = cosh ^25, 6 = sinh ^ 2 , 6 = tan‘“^(6/a), (1) becomes 

Ce^(2, j) ^gt[2A; slnhg~(2m+l)ft _j_ g~i[2Ag 8lDhig-(2m+l)^j^ (2) 

s= 2 m-i^Qgblg sinh g— (2m+ l)tan~^(tanh \z)\. (3) 

In the same way we find that 

Se^+x(*.?) 2^^^|p^sin[2^8inhz-(2m+l)tan-i(tanh \z)]. (4) 

The phase range of (3), (4) is — Jtt < phase z < For z imaginary, 
formulae in §§ 11.41, 11.43 may be used. 

When z->-+co, Goahz->vj2k, 2^sinhz->r, tanh^z->l, so that 
(3) degenerates to 

Cem(2. ?) ~ i’*'— (5) 

Thus with m = 2n, 2»+ 1 we get 

Ce2nM C'*„(-l)"^(^j^8in(«+i,r), (6) 

Ce2„+i(z,?) ~ (7) 
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From (4) we have 



Se„+i(z,g) (Aji8in(v-iw-im7r), 

(8) 

so 

Ses„+i(z. q) ~ <S 2 „+i(- l)»+i|^* |Ajico8(v+iiT) 

(9) 

and 

Se2„+2(z,?) ~ /S'2„+2(-l)«+i^|JJ|-^j^sin(t;+i»r). 

(10) 


The expressions for the C and 8 may now be written down on 
comparison with (2), (4), (5), (7) § 11.10, since as 2 -> +oo the corre- 
sponding formulae tend to equality. Thus we get [62] 


spending formulae tend to equality. Thus we get [62] 

^2n+l == ce2„^i(0)ce'„+i(i7r)/^^«»+«(7rA:)l, (12) 

= (- 8e'„^i(0)se2„+i(l7r)/^;5«»+«(7ri)», (13) 

== (- l)'‘+i2*»+l 8e'„^,(0)8e'„+,(i7r)/A;*£^+«(7ri)l. (14) 


q large and negative. The formulae for this case may be derived 
by applying (1), (11); (21), (31) §8.30 to (3); (4) above, and taking 
the real part, when z is real. 

11.43. Higher approximations [52]. (6) § 11.40 may be ex- 
pressed in the form 

/i'=-[«o+r/a/2x'. (1) 

Substituting from (9) § 11.40 into (1) and taking = (2m+l) gives 
/i(2) = T(i&)[{[(»»!+3)8inzq=4mi]/c08*z}+ 

+(wif+l+8ao)logetan(iz+JiT)]. (2) 
The additive constant of integration has been omitted, since it does 
not affect the ultimate result. Then the second approximations are 

(z,g) in — iflr < z < Itt) 
sem+i / 

~ 'S'm[2/l{l + -2/l?“‘)±y2(l + 2/l<?-*)]/2”'+*. (3) 
For the interval < z < fw, alter the centre 8ign8 in (3) to 
t/i, are, respectively, (17), (18) §11.40, while 2/1 represent A 
in (2) with two negative or two positive signs. Since ce„„ 8e„,+i are 
periodic, (3) must not alter, save in sign, when — z is written for z. 
Hence the logarithmic term must vanish, so 

ao = — (mf-j-l)/8 = — (2m*+2m+l)/4, 


( 4 ) 
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Thus the second approximations for q large and positive are 
(2.3) in — <z < 

SCm+i ) V 

~ {e2*«‘“*[cos{^2+j77)p'”+ix 

^m+1 ' 

x[l+{( 2^1+1) — ( + m + 1 )sin z}/Sk cosh] ± 

±6-2A:8in«[-sin(|z4. J7r)]2m+1 X 

X [ 1 + {( 2m + 1 ) + ( + wt + 1 )8in 2 }/ 8A; 008^2 ] I / cos^^ +^ 2 : . (5) 

For the interval < z < alter the centre signs to Remem- 
bering that the log term in (2) is zero, we see that/i(z) has singularities 
at 2 = ^7r(2r+l), r any integer, and these are common to (5). Thus 
the formula is invalid in the neighbourhood of any of these points, 
so (5) must be restricted to the condition that kcosh is large enough. 

11.44. Asymptotic expansion for a [52, 92, 93]. If in § 11.43 
the analysis is extended up to /g, and at each stage the logarithmic 
term is made to vanish by equating its coefficient to zero, the values 
of the oi in (1) § 11.40 are obtained in terms of m^ and q. Then we 
get the following asymptotic expansion: 

a ~ —2g^+2mig'^--(mf-f-l)2“^—(mf+3mi)5f“^2“'^— 

-(5m}+34mf+%-i2-i2_(33mf+410mf4-405mi)3-32-i7_ 

- (63m; + 1 260m} -f 2943m; + 486 )g- 22 - 20 — 

~(527m;+15617m;+69001m;+41607mi)gr-i2-2« (1) 

with mjL = ( 2 p-f 1 ). p = 0 gives b^\ p‘= 1 gives a^, 62 ; and in 
general p = m gives Since all the characteristic curves 

^m+p between are mutually asymptotic when q is large 

enough, (1) gives for p — m. This will be clear from Figs. 8, 
11. In references [92, 93] formula (1) is derived by a procedure 
different from that outlined above. Both methods involve some 
very heavy algebra. 

When q -> + 00 , (1) may be written 

® ~ ~“2^-f-2(2p-f- l)g^^, (2) 

so the form in § 12.30 is reproduced. 

Forp moderate, (1) gives accurate results for comparatively small 
values of q. For an assigned q, the accuracy decreases with increase 
ih p. Thus to maintain accuracy to a definite number of decimal 
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places (or units in the significant figure, whichever is preferred) 
q must increase with increase in p. We may say that (1) gives 
adequate accuracy, provided is not too large. To illustrate the 
order of accuracy attained for various q, Table 20 is appended. When 
q > 40, formula (1) with p = 0, 1 gives a correct to the fifth decimal 
place at least. The accurate values were obtained from reference [52]. 
Additional information regarding the accuracy of (1) is given on 
p. 299 reference [93]. 

Table 20. Data illustrating accuracy of formula (1) 


Values of | 

— Oq* — 
from (1) 

Accurate values 

— Oj, —6, 

from (1) 

1 Accurate values 

-Oo 

-6, 

-Oi 

-6. 

8 

10*60604 

10*60672 

10*60536 

0*41144 

0*43596 

0*38936 

16 

24*25868 

24*25868 

24*25864 | 

9*33456 

9*35268 

9*33412 

40 j 

67*64216 

67*64216 

67*64216 

43*35228 

43*35228 

43*35228 

I 


In reference [56] asymptotic formulae are deduced for the dif- 
ference between two characteristic numbers in a stable region of the 
{a,q) plane. There are also asymptotic formulae for a when the 
curves are approached from an unstable region. 
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ZEROS OF THE MATHIEU AND MODIFIED MATHIEU 
FUNCTIONS OF INTEGRAL ORDER 

12.10. Real zeros of ce^{z, q), &e^(Zy q). If j is fixed and m ^ 1, these 
functions vanish for certain real values of z. Consider the case ^ = 0 
when the functions reduce to cosniz, sinmz, respectively. In the 
interval 0 < 2 < tt, the graphs of cos m2, sin m2 cross the 2-axis m 
times, so each function has m real zeros in this interval. The case 
m = 3 is illustrated for cos 82 in Fig. 18 a, there being three zeros 
in 0 < 2 < TT. We shall now demonstrate that the number of zeros 
of 003(2, q) in q ^ 0 remains constant [ 87 ]. 

Let q be increased from zero, and suppose that a fourth zero 
appeared. Its genesis would entail the curve of Fig. 18 a bending 
towards the 2-axis as shown by the broken line. From the theory 
of equations, the existence of a minimum value above the 2-axis 
would entail the occurrence of two conjugate complex zeros of the 
type 2^ = a-f 22 = a— Further increase in q would be accom- 
panied by the minimum approaching and ultimately being tangential 
to the 2-axis, thereby introducing a double zero, i.e. 2 == a bis 
(Fig. 18 b). For a greater q the minimum would occur below the 
axis, thereby entailing two different simple real zeros (Fig. 18 c). 

If 2 = a were a double zero, we could write 

€63(2,?) = (z-oc)Y(z) = y(z), say. (J) 

Then y'(z) = 2(2-a)/(z)+(z-a)*/'{2), (2) 

so y\o^) = 0 . ( 3 ) 

Now ^''-f(a— 2gcos22)y = 0, and y{a) = 0, by hypothesis, so 
y'*{(x) = 0. Hence y{(x) = y'(a) = y"(a) = 0, so y(z) must be a null 
function, i.e. y{z) = 0. But ce3(2, q) is not a null function, so a double 
zero cannot occur. A similar argument may be used to show that 
the number of zeros cannot decrease. It follows that the number of 
zeros of 003(2, j) in 0 ^ 2 < tt is independent of j in g ^ 0. In 
general a discussion on the above basis leads to the conclusion that 
®®m have m simple zeros in 0 < 2 < tt. se^, has a simple zero 
at the origin, so it has (m— 1) zeros in 0 < 2 < tt. When g == 0 the 
zeros are equally spaced, i.e. for the circular functions, but, as shown 
later, they tend to cluster about 2 = Jtt as g +00, excepting that 
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of se^ at the origin. This discussion shows that as the number of 
zeros in a given interval is independent of g, the graphs of ce^, se^ 
are distorted versions of those of cos m 2 , sin m 2 (see Figs. 1-4). 



Fig. 18. Illustrating that the number of zeros of a Mathieu function (ce, se) in a given 
interval is independent of q. 


12 . 20 . An inequality for a, q. We obtain this by aid of Sturm’s 
first comparison theorem which is used for comparing Mathieu ’s 
equation with two forms derived therefrom. First we remark that 
integral-order solutions have rm zeros in the interval 0 ^ 2 < rn, 
r being a positive integer > 0, e.g. ce 2 , ses have 6, 9 zeros, respectively, 
in 0 ^ 2 < Stt. Secondly, the first maximum of (a—2qcos2z) occurs 
when z — and has the value (a+2q), so we consider the equation 

y"+(a+2q)y = 0. (1) 

Its formal solutions are cos z(a -t-25)^ 8 in 2 (a-j- 2 gf)*, and in the interval 
0 < 2 < rw both of these functions will have at least rm zeros, 
provided that 

(a+2q)^ >{m-^. (2) 

By Sturm’s first comparison theorem the solutions of Mathieu’s 
equation cannot have more zeros in 0 ^ 2 < rir than those in each 
solution of (1). Hence by (2), if ce„, se„ each have rm zeros, it 
follows that 

-2q. 


“ > (“-iF 


(3) 
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But r is arbitrary, so we can make it tend to +oo, thereby obtaining 
the inequality (4) 

g ^ 0, the equality sign being for q = 0. 

Thirdly, the first minimum of (a— 2g cos 22 ) occurs when z = 0 
and has the value (a—2q). Proceeding as before, we consider the 
comparison equation 

y"+{a-2q)y = 0, (5) 

whose formal solutions are cos z{a — 2g)^ sin z(a— 2q)^. In the interval 
0 ^ z < ttt, the number of zeros will not exceed rm, provided that 

(o-2g)* < (6) 

By the comparison theorem the solutions ce,,^, se^ each have as many 

zeros as (but no more than) the solutions of (6) in 0 < z < rn. Hence 



(« 


( 7 ) 



/ 1 \® 

( 8 ) 

or 


«< P + +2?. 

As before, let r 

and we obtain the inequality 




a ^ m*+2g. 

( 9 ) 


g > 0. Combining the inequalities (4), (9) we find that the charac- 
teristic numbers for ce,„, se,„ satisfy 

m^—2q < a < m*+2g, (10) 

for g ^ 0, the equality signs pertaining to g = 0. If g < 0, we have 
m^—2q ^ a ^ m^-\-2q, (11) 

The analysis herein is based upon reference [87]. 

12.21. Form of a when g is large. Here and in the succeeding 
section it is expedient to use the equation 

y "+ (a+ 2g cos 2z)y = 0, ( 1 ) 

where g > 0. From the expansion of cos 2z we get the inequality 

1 - 2z2 < cos 2z < 1 - 2z2+ 2zV3. (2) 

If in (1) we replace co8 2z by the first and third members of (2), we 
obtain the two comparison equations [91] 

y''+(a+2g~4gz% = 0 (3) 

J/''+(a+2g— 4g22+Jgz% = 0. (4) 


and 
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Then by Sturm’s first comparison theorem the odd or even solution 
of (1) has at least as many zeros, in a finite interval, as that of (3), 
but no more than that of (4). Writing z = in (3), (4) yields 


(fa:* 


+ 




■\xAy = 0 
4 


and 




dx^ 


+ 


X*' ^ 


’ 482 *] 


y = 0. 


( 6 ) 


( 6 ) 


Now the interval of z to be considered is 0 ^ z < tt, and since the 
corresponding range of a; is 0 ^ a; < 2q^7r, x can be made as large 
as we please by suitable choice of q. 

Substituting l-\-\ for (a-\-2q)l4q^ in (6) leads to the equation for 
the parabolic cyUnder functions Di{x), i.e. 
d^y 


dx^ 


+ = 0 . 


(7) 


Using the notation of (5), it is known [140] that with s a positive 
integer, if 

^ ( 8 ) 

the odd solutions of (7) have s zeros in 0 < a; < +oo, while if 

a+2g 


2s- 


< 


4q^ 




(9) 


its even solutions have s zeros in the same interval. Thus for any 
solution of (1) having a finite number of zeros in 0 < z < tt — and 
this includes periodic and non-periodic classes of solution — it follows 
that, as g -> + 00 , 

= 0(1), (10) 

i.e. it is bounded. It can also be shown that as g -> — oo. 




( 11 ) 


Finally, therefore, we obtain the form of a for |gl large, namely [91], 

a = —^q\-\-0\q\^. (12) 

12.22. Distribution of zeros as g -> oo [91 ]. When g ^ a; in (5), 
(6) § 12.21 the term in x/^ in the latter may be ignored. Then the two 
equations are the same, so their respective solutions have an equal 
number of zeros in a given interval of x. Now z = a;/2gi, so when 
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X is finite and q large enough, the solutions of (3), (4) § 12.21 have 
an equal number of zeros in a given interval. Also the solutions of 
(3) § 12.21 are non-alternatingf if ^ 

(a-{-2q—4qz^) < 0, 

i.e. if > {a-\-2q)j4q, (1) 

But from (12) § 12.21, with g > 0 in (1) § 12.21, 

a = -2g+0(gi), 

so (1) takes the form 

z^ > 0(q^)l4q = ( 2 ) 

A being bounded and positive. Thus in the small interval 
—Xq-^ <z < A}“*, a+2q—iqz^ > 0, 

so both solutions of (3) § 12.21 are alternating functions. J Moreover, 
they have the same number of zeros in the above interval. Hence, 
as g +00, any solution of (1) § 12.21 has a finite number of zeros 
in the interval (— Ag-^Ag*^). Since a = — 2g+0(g^*), we get 

a+2^cos22 = 2q(co^2z—\)+0{q^), (3) 

and in the two intervals — tr+A^-* <z< —Xq-^y Ag“l <z< n—Xq-^y 
neither of which includes the origin, (3) is negative. It follows that 
the solutions in these intervals do not alternate, and no more than 
one zero can occur in each. The above argument rests upon the 
hypothesis that q is large. Accordingly as -> +oo the interval 
(— Ag~l, Ag“*) -> 0, and the zeros of (1) §12.21 in the interval 
< 2 < ^TT congregate or condense on each side of the origin. 

To obtain the result of letting q-^ +oo for ce,yj(z,g), se^(2,g), we 
remark that j/''+(a+2gcos22)y = 0 takes the canonical form 
y''+(a— 2gcos22)y = 0 if (Itt+z) be written for z. Doing this with 
the above interval, we conclude that as j -> +oo the zeros of cey„(z, q), 
se„j(z,g) in 0 < z < TT condense about Jtt, with the exception of one, 
namely, the zero of se„j(z,g) at the origin. The interval of condensa- 
tion is (Jtt— A g-l, i^r+Ag-i). The condensation phenomenon is illus- 
trated by the curves in Figs. 19 a, b, plotted from data in reference 
[96]. They are asymptotic to the line 6 = 90° = The function 
ceQ(z, g) has double zeros at z = 0, tt, 27r,... as j +oo, i.e. the graph 
is tangential to the z-axis (see Fig. 3, ceo(z, 8)). It may be remarked 
that in 0 < 2 < ce2„(2,g), ce2„+i(2,g), 8e2„+i(2,g), se^n +2(2,5) each 

t Oscillatory but devoid of real zeros, i.e./( 2 ) ^ 0. 

X Oscillatory but having real zeros. 
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have n simple zeros. For this reason seg^ +2(^*3) ^ in preference 

to se2„(z,g) which has only (n— 1) zeros in the interval. 




Fig. 19. Illustrating condensation of zeros at Jtt: (a) for ce,(«, q)^ 
(b) 005 ( 2 :, g), se,( 2 , q) as g -f 00 . The curves are asymptotic to 
e --= in. ce,, se, ecwjh have two zeros in 0 < 2 < (see Figs. 1, 4). 


12.30. Approximate asymptotic formulae for a [91]. To 

obtain these we have to determine a value for 0(q^) in (12) § 12.21. 
Consider ce2„(2:, — ?), 062^+1(2, — g), the even solutions of integral 


order of y"+(^+2gcos22;)y == 0. 
§ 12.21 we may write a+2a 


If g > 0 is large enough, by (9) 
25 + ( 1 ) 


the asymptotic sign referring to q. Transposing (1) and writing n 
for s gives the desired asymptotic formulae, namely, 

~ 2g+(8n+2)g^, (2) 

« 2 «+i(-?) ~ -2g+(8»+2)3*. (3) 
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Uq > 0 is large enough, se2„+i(z, —q), se2„+2(z, —q) each have (2w4- 1) 
zeros in the neighbourhood of the origin, the additional zero of 8e2„+2 
occurring at z = In. Since 8e„(z, —q) is odd in z, by (8) § 12.21 we get 


(4) 

This leads to the asymptotic formulae 

^2/i+i(~"?) — 2g+(8n-+6)g^, (5) 

*2«+2(-?) -2q+(8n+6)qK (6) 

Formulae (2), (3), (5), (6) apply to the equation 

2gcos2z)y = 0 

when q < 0. For q positive it can be deduced that 

« 2 »(?) ~ —2q-\-(8ri+2)qi, (7) 

®2»+i(?) — 2g+(8w+6)g'l, (8) 

* 2 n+i(?) ~ —2q+(8n+2)qi, (9) 

^211+2(3) ~2g'+(8n4-6)g'l. (10) 


From the preceding formulae we have the relationships, asymptotic 
in q (see Fig. 8), 



®2»(~3) ®2n+l( ?)> 

^2n+l(*“ 

-3) ~ ^n+2(-3); 

(11) 


«2»(3) ~ ^»2»+l(?). 

®271+1 

(3) ~ 62»+2(3). 


or 

am(3) ~ 



(12) 


«2n (-?)'^«2n (3). 

^2n+l(“ 

-3) «2»+i(3)- 

(13) 


271+1 h 

^271+1 

271+2 

^2»+2 



In the above formulae n is assumed to be finite. 


12.31. Accuracy of formulae in § 12.30. This is illustrated for 
several cases by the data in Table 21. 

Table 21 



-0.(9) 

^ —b^iq) 

-0.(9) 

^ - 65 (g) 

Values of 

9 

Value from 
(7) § 12.30 

Accurate value 

Value from 
(7) § 12.30 

Accurate value 

80 

160 

1600 

14212... 
294*71... 
3120 00 

142*3671... 

294*9453... 

3120*2508... 

70*60... ! 

193*51... 
2800*00 

73*9437... 

196*8521... 

2803*2779... 


For » = 0 in (7), (9) § 12.30, i.e. for ceQ(z.5'), sei(z,g'), the discrepancy 
occurs in the first decimal place, whereas with n — \, i.e. ce^(z,q), 
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863 ( 2 , g), there is a difference of 3 in each of the digits. Thus for an 
assigned n the accuracy increases with increase in g, but for a given 
q it decreases with increase in n. The ‘accurate’ values were obtained 
from ref. [52], p. 325. 

12-40. Zeros of Ce^( 2 , g), Se,„( 2 , g), Fey^( 2 , g), Gey^( 2 , g), 2 large 
and positive. Reference to the approximate asymptotic formulae in 
§11.10 shows that for any A: > 0, each of these functions has an 
infinity of zeros. As 2 increases, the graphs of the functions oscillate 
about the 2 -axi 8 with steadily decreasing amplitude. The zeros of 
Ce 2 n( 2 ,g), Se2n+2(2J.9')> Fey 2 n+i( 2 ,g), Gey 2 n+i( 2 :,g) occur approximately 
when sin(t;+ J tt) vanishes. Thus we have 

rn or ke^ (^— (1) 
so 2 ^ log^[(4r-- l)7r/4A:]. (2) 

Now v>l, soby(l)r>l but integral. From (2) it follows that, 
to the order of approximation contemplated, the zeros in 2 are 
independent of the order of the function. 

By §11.10 the zeros of 062 ^+ 1 ( 2 , g), Fey^^{z,q), 

occur approximately when cos(t;+i7r) vanishes. Thus 

2 , ~ loge[(4r+ 1 )ir/4i]. (3) 

Parametric zeros^ z large and positive. These are the values of g 
for which, with z assigned, the function vanishes. From (1) we get 

q^^klc=i (4r-l)27r2e-2^/16, (4) 

which gives the parametric zeros of the four functions prior to (1). 
From (3) 

q^ = kfczi (4r+l)^7T^e-^/l6, (5) 

which gives the parametric zeros of the four functions just above 

(3). These formulae are independent of the order of the function. 
As 2 -> + 00 , the interval between successive zeros tends to vanish, 
so they condense in the neighbourhood of g = +0. 

12.41. More accurate formulae for parametric zeros of 

?)• These may be derived from (3), (4) § 1 1 .42. From 
the former we get for ?) 

2A;sinh2 (2r+l)7r/2+(4w+l)tan“^(tanh|^2), (1) 

provided k is large enough. In problems on elliptical membranes 
and wave guides, coshzo = at the bounding ellipse. Thus 
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siiih 2 o = e-*(l— c®)*, tanh^Zo = [(1— e)/(l+c)]*. Substituting these 
in (1) leads to 

Ce2»(2.?) 

~ {(r+J),7+(4n+l)tan-i[(l-e)/(l+c)]»}®e®/4(l-e®). (2) 

For Ce 2 „+i( 2 ,?) write (4n+3) for (4«+l) in (2). Similarly (4) § 11.42 
leads to 

Se2„+i(z,?) 

i® ~ {(r+l)w+(4n-l-l)tan-*[(l— e)/(l-l-c)]l}®e®/4(l— e®). (3) 

For Se 2 „+ 2 (®'>?) write (4n-f-3) for (4w-|-l) in (3). 

In these formulae r takes all integral values ^ 1. The accuracy 
improves with increase in r, also as e -> 1, i.e. as the ellipse becomes 
long and narrow, thereby increasing k,. 

12 . 42 . Large zeros of Ce^(z, q), Se^( 2 , q). By differentiating the 
formulae in § 1 1 .42 we find that the large zeros of Ce,^ are in close 
agreement with those of Se„,^.i, and a similar remark applies to Se^ 
and Ce„_i. Accordingly the large zeros of Cel„(z,q) are given by 
(3) §12.41, while those of Se 2 „+i( 2 ,g) are given by (2) §12.41, and 
so on. 

12 . 43 . Large zeros of J^iz). By Appendix I as e-> 0, the ellipse 
tends to a circle, Ce„(z,g) Se„{z,q) -> s^J^ik^a): also 
k^h — 2k, h = ae, so k^a — 2ke~^. Thus (2), (3) § 12.41 degenerate 
to the well-known formulae for the large zeros of the Bessel func- 
tions, namely, 

J 2 „: k^a czi {r+^)n+(4n+l)n/4 = ir+n+l)w, (1) 

k^a c=i (r+l)n+(4n+l)nl4 = (r+n+l)7r. (2) 



XIII 

SOLUTIONS IN BESSEL FUNCTION PRODUCT SERIES 

13.10. Method of solution [36]. The equation whose solutions we 
require is 

y" —{a—2qcimh2z)y = 0 , ( 1 ) 

i.e. the modified Mathieu equation, which may be written in the form 

= 0 , ( 2 ) 

with ^ q Q, Now 

— Jf{ke-^) satisfies w{-\-(k^e-^—r^)w^ = 0, (3) 

while = Jp(ic^) satisfies wl-{-{k^e^—p^)w 2 = 0, (4) 

r integral, p integral or fractional. Multiplying (3) by (4) by iTj, 
and adding gives 

wlw2+wlwi-{-[k^{e^-{-e-^)--r^--p^]wiW2 = 0 , ( 6 ) 

which is equivalent to 

— (WiW2)+{2k^oo8h2z—r^—p^)WiW2 == 2w[w2- ( 6 ) 

dz^ 

Writing y = w^W 2 and adding —ay to both sides, (6) becomes 

g+(2/fc*cosh2z-a)y = -2PJ; j;;f (ra+p2-o)J, (7) 

By aid of recurrence relations we obtain 

2j; j; = -‘^-^JrJ,+Jr-xJ,-X+Jr^lJp^V (8) 

Substituting from (8) into the r.h.s. of (7) yields the equation 

y+(2I:*cosh2z-a)y = [(r+p)*-a]J, W 

Writing p = r-f v, assume that 

y= 1 {-lYd^JAke->)Jr^,{kel‘) ( 10 ) 

r=» — 00 

is a solution of (1). If = ke-^, Va = ke^, then we must have, by (9), 

r««~oo 

-**R-l(«lH+v-l(»2)+«^-+l(«l)«^r+r+l(»»)}] = 0. (11) 
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In (11) the coefficient of vanish provided 




(12) 

Now 

Ce2n+.(2.?)= 2 ^ir"^’'’cosh(2r+v)2. 

(13) 


r=— 00 


satisfies (1), and the recurrence formula for the A is identical in form 
with (12). Hence for the same a, q, if being 

a constant, it follows that when k ^ 0, 

y = I (14) 

fzst —00 

is a solution of (1). Since (1) is unaltered if we change z to —z, then 

y = ^2n+v I (16) 

r=— 00 

is also a solution. Adding and subtracting (14), (15) yields the two 
series, even and odd in 2 , 

^2n'\-v 

r«-oo 

both of which satisfy (1). By analysis similar to that in § 13.60, we 
find that these series are absolutely and uniformly convergent in any 
closed region of the 2 -plane, including 2 = 0. 

13.11. B.F. product series for Ce„( 2 , q), Se„,( 2 , q). Write /3 = v, 
and apply (2) §4.711 to (16) §13.10 as j8->0. Then the first series 
becomes 

^2„ 2 (-l)M?»>J,(t.i)J>,) («,„), (1) 

r-0 

while the second series vanishes. Now (1) represents an even function 
of z with period m, which is a solution of (1) § 13.10 for a == 
Hence we infer that (1) is a constant multiple of Ce2ni^i9)* which 
(13) §13.10 also reduces as v-^0. We now determine As 

z + 00 , all terms of (1) are negligible in comparison with the first, 
and this has the value 

-K'2»^?’*’(2M*'s*8in(Vj+j7r), (2) 

when the dominant term of the asymptotic expansion for Joiv^) is 
used [202, p. 168, no. 13]. By (2) §11.10, if (2) is 
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the dominant term in the asymptotic expansion of Ce2n(^>?)- "J^hus 
we obtainf 

Ce2n(2.?) = {P2nl^o’'^) f (3) 

r»0 

When jS -> 1, by (4) §4.711, the first member of (16) § 13.10 vanishes, 
while the second becomes 

-^2/1+1 2 •4‘+i(^’i)*^(^ 2)] (^2rt+l)’ (4) 

r»0 

This series, odd in z with period 27ri, is a solution of (1) § 13.10 with 
a = 62 ;i+i, so we infer it to be a constant multiple of 802^+1(2, g). 
Then procedure akin to that above yields 

S®2/t+l(^> ?) 

r=0 

Writing v = P + 1 in (16) § 13.10, letting j8 -> 0 and 1 in turn, using 
(6), (8) §4.711, and following the procedure already set out, leads to 

Ce2«+i(z.5') 

= 1 (-l)"^2r+l”[4K)'^'+l(^’2) + 4+lK)4(t’2)] («2 h4i) 

and (6) 

Se2„+2(3,?) 

(&2„+2)- (7) 

Solutions of the type herein may be derived by means of integral 
relations, as shown in § 10.34 et seq. 


13.12. Series for Ce 2 n+p{z,q)ySe 2 r,+p{Zyq). Ifin(16)§13.10, v = j8, 
0 < j8 < 1, comparison of the first solution therein with the series 
for Ce 2 n+p(Zjq) at (13) § 13.10 shows: (a) both are even in z; (b) any 
A in (16) §13.10 is the same as the corresponding coefficient in 
(13) § 13.10; (c) if jS == p/s, a rational fraction in its lowest terms, both 
solutions have period 2s7Ti. (b), (c) apply also to the odd solution in 
(16) §13.10 and Se 2 n+fi(Zjq) at (12) §4.71. Further, the solutions 
at (16) §13.10 constitute a fundamental system, as also do Ce2^+^, 
S®2n+j8- Hence we infer that they are constant multiples of each 
other, so we write 


®®2n-rj8 •^2n+)3 


2 (- lM?r’*+^WK)^r4-^(«a)± 


r=»— 00 

t See Appendix I for p,^. 


(®2n+j5)* (^) 
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Let 2 = 0, and we get 

IT 

Differentiating and putting 2 = 0 gives 

(3) 

The series for Ce 2 n+i+p> ^^ 2 n+i+^ ar® obtained from above by 
writing (l+jS) for j3. Analysis similar to that in § 13.60 shows that 
the series (1) are absolutely and uniformly convergent for z finite. 

13.20. Second solutions of (1) § 13.10: functions of Integral 
order. and J^, satisfy the same D.E. and recurrence relations of 
the same type. Since it is by virtue of these that the B.F. product 
series satisfy (1) § 13.10, it follows that a second linearly independent 
solution may be obtained on replacing by *^® 

solution in § 13.11. Thus, corresponding to (3) § 13.11, we get 

Feya„{z, q) = f {-irA^->Jr{v,)Y,{v,). (1) 

r-O 

This function is non-periodic owing to the term loge(l:e®) in the 
expansion of Y^iv^) [202, p. 161, no. 61]; for log^l^e*) = log^lj-l-z. 
Using the said expansion gives 

J^(ke-*)Y^{k^) = -(y\-\og\k)Jr{ke-’‘)J^{k^)’-\- 

TT 

-\-^zJ^{ke-*)J^{k^)-{- 2 terms-f- ^ sinh terms. (2) 

TT 

The arguments of the cosh, sinh terms are even multiples of z, and 
result from the relation = cosh 2 m 2 ± sinh 2 m 2 . Applying (2) 
to (1) leads to the representation 

Fey2n(*.3) = [^(y+logil;)Cea„(z,?)-{-(Psj„/Ai*»>) ^ cosh termsj -f- 

-f 2 Cea„(z, q) -f- ^ sinh termsj (3) 

= even function of z, with period Tri+odd non-periodic 
function of z. (4) 

In Chapter VII it is shown that if one solution of (1) § 13.10 is even 
and periodic in z with period ni, the other is odd in z but non-periodic. 
A combination with two arbitrary constants constitutes a fundamental 
system. Accordingly on comparing (3) with the solutions in §§2.30^ 
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7.61 we infer that the first 2 is a multiple of while the 

odd function is a multiple of Fe 2 ;i( 2 ;,g). Thus we may write 

f’ey2„(z,?) = A Cei„iz,q)+BFe^„(z,q), (6) 

where A, B are particvlar constants. A similar relation pertains to 
functions of order (2w+l): also 

Gey Jz, q) = A Sejz, Ge„( 2 , q). (6) 

It appears, therefore, that Fey,„( 2 ;,g), Gey„,(z,g) include the first and 
second solutions, but none of these functions constitutes a funda- 
mental system in itself. The Ay JS, are determined in § 13.21. 

Proceeding as heretofore we obtain: 

J’ey2«+i(z.3) = 

r = 0 

Gey2,.+i(z,g) = (s2«+i/^i*’'''”)X 
r=0 

Gey2„+2(z,g) = -(«2nl2/^2‘'*+**)X 

X 2 (~ ^r^lirV2**['^(*^l)^+2(*'2)~‘4+2(*'l)^(*'2)]' (^) 

r- 0 

Series for Fek„( 2 ,g), Gek,„( 2 ,g') may be derived from (1), (7)-(9) by 
aid of (4). (7), (10), (13) §8.14. 


13.21. Relationships between Fey^, Fe^ ; Gey^, Ge„. Writing 
2 = 0 in (5) § 13.20, with m for 2n, we get 

A = Fey„.(0,?)/Ce„.(0,?) 
since Fe,„( 0 , 5 ') = 0. Also 

Fey;, = A Ce^-f-BFe^; 


SO when 2 = 0, Ce^^ = 0 and 

^ = Fey;,(0,g)/Fe;,(0,g). 

Hence by (1), (3) above, and (6) § 13.20, we find that 
Similarly we obtain 

Pav /^^ Gey,^(0,g) q^ . I Gey,„(0,g) ^ , . 

Geyjz,gr) - Se„,( ,?)+ Ge„,( ,q). 

See § 13.31 respecting Fey;,(0,g), Gey„(0,g'). 


( 1 ) 

( 2 ) 

(3) 


(4) 

(5) 
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By (4) § 8.14 we have 

Fey2„ = i Ce2„-2 Fek^^ (6) 

= A Gtejn+BFejn. (7) 

Hence Fek 2 „( 2 ,g') = |(i— ^)Ce2„(3,?)— J-BFe2„(3,g). (8) 

A, B being given by (1), (3). It may be remarked that by § 8.14, 
Fek 2 „( 2 ,?) is complex for z real. Relations of the type (8) may be 
found for Fek 2 „+i, Gek„,. 

13.30. Integral order solutions of y" — (a+2g'cosh2z)y = 0. 
Applying (1), (11), (21), (31) §8.30 to (3), (5)-(7) §13.11, each to 
each, we obtain the first solutions: 

Ce2„(3, -q) 

= I (- lYA^;^U,{v,)Uv^), (1) 

r-O 

Ce 2 „+i(z, -q) 

= I (- + (2) 

r«o 

Se 2 „+i( 2 , -q) 

r-O- 

Se 2 „+ 2 ( 2 . -q) 

r=0 

The second solutions involving the X-Bessel function may be 
obtained from the series in §§ 13.20, 13.30 by applying (4), (10); (14), 
(20); (24), (30); (34), (40) §8.30 and (2) §8.14. They are as follow: 

Fek 2 „( 2 , —q) 

= I (5) 

r=0 

Fek 2 „+i(z, -q) 

2 ) ■^•+ 1(^1 )ArK)]. (6) 

r=-0 

Gek 2 ,j+i(z, q) 

r-0 

Gek 2 „+ 2 (z, -q) 

‘^r+2(^l )A-,(r2)]- (8) 

r->0 

Absence of (—1)’' in these series should be noted. 
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Series for Fey^( 2 , — g), Gey^( 2 ;, —q) may be derived from (l)-(8) 
using (10), (20), (30), (40) § 8.30. Relationships of the type in§ 13.21 
may be obtained also, e.g. 


Fek iz — (/) — ^^Ce iz q>\ i ^^ Fe Iz —a) 

(9) 

Fek^(0, —q), Gek,,/0, —q) are given in § 13.31: note that 


Ce 2 ,,( 0 , -q) oe^,,{\7T,q). 

13.31. Evaluation of Fey;,,(0,^), Gey^(0,g), Fek;^(0, -^), 

Gek,„(0, ~q). These are obtained from the series in §§13.20, 13.30, 
by aid of the following B.F. relations, with argument k: 

J.Yr-n == 2M 

(the Wronskian relation), (1) 
= 2(2r+l)/7rA:2, (2) 

JrYr^l-Jr^lYr = -2lnk, (3) 

4(r4“ l)/7rA;^, (4) 

-1/i 


(Wronskian for modified B.F.), (5) 

= -(2r+im ( 6 ) 

^r^r+l~^^r+l^r ^ V^> 0) 

IrK^,-Ir^,K = (2r+2)lk\ ( 8 ) 

It will be seen that the r.h.s. of (5)-(8) are given by — Jtt times 
(l)-(4), each to each. For (1), (5) see [202, p. 156, ex. 60, 61]. The 
remainder may be derived therefrom by aid of recurrence relations. 
The results obtained are as follow: 


f’eyk(o,g') = 


(9) 

Feyan+iCO,^) = 

2i>2„+ice2„+i(|7r,g) 

(10) 


Geya„H.i(0,5') = 

2»2n+l se2n+l(i”'’ 9) 

(11) 

Gey2»+2(0.5') = 

2®2»+2 ®®2«+2(i”' > ?) 

„;fc2_B«»+2) 

(12) 

Fek 2 „{ 0 , -q) = 

Pzn 9.) 

(13) 
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l!ek 2 n 4 -i( 0 , q) — — 


^ 2 n+l®® 2 n+l(^> ?) 

TrkjS^^ ’ 


= (16) 

G«k*»«( 0 , -«) - ( 16 ) 

13.40. Combination solutions. In problems on wave motion 

using elliptical coordinates, it is expedient to have solutions akin 
to the Hankel functions The latter are used to represent 

incoming and outgoing waves in problems pertaining to circular 
cylinders. Accordingly for wave-motion problems involving elliptical 
cylinders we shall adopt the following definitions: 

Me<i>-(*)(z, q) = Qejz, q)±i Feyjz, q) (aj, ( 1 ) 

and Ne<J>-‘ 2 )( 2 ,g) = Se„( 2 ,gi)±iGey„(z,g) {bj. (2) 

Then by aid of §§8.10-8.13, 13.11, 13.20 we get 

Me<}).»)(2,?) = 2 (- lyA^-m^li^K^kcoshz) (3) 

0 

= y ^r>^lV’®(2*8inh2) (4) 


= (PzJA^r^) 1 ( 6 ) 

r »0 

Mei»-«)(2,g)= 2 (-iMr+V’^^V-J^fHa^coshz) (6) 

^ r-0 

= ®-||^^^coth2 2(2r+lMr4.t^'«r(2*sinh2) 

1 r-O ( 7 J 


Ne<»-.<!>( 2 ,g) = tanhzx 




X 2(-l)^2r+l)^an'i'>i?&Vf>{2i:co8h2) (9) 

r-0 


2 ^*AV'^^V4^r(2^8inh2) 
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r-0 




-/„,(«, )a»>»(»,)]. (II) 


2X 


X (12) 


r=«0 




jfc2j5(an+2) 


2X 


X 2(2»-+2)J?«'5:|«£?^V+<l’(2A:8inhz) (13) 


r-O 




r“«0 


(14) 

Series for q < 0. These may be obtained by aid of the following 
definitions: 


Meg>-(«( 2 , -q) = 

= Ce 2 „( 2 , -q)±i Fey 2 „( 2 , -q), (16) 

Ne^^„>!<|>(2,-?) = (-l)”+^Ne«>-<|)(i^i+2,g) 

= Se 2 „+ 2 (z, -q)±i Gey 2 „+ 2 (z. -?). (16) 

Me|*„>!f|>(z. -?) = (-l)"+^iNe|‘,J:^|>(i7rj+2,g) 

= Ce 2 „+i(z, -?)ii rey 2 „+i(z, -q), (17) 

Ne«>!^|>(«> -g) = (-l)»+H-Me»M|)(^m+2,g) 

= Se2„+i(2, -g)±»Gey2„+i(2, -g). (18) 

13.41. Relationship between Fek„; Ne(J*, Gek„. Apply- 
ing (4), (7), (10), (13) § 8.14, and (10), (20), (30), (40), §8.30 to (1), (2) 
§ 13.40 leads to 


Meg>( 2 , ±q) = — 2 iFek 2 „(z, ±q), 

(1) 

Me^«+i(2,?) = -2Fek2„+i(z,g), 

(2) 

Me^“+i( 2 , -q) = 2 iFek 2 „+i( 2 , -q), 

(3) 

Ne^n+i(2i3) = -2Gek2„+i(2,g), 

(4) 

Ne^»+i(2. -g) = 2iGek2„+i(2, -g). 

(6) 

Ne^»+2{2.±g) = -2iGek2„+2(2.±g)- 

(6) 
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13.50. Series for ( 2 ,?). { 2 ,?). Writing —iz for z in 

®®m 8®in+)3 

(3) § 13.11 gives 

ce2»(2. ?) = (- (1) 

r*0 

where = A:e^, v'^ = ke-^. The r.h.s. of (1) is even in z. If z is real, 
v[ and ^2 conjugate, so the r.h.s. is real, as we should expect. 
If z is complex, v'^, v'^ are not conjugate and (1) is, therefore, complex. 
Writing —iz for z in (6) § 13.11 yields 

ce2»+i(2.?) = (P2 «+iMi*"^”)X 

X f (— lM2r+l*HK)'^r+l(«^2)+«4-+lK)*^r(«^2)]. (2) 

r**0 

the r.h.s. being even in 2. If z is real the two product pairs are 
conjugate, since one is derived from the other by changing the sign 
of i. Thus the part in [ ] takes the form 

{ x + iy )+( x - iy ) == 2 x , (3) 

a real function expressible in a cosine series, since = cos z±:i sin z . 
By virtue of (3), if z is real, 

cea«+i(2.?) = (2p2„+iMi®"^‘') i 

’■“* ( 4 ) 

Similarly we obtain 

se2»+l(2>?) = X 

X i(-ir5«»V'[«/rK)«^r+l{^2)-«^r+lK')</,(^ (6) 

r=0 

and, if z is real, 

8e2„+l(2,9) = (2»2n+l/5i*"+^’)X 

X I { - 1 Imag[ J,+i(v 2 )] ; (6) 

r=0 

se2„+2(2,9') = -Kt+ 2 A'- 82 ‘“"'^*^)X 

X |(-l)--R<niVr(»'l'R+2(*^i)--/,+2KHK)], (7) 

f-0 

and, if z is real, 

8e2„+2(2,g) = -(2S2n+2/^2*'‘'^*^)X 

X |;(-l)’’.^2r+2*’ImagKKK+2{«'2)J- (8) 

r=0 

Series for ce^+p(z,q)y &e^+p(z,q) may be derived from § 13.12 by the 
above substitutions. 
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13.51. Series for ce^(z, — g), 8e^(z, — g). Applying the relation- 
ships (2)-(5) § 2.18 to the formulae in § 13.50 yields the results given 
below. 

ceaJz, -q) = | (-lyAniOW)- (1) 

r = 0 

This function, as represented by the r.h.s., is even in z, real or 
complex with z, 

X I (2) 

r=0 

and, if z is real, 

ce2„+i(2,-?) = -(2«2„n/-Bi*’‘'-»)x 

X Real[/,(vj)/^^.j(v2)]; (3) 

r=0 

8e2„+i(z,-g) = 

X (4) 

r=*0 

and, if 2 is real, 

se2„+i(z,-g) = -(2i)2„+iMi*''+^>)X 

X f ( - Imag[4(Vi')/,+i(v2)]; (6) 

r=0 

se2»+a(z.-3) = (san+aA'^a*"^®) X 

r=0 

and, if z is real, 

8e2„+2(z. -?) = (2«a„+2/^a*"+*’)X 

X f ( - 1 T-B^^Va*’ Imag[/,(vi')4+j(v2)]. (7) 

r = 0 

13.52. Series for fe 2 „(z, g). Substituting — az for z in (1) § 1,3.20 
gives 

Fey2„(-«,?) = (P2«M?"’) i (- l)’’^2r"^«^r(*’lTr(V2)- (1) 

r=*0 

Consider the product Jr(vi)Yf{v^); substitute the expansion of the 7 
function [ref. 202, p. 161, no. 61], and we get 

Jr{vi)Y^{vi) = -[y+log,P]J,(t;iV>,;)+ 2 cosines- 

TT 

sines]. (2) 


— »[|z*4(*’iVrK')+ 2 
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Using (2) in (1) leads to 
Feya„(-iz,j) 

= ---(y+log^P)ce,„( 2 , 3 )+(Pa„/.^i*»)) f 2 cosines- 

TT r-0 

-i[-2cej„(2,?)+(pa„/i4i*“>) f J sines]. (3) 

r-O J 

Now, if z is real, the real and imaginary parts (even and odd func- 
tions, respectively) of (3) are linearly independent solutions of 
y'"-f-(a 2 n— 2gcos2;)y == 0. Thus the second member of the r.h.s. must 
be a constant multiple of while the imaginary member 

must be a constant multiple of fe 2 ,i( 2 ;, ?). Hence for z real we define 

fo2n(2, g) = multiple of Imag(Fey 2 n(—i 2 , g)}. (4) 

Now by (1) §7.22 

fe*„(z,g) = C' 2 „( 3 ')[ 2 ce 2 „(z,g)+ f^/2(*!f>aSin(2r+2)2], (5) 

SO by (1) we obtain 

fean(2. ?) = C'a«(l’2nMo ”’) f (“ l)’'^^r>Imag[J,(ie^)7,(*c-^)]. (6) 

r— 0 

In this and the sections which follow, the series in B.F. products are 
valid only iik ^0, 

13.53. Determination of Cgn* Differentiation term by term in (6) 
§13.52 is valid since by §13.60 the series is uniformly convergent, 
as also is the resulting series. Thus 

i (-l)M^f)Imag[i^e*j;(A;e<*)7,{ie-^*)- 

r«0 

- { 1 ) 

where j;(v) = dJ,{v)ldv. Now j;{k)Y,(k)-J,{k)Y;{k) = -2lnk, by 
(1) §13.31, so (1) gives 

= -C2„(2>2„M«»>)H I (-l)Mg«), (2) 

TT r-0 

and, therefore, 

C’an = - fe2„(0, q)/Pin CCjnCi^r, q). (3) 

13.54. Relationship between Fey 2 „(— 12 , 3 ), oe^{z,q), and 
fe 2 „( 2 , 3 ). (3) § 13.52 may be written 

®’ey2n(-«.3) = ^ce2„(2,3)+ij5fe,„{2,3). 


( 1 ) 
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Since fe2„(0, q) = 0, we get 

^ = Fey2„(0,g)/ce2„(0,g). 

Differentiating (1), and putting z == 0, yields 


B= -Fey2„(0,g)/fe;„(0,g). 


Hence by (1)~(3) 
Fey2„(-i2,g) 




ceaJO.g) 


Kn(0,q) 


This will be clear from (4) § 13.21. 


( 2 ) 

(3) 

(4) 


13.55. Series for fe 2 n+i( 25 , q), g©m(^> 9')* Analysis similar to that in 
§ 13.52 leads to the following results for real values of z: 

fe2„+l(2.g) = 

X f (i) 

r-0 

with C2»+i = (2) 

The relationship corresponding to (4) § 13.64 is obtained by writing 

2re+l for 2». 

ge2„+i(z,g) = 'S;„+i(s2„+i/^*"+”)X 




r“0 


'S'2„+l= -^’^^5i’‘'‘+‘>ge2„+i(0,g)/52n+iSe2„+i(K?). (4) 

Gey2„+i{-iz,g) = sea,, +i(g> g) + 7^ ’ r S^ 2 n+i(^, g). 

se2n+l(0>9') ge2n+l{0,?) 

( 6 ) 

ge2„+2(2.?) = 'S2„+2(«2»+2/^2*'‘+**) X 


X 2 (-imnt*’Real[J>i)r,^ 2 (*' 2 )--fr+ 2 K) 5 ;K)]. ( 6 ) 

r»0 

>S2„+2= -iw**'B|!®"+’‘^ge2«+2(0,?)/«2«+2Se2„+2(i^,g). (7) 

The relationship corresponding to (5) is found therefrom if 2w+2 is 
written for 2n-\-l, 


13.56. Series for £02^(2, — ?)• By (1) § 7.60 

fe2»(z. -?) = (— l)"+^fe2»(i’^-2.S')- (1) 

Applying the r.h.s. of (1) to (6) § 13.52 gives 
fe2«(*. -?) = (-1)"+^C^L(P2«M^0 x 

X 2 (— (2) 
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The part in [ ] has the form so if z is real, (2) is unaltered if 

we write — i for i and for (—1)'^+^. Thus for z real 

fe2n(2. -?) = (-l)"C'2n{P2nMl»*"^)X 

r«0 

Now Jf{—ike^^) = i-'I^{ke^‘‘) (4) 

and Y,{ike-*^) = i-’'^ — ~K^{ke~*‘)+{-iyiI^{ke-^^)^. (5) 

Using (4), (6) in (3) leads to 
fe2,.(2. -?) = C'2«(PinMo*'*’)X 

X [ i { - 1 1 ^ "^**’*' Imag[4(ifce'*)Ji;(A;e-**)] j 

^ ^ r«»0 ' 

(6) 

= C'2n[ce2„(2. -g)-2Imag{Fek2„(-u, -gr)}] (7) 

= C'i«[cej„(2,-5')-2fek2„(a,-5-)], (8) 

where the definition of fek 2 rt( 2 , —q) is obvious. 

Replacing the K functions in (6) by their expansions [ref. 202, 
p. 165] leads to 

—?) = const.[(i7r— 2 :)ce 2 ,j( 2 :, — g)+a sine series], (9) 

and this has the same form as (2) §7.60. 

13.57. Series for fe 2 n 4 -i( 2 , — g), —g)- Applying (3) § 7.60 to 

(3) § 13.55 gives 

fe2»+i(2. -3) = 

X 2( l)’’-®2r+i*'®'®®'l['4(^^2)^+l( •4 '+i(**’2)^( (^) 

r«0 

If z is real, (1) is unaltered if we write —i for i, since the real part 
in [ ] is unaffected. Doing this and following on the lines of § 13.56 
leads to 

fe2,i+i(2. -3) = 'S'i„+i[ce 2 „+i( 2 , -?)-2 Imag{Fek 2 „+i(-iz, -q)}] (2) 

= 'S 2 „+i[cej„+i(z,-g)— 2fek2„+i(z,-?)] (2 real). (3) 

Similarly we obtain 

ge2«+i(2. - 3 ) = C'2„+i[8e2«+i(2. — 3)-2Real{Gek2„+i(-i2, -?)}] (4) 

= ^^i«+i[ 8 e,„+i(«,-g)- 2 gek,„+i{ 2 ,-g)] (z real), (5) 
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ge2»+2(2. — ?) = 'S*„+a[se2„+j(2, — 5')-2 Real{Gek2„+j(— *2, — gr)}] ( 6 ) 

== 'S';„+a[sea„+a( 2 , -9)-2geka„+2(2, -g-)] (2 real). (7) 

In each case by using the expansions for the iC -Bessel functions, as 
at (9) § 13.56, the forms in §7.60 may be obtained. 


13.60. Convergence of solutions. By analysis similar to that 
given below, all the B.F. product series in this chapter may be 
proved absolutely and uniformly convergent in any finite region of 
the 2 ;-plane. We shall exemplify this point, using the series 


00 




( 1 ) 


Then by (1), (2) §8.60 we get 

~ r-ie-**-® (r > |t)i| or Ival). (2) 


Using (2), and (4) §3.21, the ratio of the (r-hl)th to the rth term is 


:’4+l(^l)^r4. l(^2)^ 2r+2| ^ 

4K)^r(«^2M2r"’ I 4(r+l)* 


-> 0, as r -> + 00 , 


(3) 


for all real or complex z provided R(z) is finite. Hence under this 
condition series (1) is absolutely convergent. By applying the * M* 
test the convergence may be proved uniform. It follows that 


2 ( - 1 (4) 

r = 0 

is absolutely and uniformly convergent, provided R{iz) is finite, i.e. 
Imag( 2 :) is finite. 

By virtue of uniform convergence, it follows that the functions 
rej)resented by the B.F. product series are continuous in any finite 
region of the 2 ;-plano. 


13.61. Advantages of B.F. product series over those in 
Chapter VIII. These are as follows : 

1. The product series converge more rapidly than those with argu- 
ment 2k cosh z, 2k sinh z. The rate of convergence increases with 
increase in z (real). 

2. The product series for Fey^^^, Fek^, Gey,„, Gek^ converge uni- 
formly in any finite region of the 2 ;-plane, including the origin. 
The other series do not converge uniformly in a restricted 
region, including the origin. 
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3. By virtue of (1), (2), the product series are preferable for cal- 
culating the values of the functions. This feature is illustrated 
vividly in Table 22. 

Table 22. Computation of reko(2, — 4); A; = 2, g = 4 


r 

1 z = 0^ 2k cosh z = 4 

1 

z — logg 2, 2k cosh z = 5 

Ao 

X Kif{2k cosh z) 

ceo(0, 4)ceo(iir, 4) 

xIr(ke-‘)Kr(ke‘) 

Aa in 
column 2 

Aa in 
column 3 

0 

0 00078 0079 

4-004189 15 

0*00025 801 

4-0*00227 970 

1 

130 1687 

-0*03841 39 

39 706 

-0* 121 818 

2 

93 6560 

4-0 00607 35 

22 965 

4-0* 8 215 

3 

67 359 . 

-0* 47 80 

12 127 

-0* 230 

4 

50 25 . . 

4-0* 2 27 

6 306 


5 

39 90 . . 

-0* 07 

3 30. 


6 



17.. 


Sura 

-f- 0*0046 

4-0 00909 51 

0*00111 906 

4-0*00114 137 


When 2 = 0 the ifgr series, being non-uniformly convergent, con- 
verges so slowly that six terms contribute much less than three of the 
I^Kj. series. In columns 3, 5 the rapidity of convergence of the 
series is strikingly displayed, the value of the function being obtained 
to at least seven decimal places using only four terms. See also [8]. 
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MISCELLANEOUS INTEGRALS INVOLVING 
MATHIEU FUNCTIONS 

Z 

14.10. Evaluation of j y cosh 2u du, when y satisfies 
0 

y" —(a—2qcos\i2u)y — 0. 

Integrating the D.E. with respect to u from 0 to z, we obtain 

Z Z 

[y'^—a j ydu +2q j y cosh 2u du — 0, 

0 0 
Z Z 

so J ycoah2udu = ^ J ^ — 1/'(0)], 

0 0 

where y is any solution. In particular, iiy = Ce 2 „(u,q), 

r °° 1 

j Ce 2 „(«,g) du =A^^”h+ ^ — A^*;‘’sinh2rz, 


:Ce2«(“.9) 


2 sinh 2fz. 


Substituting (3), (4) into (2) gives 


I Ce2„(«,g)co8h2adM = |A«»)2+iAj?">sinh 22+ 


+ 1 T 1 (^r+’ 2 +^^*A)sinh 2r2, (5) 

4 ^ r 


4 ^ r 

r«l 


by (1) §3.10. 

In a similar way for y"-\-{a—2qcos2u)y = 0, we find that 
z * 

j* ycos 2udu = y du + ^[y'{z)—y’{0)], 

0 0 

and in particular, when y — ce 2 ,i(t^, 3 ), the r.h.s. is 

|^«”>2+iA^*">8in22+l 2 ;(^^r+’2+^i*A)sin2r2. 


( 7 ) 
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14.20. Product integrals. We commence with the equations 

y{—{a,— 1 cosh 2u)yi = 0 ( 1 ) 

and y\—{a—2q^oos\i2u)y^ = a, (2) 

the a being the same but ^ q^. Multiplying (1) by y^, (2) by y^, 
subtracting and integrating with respect to u from to Zj, we get 

J yi(M)y2(tt)cosh 2 m dM = [y[{u)y^{u)-y;i,{u)yi{u)][\. (3) 
2| 

When the fundamental ellipse becomes a circle, (3) degenerates to 
the well-known form for the Bessel functions [202, chap. vi]. 

If in (1), (2) = ^2 Vv Vi independent solutions of the 

same equation, with constant and z^ — z variable, we get 

y'i(^)yz(^)-yi{^)yi{^) = 2/i'(2i)y2(2i) - 3 / 2 ( 21 )^ 1 ( 21 ) = c*, a constant.t (4) 
For given functions y^, y^, c* is independent of z, but not of q. By (4) 



^[log(3/i/3/2)] = c73/i3/2. 

(5) 

so 

Z 

J dujy^y^ = ^log(3/i/3/2)- 

(6) 


Taking y^ = Ce 2 „+i(M,g'), y^ = Fey 2 „+i(M, g), (6) asserts that 

Z 

I du/[Ce2„+i(M)Feyj„^i{M)] = llog[Ce2„+i(z)/Fey2„+i(z)]. (7) 

Again, from (4), y\y<i—y\y\ = so dividing throughout by y\ gives 

iy[ly2)-(y%yilyD = cVi/i. (s) 

or = c®/y|. (9) 

du 

Integrating (9) leads to 

z 

3/i/ 3/2 = J dM/yl+il, (10) 

Z 

or yi = c^y 2 ^duly\-\-Ay^. (11) 

This gives one solution in terms of the other, but it is a troublesome 
form to use in practice. The lower limit is an arbitrary constant, 
related to A. 

t For solutions of Bessel’s equation the equivalent of (4) takes the form [202, p. 156] 
y[yt~^y\y\ ~ ® constant/^. The absence of on the r.h.s. of (4) is by virtue of 
Mathieu’s equation having no differential of the first order. 
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The results herein are valid for solutions of 

2gcos2tt)j/ = 0, 
provided that cosh2w is replaced by — cos2i4. 


14.21. Theorem. Ifyi(w),y2(^)a'r6 solutions of 
I/''— (a— 2gcosh2w)y = 0 

for the same a, corresponding respectively to gj, g2, such that 
2/l(%2(0)-3/i(0)t/i(0) = 0, and either 1/1(2, gi) = 1/2(2^, g2) == ^ or 
= J/2(2^»?2) = then 


z 

J i/i(i^)2/2(^)co®*^ du — 0. 


0 

This follows from (3) § 14.20. If y^(u) = 


( 1 ) 


J i/i(i^)cosh 2w du ^ 0. (2) 

0 

We now proceed to evaluate this integral. 

In (3) § 14.20 take Ag = to be small, f 2i = 0, = 2 :, then 

we have 


[yi(w)y2(«)— y2(“)2/i(“)]o— 2A? J y^{u)yi{u)QO&\v2udu = 0. 

0 

By Taylor’s theorem 

j/2 = yi+A?^+^^^+- • 
i/2 2! ag* ^ 

Substituting into (3) and neglecting terms in (Ag)®,... leads to 


(3) 


!/l(i 


i^i+Ag 


dy 

“ag 




z 

0 


— 2Ag J yi|t/i+Ag^jco8h2Mdtt = 0. (5) 
0 

Dividing throughout by Ag and letting Ag tend to zero yields, with 
y for yi, ^ , 

® 0 

H.n« Jj,*(.)cosh2«d. = l[||-j,i-g)]‘. (7) 

0 ® 
dyjdq is not found by differentiating the coefficients in the series for 
y, since both g, a vary on a characteristic curve. 

t J/t-+»i asAj -.0. 
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14.22. Example. Evaltiate (7) § 14.21 when y = Ce 2 „(tt), given 
that Ce 2 n(io> ?) = 0, the upper limit being z = Here 5y/0«|„=o = 
since all terms in the series vanish at the origin. Then 



cosh 2u du 





u=0 


( 1 ) 




where, with a constant, 


dyidq = lim{[Ce2„+^(M,g+A3)-Ce2„(tt,g)]/Ag}. (3) 

Aq-H) 

/}->0 

The only way of evaluating (2) seems to be by a numerical process. 


14.23a Evaluation of J (y'^+ay^) du, when y satisfies 
0 

y’* — {a—2q cosh 2u)y = 0. 

The D.E. may be written 

— = (2gcosh2t4)i/. (1) 

Multiplying both sides of (1) by y, and integrating with respect to 
u from 0 to z, yields 


Thus 


— J y dy'+a J y* = 2q J y^ cosh 2u du, 
0 0 0 

z z 

J (y'*+«y*) = [yj/']^+2? J cosh 2m du 

0 0 


( 2 ) 

(3) 


by (7) §14.21. 



(4) 


14.24. Evaluate (4) § 14.23 if y = Ce 2 „(M, q), given that 

Ce»n(^o.?) = 0, 2 = lo- Since Ce 2 n(^o-?) = 0. and Ce2„(0,g) = 0, the 
first member on the r.h.s. of (4) §14.23 vanishes. Hence by (7) 
§ 14.21, (2) § 14.22 and (4) § 14.23 

J [Ce»»(“>9)+® Ce 2 n(w> 9 )] = 2? times (2) § 14.22. (1) 
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14.30. Integrals involving sinh In. Let be a solution of the 
differential equation in § 14.23. Differentiating . 

j>{n) = (o— 2gcosh2tt)y*(tt) (1) 

with respect to «, we obtain 

^ = 'i>y' y" cosh 2 m+«* sinh 2 m) — 2a«M' (2) 

an 

= 2y'[y''— (a— 2gco8h2M)y]+4gfy*sinh2M = 4gy*sinh2M. (3) 

Hence 

4q j du = y*^{z)—{a—2qQO&\i2z)y\z) 

== ( 4 ) 

Integrating by parts gives 

z z 

J^*sinh2MdM = 2 Ji/*coshMdcoshM (6) 

[ Z Z 

y^ cosh*2 — ^ j y^ sinh 2ndn —2 j yy' cosh*M dn , (6) 

Therefore 

Z Z 

J jy^sinh 2 m dn = ^*( 2 )cosh* 2 — 2 J yy’ cosh*M dn. (7) 

Hence by (4), (7) we find that 


iqjyy' cosh*M dn = (g+ ^)yHz)—y^z). (8) 

Since cosh*M = ^(cosh2M+l), (8) may be written 

Z Z 

4? J yy'cosh2M dn = {2q-\-a)y^{z)—y'^{z)—4q^yy' dn (9) 

= oy*(2)— y'*(2). (10) 

14.40. Integrals for the ordinary Mathieu functions. If v is 

a solution of t>"'+(o— 2^008 2m)v = 0, the integrals corresponding to 
(4), (8), (10) §14.30 are 

Z 

4q j v^sin2ndu = t;'*( 2 )-l-(o— 2 gco 822 )v®( 2 ) (1) 

= v'*( 2 )— r( 2 )t)"( 2 ), (2) 

Z 

4q j w' coahkdn = (7+i<*)w*(z)+iv'*(*), (3) 


Z 



vv' cos2n dn = ov®( 2 )+w'*( 2 ). 


(4) 
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Using (9,) with v = oe^(u,q) or &e^{u,q), we find that 

2n 27r 

J oel^{u)sin2u du = f sel^(u)sm2u du = 0. (6) 

0 

Using (4) leads to 

27r 27r 

J ce^(u)ce^(u)co8 2udu = j 8e^(u)8e^(u)cos2u du = 0, (6) 

0 0 
Prom § 9.40 we have 

27r 2n 

j ceJi(w)cos du = J se^(w)cos2w (7) 

0 0 

2n 2'rr 

14.41. Evaluation of j ce'^(z, q) dz, J se^(z, q) dz. We have 
0 0 

2n 27r 27r 

J y'^(z) dz = j y'dy=:^ [yy'fo~ j yy" ^y- 
0 0 0 

If 1 / = ce^( 2 ,g) or se^( 2 ,g), the third member of (1) vanishes at both 
limits. Since i/ is a solution of y"+(«~23cos 2z)y = 0, the first and 
last members of (1) give 

2it 27r 

j y'H^)d^ = j (a— 2qco8 2z)y^ dy, (2) 

0 0 

The evaluation of the r.h.s. is obtained from (1) §2.21, and (7) 
§ 14.40, so we get 


'2(z) dz 


l-(3 


if y = ce„ or se„. 


14.42. Evaluation of J ce„( 2 , g)se;(z, q) dz, f sejz, q)oe^(z, q) dz. 


First we have 


« II 611 

j ce„ se; dz = [ce„ se„]*"- J se„ ce^^dz, ( 1 ) 

0 0 

by partial integration. The member in [ ] vanishes at the limits. 
Hence 

2w 2ff 

J ce„,se;d2 = — J se„ce;,dz. (2) 
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2ir 


I dz = (12 ^2*’"^cos2r2 2 2r£^*"> cos 2r2| dz (3) 

J J lr=o r-l j 

= 2 I cos® 2 r 2 dz, (4) 

r = l J 

since the other integrals vanish, 2 being moved outside the integral 
sign by virtue of uniform convergence. Therefore by (2), (4) 

f ce2„.8e.;„dz = - f se2„ce2„,dz == tt 2 (5) 

J J r«l 


0 0 
In a similar way we find that 

2ir 2n 

^®2m+l®®2n+l ~ J 


AN 

J 


2n+l ®®2m+l 


- tt I (2r+ (6) 

r-O 


and 


ATI 

J 


27r 


ee„ce'„dz 


8e„ee'„dz = 0. 


(7) 


0 0 

These results are valid for m n or m == n. 


14.50. An integral identity. In § 14.20 we showed that if yg 
were solutions of y" —(a~2qco8h2u)y = 0 for the same a, g, then 
for all u 

vi 2 / 2— ^2 yi ^ a constant. ( 1 ) 

Squaring both sides of (1) gives 

yiyl+y'zyi - %! y^ yi y* = c*. (2) 

Now, by § 10.76, 

z 

y'\y'z = ^^ 1 , 2 ( 0 )— yi(2)y2(2)x(2)+4g Jyi(M)y2(tt)sinh2M dw, (3) 

0 

where ^j,a(0) = yj(0)ya(0)+yi(0)y2(0)x(0). Using (3) in (2) leadsf to 

c« ^ yi(2)li.i(0)+y?(z)^a,2(0)— 2yi(z)y2(z)^i_j(0)+ 

Z 

+4? J [y2(2)yi(«)— yi(z)ya(M)]2sinh2Mdtt. (4) 

0 
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Taking the initial conditions yi{0) — y^iO) = 1, yi'(O) = ^^(O) = 0, 
we find that = (2q—a), ^^ 1 , 2 ( 0 ) = 0, c* = 1. Hence 

(4) becomes , 

Z 

yi(z)+(2g-a)yi(z)+4? r [y2{z)yi{u)-yi{z)yi(u)f8mh 2u du = 1, 

0 (6) 

or 

z 

4g f [y2{z)yi{u)—yi{z)y2(u)f8mh2udu^l—yl{z)+(a—2q)yl(z). 

« (6) 

For the equation y''+(a—2qcos2z)y = 0, the identity correspond- 
ing to (6) is 

z 

4? f [y2(z)yi(u)-yi(z)yi{u)f8m2u du ^l-yl{z)-(a-2q)yl(z). 

0 (7) 

If a, q are fixed, (6), (7) are valid for all real finite values of z. When 
g = 0, (7) degenerates to 

2/i(z)+«yi(z) = 1, (8) 

while the equation becomes 

if+ay = 0, (9) 

and the appropriate solutions which conform with (8) are 
y (z) — cos ah, sin 0 * 2 / 0 * 


respectively. 
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XV 

APPLICATIONS OF y''+(a~-2gcos2z)y == 0 

15.10. Amplitude distortion in moving-coil loud-speaker. A 

conventional diagram of this apparatus is shown in Fig. 20 a. A sinu- 
soidal current, of low audio frequency, in the coil causes it to vibrate 
axially about a central or equilibrium position. For absence of dis- 
tortion arising from amplitude of motion, the amplitude must be 
proportional to that of the coil current. This condition is fulfilled if 
the total magnetic flux passing radially through the coil remains 
constant throughout its travel.f When the axial length of the coil 
is equal to that of the outer pole face (Fig, 20 b), and the amplitude 
is relatively great, i.e. the sound output is large, an appreciable 
length of the coil moves into the leakage field at each side of the 
outer pole. The amplitude cannot then be proportional to the cur- 
rent, since the field decreases rapidly with increase in axial distance 
from either side of the outer pole. In practice the coil usually tends 
to move into the weaker part of the field, but its excursion is limited 
by the axial restoring force exerted by the centring spider (not 
shown), and the outer surround' which supports the diaphragm. By 
virtue of this superimposed unidirectional motion, speech and music 
are reproduced with perceptible distortion because the axial con- 
straint is non-linear for large coil displacement. J If, however, the 
axial length of the coil is adequately greater than that of the outer 
pole (Fig. 20 d), the magnetic flux passing radially through the coil 
is almost constant throughout the travel. Then the effect described 
above is negligible, being counteracted easily by the axial restoring 
force. A well-designed loud-speaker satisfies this requirement [201], 
provided the coil amplitude does not exceed the linearity limits of 
the axial control. 

t It has been tacitly assumed that the axial constraint is proportional to the 
displacement of the coil. 

t When the coil current arises from speech or music, intermodulation occurs 
between the various component frequencies, owing to the constraint -displacement 
relationship being non-linear. The distortion is unpleasant. 
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15.11. The equation of motion. To study the phenomenon, 
described in § 15.10, analytically, we consider a relatively narrow coil 
situated in a radial magnetic field which decreases linearlyf from 
the outer side of the centre pole (Fig. 21) towards the left, i.e. away 
from the magnet. The axial force on the coil due to a current 
/ocos is 

f == ^nrnc^lQ cos 2a>f , ( 1 ) 

where 

r = mean coil radius, 

n = number of coil turns, uniformly spaced, 

t In practice the relationship between flux and axial distance takes the form shown 
in Fig. 20 c. 
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B ~ == magnetic flux density when coil centre is distant ^ from 

the origin, 

c == slope of line in Fig. 21. 



Fio. 21. Assumed relation between flux density 
B and distance from outer face of magnet in 
Fig. 20. 

For simplicity we assume that : 

(а) the axial restoring force on the diaphragm is negligible; 

(б) the mechanical loss is negligible; 

(c) the electrical impedance of the circuit external to the coil is 
large enough to preserve constant current whatever i.e. the 
back e.m.f. induced in the coil by virtue of motion in the 
magnetic field is small compared with the potential difference 
applied to the circuit. 

If is the effective mass of the coil and diaphragm, the equation 
of motion is 

nif ^ — 27rrnc^lQ cos 2ajt = 0. (2) 

Writing z — cot, q rrmcljcohn^, (2) becomes 

^ — (2q cos 2z)^ = 0. (3) 

If a linear axial restoring force 8 per unit axial displacement is 
present, the term must be added to the l.h.s. of (2). Then we have 

^ (a— 2g cos 2z)^ = 0 

dz^ 


(4) 
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with a = sluthrig. In addition, if linear damping r, per unit axial 
velocity is present, the equation of motion is 

or 2K^ + (a— 2}cos2s)^ = 0, (6) 

(lZ“ (tZ 

where 2k = rjcom^. 

Under the simplifying assumptions given above, the motion of the 
coil in a linearly decreasing radial magnetic field is defined by (3). 
As a practical value of q we take 0*16, so the equation to be solved is 

^ -(0-32 cos 2z)^ = 0. (7) 

dz^ 


15.12. Solution of (7) § 15.11. From Fig. 8 we see that the point 
a = 0, 3 = 0'16 lies in a stable region of the plane between Oq and 
6j. By (1) §4.74 with v = /3, a = 0, we obtain 


^ ~ <?*/2(l-i3*), 

from which we find that 

j8~ 0-1138. 

For the first solution, in accordance with 1° §4.70 we take 

(1) 


= 2 C2rCO8(2r+0-114)z. 

r=— 00 

(2) 

By (1) §4.17 the recurrence formula for the c is 



(2r+0-114)*C2,-f-0-16(c2,.+2-l-C2,._2) — 0 . 

(3) 

Neglecting 

Cj, with r = 2, we get 



C2 = -4-114*x6-25c4 



= -1 -067 x10V 

(4) 

r=:l 

Co= 2-114 *x6-26x1-067x10*C4-C4 



= 2-96 X lOV- 

(5) 

Thus 

C2= —3-68x10-% 

(6) 

and 

C 4 = 3-39 X 10“^C(,. 

(7) 

Neglecting 

c_8, with r = — 3 



c_4 = — 6-886* x6-26c_4 



= — 2-166 Xl0*c_4. 

(8) 


r = — 2 c _2 = 3-886* X 6-26 X 2-166 X 10®c_e-c_, 

= 2-04xl0*c_,. 


( 9 ) 
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r = -1 

Co = — 1-8862 X 6-26 X 2-04 X 10*c_o— c_4 



= — 4-66 X 10®c_j. 

(10) 

Thus 

c_2 = -4-6xlO-2co, 

(11) 


c _4 = 4-77 X 10-%, 

(12) 


c_8 = —2-2x10-%. 

(13) 

If in (3) we 

put r = 0, /3 for 0-114, and insert the values of Co, 

C_2> 

we obtain 

( 

;oi32 = — 0-16 (c2+c_ 2) = 0-16 X 8-08 XlO-2co, 


80^ 

)3= 0-1137, 

(14) 


which checks the value at ( 1 ) and also the computation in general — 
up to a point! 

Substituting for ^ and the c in (2), the first solution is 
= Co[cosO-1142-4-5xlO-*co8l-8862— 

— 3-68 X lO-^cos 2-1142+...]. (16) 

By 1° § 4.70 the second solution is 

= Co[sinO-1142+4-5x 10-2sinl-8862— 

—3-68x10-2 sin 2-1 142-...]. (16) 

By §4.71, (16), (16) are multiples of 000114 ( 2 , 0 - 16 ) and 860114 ( 2 , 0 - 16 ), 
respectively. Using (3) §4.72, we have 

K ~ l/co[ 1+0-0452+0-0362]* ~ l/l-002co. (17) 

Hence 

= 1 -00200 060114 ( 2 , 0 - 16 ) and = l- 002 coSeo.ii 4 ( 2 , 0-16), (18) 

and the complete solution with two arbitrary constants is 

$ = ^^i+B^j. (19) 

15.13. Initial conditions. We take $ — i — 0 at t = 0, i.e. 
when 2 = 0 . Then by (15), (16), (19) § 16.12 the first condition gives 

^0 = +Co(l-0-046-0-0368), 

so + = l-088^o/co- ( 1 ) 

The second condition gives B ~ 0. Hence the appropriate solution 
of the problem is 

f = l-088fo[co80-1142— 0-046cos1-8862-0-036cos2-1142+...] (2) 
= 1-09^0 ®®o-ii 4(2'> b* 16), (3) 

where 2 = u)t. Since )3 = 0-114 = 67/500, by §4.71 the period of 
(2), (3) is IOOOtt. 
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15.14. Interpretation of (2) § 15.13. Cos 0*1142; is the dominant 
term, and as the coefficients of the other terms are comparatively 
small, these terms may be considered to represent ripples of pulsa- 
tance > 0*114a>. The motion of ttie coil is illustrated by the heavy 
curve of Fig. 22. The coil reaches the position f = 0 after a time 



Fia. 22. Curve showing displaeoinent of L.S. coil outside magnet. 

lapse of approximately the first quarter period of cos0114co<, i.e. 
T = 7r/0*228a». If the pulsatance of the coil current were cu = 357r, 
T 1/8 second. Since we assumed absence of constraint and loss, if 
we make the additional assumption that the magnetic field is zero 
when ^ < 0, the coil having reached ^ = 0 will move onwards by 
virtue of its momentum. The time taken for tho coil to travel the 
distance f increased by reducing q [201]. 

15.15. Electro -mechanical rectification. The effect described 
above has been called by this name because a sinusoidal current in 
the coil causes a unidirectional motion. If, however, the magnetic 
field were negative behind the origin — antisymmetrical about 0 — 
the coil would oscillate about 0, so the question of rectification 
would not arise. 

Attention is drawn to the following features: 

(a) In (2) §15.13 there is no term of pulsatance equal to that of 
the current, 2a>. 
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(6) On the dominant component cos0*114ca< is superimposed an 
infinite number of ripples of different pulsatances, which are 
non -integral multiples of 0*114co. 

15.16. Parametric point in unstable region of Fig. 8. The 

solution in §15.12 pertains to a stable region. If (a,q) lies in an 
unstable region the form of solution is given at (1) or (3), 2® §4.70. 
This entails the rate of oscillation of the coil being the same as the 
frequency of the current, while increases with increase in time. 
The reader may find it of interest to investigate the unstable case 
with and without damping. 

15.17. Pulsatance multiplication. In Fig. 11 each iso-/3 curve 

(if continued far enough) intersects the ^-axis. Between the inter- 
sections of Uq, with this axis, 0<j8<l,a = 0, and each jS corre- 
sponds to a different pulsatance of the dominant term in (2) § 15.13. 
Hence in this range, by varying q we may obtain any pulsatance in 
the range 0 < < w. When the point is in any other stable region 

{q > 0) the dominant term will not always have the lowest pulsa- 
tance, e.g. in (2) §5.310 the dominant term has a pulsatance about 
four times that of the first term. Thus in a system satisfying (4) 
§15.11, by varying the driving force (proportional to q) and/or the 
constraint (proportional to a), the pulsatance of the dominant com- 
ponent may be any multiple or sub -multiple of 2a>, the pulsatance 
of the driving force. 

15.20. Frequency modulation. In radio telephony, e.g. broad- 
casting, a wave train of constant frequency and amplitude is radiated 
from the aerial at the transmitting station during intervals. This is 
called the ‘carrier’ wave. The process at the transmitter whereby 
this wave is made to ‘carry’ signals, which become audible at the 
receiver, is known as modulation, i.e. the signal characters modulate 
the carrier wave. In the receiver there is a circuital arrangement for 
demodulating the radio frequency, thereby reproducing the original 
signals, usually rendered audible by a loud-speaker. There are three 
types of modulation, (a) frequency, (6) amplitude, (c) phase. We 
shall deal with (a), where it is implied that signals cause a variation 
in the frequency of the radio oscillations at the transmitter. The 
same principle is used in the case of the audio warble tone employed 
in acoustical test rooms to reduce standing wave effect. Instead 
of using a constant test frequency, the latter undergoes cyclic 



APPLICATIONS OF y' -f- (a - 2^ cos 22)y = 0 


274 


[Chap. XV 


variation covering a band of 50 cycles per second or more,t at a 
rate which may be altered. 

15.21. Classification. Frequency modulation may be classified 
under three heads: 1®. Direct capacitance modulation; 2®. Exact fre- 
quency modulation; 3®. Inverse capacitance modulation [2]. 

1”. Direct capacitance modulation. Consider the loss-free circuit 
shown schematically in Fig. 23 a. Inductance L is in series with 



(c) 

Back plate 


d=f/Q (1-f cos2<f>,^j 
^phragm 


> 




(P) 


Fio. 23. (a) Schematic of loss-free electrical circuit with periodically variable 

capacitance. 

(b) Illustrating frequency modulation without amplitude modulation. 

(c) Illustrating capacitance type microphone. 

(d) As at (a) but with resistance R in circuit. 


capacitance (7, which varies with time, so we write C — C{t)y a func- 
tion of t. We assume that in practice the loss in L, C, and the 
connecting wires would be neutralized by the negative resistance 
effect of a thermionic valve. If Q denotes the quantity of electricity 
in the capacitance, the circuital differential equation is 

d^Q , Q 


- 4 — = 0 . 

dt^^LC(t) 


( 1 ) 


We shall assume that C(t) == (7o(l+€cos2cui^), Cq being constant and 
€ < 1. If € = 0, the central or carrier pulsatance of the circuit is 
cuo = l/( LCq)^. As C(t) alters from Cq{ 1 — c) to Cq( 1 + c) and back again 
periodically, the pulsatance varies over the range lj[LCQ{l—-€)]^ to 
l/[L6o(l+e)]*, and the central or carrier wave is said to be frequency 
modulated. A frequency modulated wave is illustrated in Fig. 23 b. 


t Usually a percentage of the central or test frequency. 
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Using the binomial expansion of {l+€COs2a>i<)“^. (1) takes the 
form 

^~+a>§(l— eC08 2a)i<+c*C08*2a>i<— «®co8®2oij<+...)Q = 0. 
dt 

(2) 

If we write 2 = <oj<, expand the circular functions, and put 
^0 = = -(a,o/a>i)*[€+|€*+...]. etc., (2) be- 

comes 

^ + (^0+ 2 cos 2rz^Q = 0, (3) 

which is Hill’s equation, whose solution is treated in §6.11 et seq., 
and §15.25. 

Since the extreme values of C(t) are Q^lic), we have 

SO oimax — + ^min — Thus the pulsatance 

variation on either side of cjq is approximately 

‘Omln) = Ao) = 

so € = 2Aco/aio. Substituting this in (2) and omitting terms in €*, 
as a first approximation we obtain 

^ 4- K-2oi>o Aw cos 2o)it)Q = 0. (4) 

dt 

Writing z = co^f, Q — y \n (4) leads to the canonical form 

^ + (o— 2? cos 2z)y = 0, (6) 

with a = q = a>oAa>/a>f. The solution is in §15.26. If C 

were fixed and L varied cyclically, an equation similar to (5) would 
be obtained. 

2^. Exact frequency modulation. This is a mathematical concept, 
and so far as the analysis is concerned, we need not consider the 
method by which the desired practical result is obtained. The 
differential equation takes the form 

^-f0(<)<? = o, (1) 

where ^(f) is a periodic continuous or piecewise continuous function 
of t. If [^(<)Ji = a>o— Aajcos2cai<, the pulsatance varies from 
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(a>o+^^) tio (coq—Aco) exactly^ and not approximately as in Sub- 
stituting this value of in (1) leads to 

-f- — 2a;oAa»cdrs 2t02^-|-|A^a>cos4a>i^)^ = 0, (2) 

which is a form of extended Mathieu equation, with 

^0 = (cuj-f JA^co)/aif, ^2 == — 2a>QAa>/a>f, = JA^w/cof, 

= ... = 0, 2 = If Ao) is small enough, the terms in A^oj 
may be neglected and (2) is then identical with (4) § 1®. Otherwise 
the equation must be solved without this reduction. 

3®. Inverse capdcitance modulation. An example of this class is 
found in a certain type of condenser microphone shown schematically 
in Fig. 23 c. Assuming that a sound wave of pulsatance impinges 
on the diaphragm, the capacitance of the microphone varies inversely 
as the distance d = do(l— €Cos2a>i<) from the back-plate. Then the 
capacitance at any instant is given by C(t) = A'/do(l— €cos 260 i^), 
where d^ is the separation between the diaphragm and back-plate 
in quiescent intervals, and iC is a constant for the microphone. By 
(1) § the differential equation for the system is, with = Kjd,, 

or ^+«>§(l-€CO82a>i<)<? = 0. (2) 

where coj = The nomenclature ‘inverse capacitance modula- 

tion’ is due to (l—€cos2a>i0 being in the numerator in (1), whereas 
in (1) § P it is in the denominator. 

15.22. Modulation zones. The differential equation for the three 
classes of modulation considered in § 15.21 may for present purposes 
be expressed in the form 

^ + o(l — 2 ycos 22 )y = 0, (1) 

where 2 = aii^2a>i being the modulating or signal pulsatance; 
a = (coo/a>i)*, coq being the central or carrier pulsatance which is 
modulated; y = Aa>/a>o, Aa> being the deviation on either side of coq. 
2a)i is the rate at which the deviation occurs. Equation (1) may 
be used for r*, 2*^, §15.21 provided the requisite approximation is 
permissible. 
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Referring to the stability chart Fig. 8, it is expedient for present 
purposes to use that half where ? > 0, and to interchange the a, q 



14 9 2 


Fig. 24. Stability chart for frequency modulation [2], 



(wo/u/, y^a 


Fio. 25. Modulation zones in Fig. 24 [2]. 

axes. Then we have the diagram Fig. 24, and by giving y a series 
of values, the lines q ~ ay may be inserted as shown. 

It is convenient to divide Fig. 24 into three zones as illustrated 
in Fig. 25. Zone 1, covering the range 0*1 < y < 0*5, is of theoretical 
interest only. 2Aa> approaches to coq, and 2cu^ to ojq. The line y = 0-6 
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may be regarded as a boundary, since in practice y < 0-5, in fact 
it is usually much less than 0*5. The second zone includes the audio 
warble tone and covers the range 2x 10^ < a < 2*4x 10®, with 
0 < y < 0* 1 , Aoi < cjq, a>i ojq. Zone 3 covers the range of frequency 
modulation in radio transmission, where 9x10® 1*2x10^®, 

0 < y < 0 025, Aa> < coq, cjq. For a given value of a>o, since 
y = Aco/coq, any of the straight lines in Fig. 24 represents a condition 
of constant pulsatance deviation. 2y may be regarded as the modu- 
lation coefficient ; the signal strength is proportional thereto. 

15.23. Stability of oscillations. Consider the circuit of Fig. 23a 
in conjunction with the line* y == 0*026 in Figs. 24, 26. Imagine 
the circuital parameters to be continuously variable so that as 
(Oq = 11(LCqY increases, the ratio (a>o/a>i)® = a does likewise, but y, 
the fractional deviation, remains constant at 0*025. Commencing at 
a = 0, the line y = 0*026 intersects the (a, q) curves where they are 
close to each other, and as a increases, the intercepts in the stable 
regions steadily increase, while those in the unstable regions decrease. 
As a rough approximation the intersections occur when a = m®, m 
a positive integer. With a > 10®, the probability of instability in 
a radio circuit, whose parameters are chosen at random, is small. 
Moreover, if a is large enough, the operating point (a, q) will probably 
lie in a stable region between two characteristics for Mathieu func- 
tions of integral order. 

This statement is based on the assumption that changes in 
a — are likely to be small. The curves Uiooo> ^looi cross the 

a-axisata — 10® and a = (10®+!)^ = 10®+ 2001, respectively. Thus 
when q is small and positive, if we select a point midway between 
®iooo» ^1001 > fhe permissible variation in pulsatance ratio == 
to avoid encroaching upon an unstable region would be less than 

1 part in 2,000. When q > 0 exceeds a certain value the two charac- 
teristics begin to approach each other rapidly, and the permissible 
variation in (coq/wi) to avoid instability then decreases with increase 
in q. In precision work, where thermostatic control and temperature- 
compensated components are used, the pulsatance variation of an 
oscillator would be very small. 

The greater y, e.g. 0*5, the wider the intercept in an unstable 
region and the higher the probability of unstable operation. It is 
clear, therefore, that to ensure stable operation over a wide range 
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of a, and consequently of the signal pulsatance = Aco/oig should 
be small compared with 1/2. 

15.24. The line spectrum in radio frequency modulation 
[ 21 ]. We have mentioned that in this case a is very large. If y < 1, 
then a > 2ay = 2g > 0, and the condition for validity of (13) §4.80 
is fulfilled. Apart from a constant multiplier, this series represents 
Qy the quantity of electricity in the electrical circuit Fig. 23 a . Thus 
writing Q for j/, and ojit for z in (1), (13) § 4.80, we obtain the current 

/ = ^ = 2 C,J,(g/2o*)8in[(o‘— 2r)ft)ie— Q[], (1) 

at r^-ro 

where = C(a^—2r) Ca*, since in §4.80, > r^,. Now q = ay, 

a = (a>o/coi)^, y = Aco/oio, so (1) may be written 

I — ojqC 2 «^(A6u/2a>i)8in[(a>Q — 2To)^t — a], (2) 

r«— r* 

Taking Acii/2a)i = A, = ( — 1)**/^, (2) may be set out in the form 
Discrete components Pulsatances 

-I/a>oC - 

«7o(^)8in(<oo<—a)+ the carrier 

+*A(^){8in[(c<Jo — 2cui)^ — a] — sin[(a>o4-2a>i)f — a]}-f- a>o“~2a>i, coo-|-2cox 

+ t72(^){8in[(aiQ~-4ooi)^ — a]-fsin[(cao + 4coi)^ — cx]}^- oin — 4a>i, Wo-h4a>i 

+ + ... 

+ *^r,W{8in[(aio— 2r<,aji)^ — a]i:8in[(a>o + 2roa>iK-a]} coo — SroCOi, aio4-2roCOi 

(3) 

It follows from (3) that when the carrier of pulsatance coq is modu- 
lated by an oscillation of pulsatance 2(x}i coq, there results a line 
spectrum or series of discrete pulsatance components. These are 
spaced at equal intervals 2a>i on each side of the carrier or central 
oscillation of pulsatance wq, as illustrated in Fig. 26. The amplitude 
of the component of pulsatance (wQ±2ra>^) is proportional to the 
J-Bessel function of order r, namely, t/y(Aco/2a>i). In Fig. 26, 
Aa>/2a>x ==0*1. When > 1, the amplitudes of some components may 
exceed that of the carrier, as will be seen from tables of Jj.{u)» 

15.25. Approximate stable solution of (1) § 15.21. The 

equation may be written 

Q'^+ap^Q = 0, (1) 

with a = coj = IjLC^y p == (l-|-£Cos2a)i^)“^ If the conditions a > 1, 
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0 < € < 1 are satisfied, then by (13) §4.82 an approximate stable 
solution is 

Qi(i) = .d(14-€cos2coi^)lcosj^aiovj d^/{l+€ cos 2coi/)^j (2) 

= ^(l+€COs2cai^) cosj^{a>o/(l + e)*} J d</(l — A^sin^o^j <)lj , (3) 



Fig. 26. Illustrating relativ^e amplitudes of side bands in frequency 
modulation due to a single modulating wave. 


with = 2e/(l+e), A being an arbitrary constant, the second one 
not being needed here. Thus, with coJcdi — wq, 

Qi(t) = ^(l + ecos2tOi<)‘cos[{<5o/(l+e)‘}J?’(A,coi<)], (4) 

where F is an incomplete elliptic integral of the first kind with 
modulus A, i.e. the integral part in (3). 

The type of function represented by (4) is depicted in Fig. 10 a. 
Both amplitude and frequency modulation are exhibited. The former 
is associated with the factor (l+€Cos2cuif)l, and the latter with 
F(XyOJit), These expressions are periodic in with period 7r/a>i. The 
ratio max. /min. amplitude for € = 0*75 is [(l+0-75)/(l— 0-75)]l = 
1‘63/1. This is an extreme case and corresponds to y == 0’375 (see 
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Fig. 25). If € were 0*02 for radio frequency modulation, the amplitude 
ratio would be 1*01, i.e. 1 per cent, amplitude modulation. 

By (2) above and (16) §4.82 the ‘instantaneous frequency* is 

= (coo/27r)/(l + €C08 2a>if)^ (6) 


m 


dthn J 


dtl( 1 + € cos 2<oi t)^ 


If € = 0‘5 the max. and min. frequencies are approximately l-41/o 
and O-82/o, with /q = Thus the variation is asymmetrical 

about / q. For c = 0-02 the values are nearly (l±0-01)/o, so if /o were 
10 megacycles per second, the frequency would vary 10® cycles per 
second on each side of the carrier, at a rate coJtt c.p.s. 

The number of oscillations in one period of the modulating fre- 
quency cdJtt is the integral of the ‘instantaneous frequency’ over the 
period. Thus by (5) 

Tr/oii Trjwi 

N = ^ ( d</(l+€Cos2toi<)‘ = .T,r“ u f dtj(l~XHin^wit)K 
J Z7T\\~\- €.) j 

0 0 (o) 

Writing oji < == r, (6) becomes 

N = f dT/(l-A2smM‘ = (7) 

0 


Taking aio=27rXlO’, wi=27rXl0®, by (7) the oscillations per 
period (dJtt are 

10^ 

N == X 1-5874 5000. (8) 

TTXl-Ol 

Current corresponding to (4). Since 7i(^) = —Qdt), differentiation 

dt 

of (4) leads to 


IS) = - 


A 


(l+tcos 2aj 




+ 


, eoi>, sin 2a>i t 


2(1+€COs2wi«)‘ 


Wo 






( 9 ) 


The type of function represented by (9) is illustrated in Fig. 10 b. 
When a>o ^ and e is such that the second term in [ ] may be 
neglected in comparison with the first, /i(<)max occurs approximately 
at the same t as Qi(0min Figs. 10 a, b). 
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15.26. Approximate solution of (4) 1^§ 15.21. Referring to 
( 1 ) § 16.26, we now take p* = [ 1 -— ( 2 Aa>/a> 0 )cos 2 ci>i^]. Writing 

€ = 2Acx>/a>0, 

the solution is 

Qi(^) = [^/( 1 « ^508 2 oji <)^]co8 j^a>0 J ( 1 — € cos 2a>i t)^ j . ( 1 ) 

Now 

f (l-€Coa2u>it)i dt = (l+€)* f ( 1 -A* COSTCO, 0 * di = 

where Hi is an incomplete elliptic integral defined at (14) §4.82, 
with A* = 2e/(l-|-e). Thus 

Q^(t) = [fi/(l-eco82a>iO*]cos[<So(l+€)‘i?,(A,u)iO], (2) 

B being an arbitrary constant, the second one not being required 
here. 

The ‘instantaneous frequency’ is given by 



f(t) = (ct>0/27r)(l— €COs2a)i<)^ 

(3) 

and 

N = -(ft»o/ft>i)(14-€)i.E(A,|ir). 

(4) 


15.30. Circuit having resistance. Hitherto we have discussed 
resistanceless circuits, the differential equation having the form at 
( 1 ), 1 ° § 16.21. Suppose that a constant resistance B is included in 
circuit, as shown schematically in Fig. 23 d. The p.d. across B is 
BI = BdQjdt, so the equation for this case is 


d^Q .BdQ Q 
dfi L dt LC{t) 


0 . 


( 1 ) 


If € is small enough, we may take \IC{t) ~ ( 1 — eco 8 2 a>i<)/C'Q, and 
( 1 ) becomes 

BdQ Q o t\ n 


Writing Q = y, 1/iCo = “»o> * = ‘"i L = 2k, a = {cajcjif, 

2q = &€, (2) takes the form 

y''4-2»(y'+(o— 2 gcos 22 )y = 0. (3) 

The solution of equations of this type is treated in §§4.83-4.86, 6.60, 
and stability conditions are given in §4.83. An unstable oscillatory 
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circuit t may be stabilized by adjusting R to some suitable value 
depending upon the other parameters. Moreover, as shown in § 4.84, 
the stable regions for (3) cover a greater area than those if = 0. 
They increase in extent with increase in R and, therefore, #c. When 
the point (d,q) is on a characteristic curve /or equation (3), k = in 
§4.84, and the motion is periodic, i.e. a neutral condition. Once 
started, the oscillation would (in theory) continue unaltered. In 
practice, however, it would usually either decay to zero or increase 
until its growth was arrested by the natural limitations of the system. 

If (a,,) U« in a region of Fig. U,} '>^j and the 

oscillation) as ^ +oo. 

J ->±00 

15.31. Approximate stable solution of (1) § 15.30. Substitute 
Q = ve^^^y with RjL = 2/c, and we get 

_4-(ap2_K> = 0, (1) 

where a = cog = I/LCq, = l/(l+€Cos 2 a>i^). Now write 
(ap^—K^) = a<p^y with 9 ^ = a^nd ( 1 ) becomes 

dh) 

+ a9^t; = 0. (2) 


If a ^ 1 , 0 < € < 1 , K^ja 1 , by (13) §4.82 an approximate stable 
solution of ( 2 ) is 



Vi{t) = B<p-* cos 1^0)0 J 

0 


( 3 ) 

B being 

an arbitrary constant. But 




9 = (1+ecos 2fOi <)-*[! — (K*/«)(l+€COs2a>ii)]* 

( 4 ) 


(1-}-€COs260i<)“^ — (K2/2a)(l+€Cos 


( 5 ) 

and by (4) 




9 * ~ (l + ecos 2a)i — ('<V4®)(1+«C08 2 wi<)]; 

( 6 ) 

also 

(l+€COs2a>i<)^ = ( 1 + 6 )*( 1 — A^sin^i 


( 7 ) 


t It is^ tacitly implied in such circuits that a thermionic valve is incorporated, so 
that a negative resistance effec’t may be obtained. 

t Reference is made here to the stability diagram for (3). The boundary lines are 
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with A* = 2€/(l+e). Hence from (3)-(7), on substituting 
we obtain 

o (t\ ^ ige -*<(l + ecos * f [ F(^, co^ _ K^E{X,a)it )l 1 

- [l_(K2/4a)(l+€COs2a>i«)] ( ® [ '(l+e)i 2a(l+€)-*Jr 

( 8 ) 

The type of function represented by ( 8 ) is that of Fig. 10 a but having 
an exponential decay, i.e. the influence of R is to cause extinction 
of the oscillation, unless a negative resistance effect were introduced 
to counteract it. 


15.32. Circuit with periodically varying resistance. 

(1) § 15.30, the equation for the free oscillations is 

dfi^Ldt'^LG 


By 


( 1 ) 


where L, C are constant, but R = J?o+i?icp(a>i^), 9 having period 
27r/a)i, mean value zero, I 9 I < 1 . 

t 

Write Q = with K{t) = ^ j then ( 1 ) becomes 




/ 1 i?'\ 

(lC 4L^ 2 l)“ 


( 2 ) 


Now iZ* = i^+ 2 iZoiZi(p+iZJ(p 2 , B' = dBjdt — and if we 

putKo = B 0 I 2 L, Ky — Ril2L,u)l = (\lLC)—{B^j4L^) = a, we obtain 

^ wg-Ki[2Ko<P+«l'P* + t«l<P'] (3) 

= a—2qif)(o}^t), (4) 

Thus from ( 2 ), (4) 

M"+[a— == (5) 


which is a standard form of HilFs equation, whose solution may be 
obtained by the procedure in Chapter VI. 

If we commence with the circuital equation 

+*^+5 


and write I — e~’^w{t), we obtain 


(6) 



15.32] APPLICATIONS OF y'+(a~2gco8 22)y = 0 285 

which is identical in form with (2) except for the sign of 
Then (7) may be written 

= 0 , ( 8 ) 

where }• 

If a driving e.m.f. E{t) is injected into the circuit, the coupling with 
the generator being negligible, the circuital differential equation is 

L^l + RI+'^^Idt = E{t). (9) 

Then with the above substitution we get 

w''+[a-2qils^{oy^t)]w = (e^lL)(dEldt), (10) 

which may be solved by aid of Chapter VI. 

These equations occur in the theory of the super-regenerative radio 
receiver, and reference [45] should be consulted for further details 
which are too extensive for inclusion here. 

15.40. Dynamical system satisfying Mathieu^s equation. A 

simple link -mass-spring mechanism is shown schematically in Fig. 5 a. 
The mass m slides over a frictionless horizontal plane, along the 
straight line CA, The links are massless and the pin-joints at 0, 
B are frictionless. Also the spring is massless and unstressed when 
m is at Z>, while AB, OA are long enough for motion parallel to BD 
to be negligible in comparison with that along the axis of the spring. 

The driving force Fq == (/‘ocos2a>^ is applied to the cross-head J5. 
It may be resolved into two components, one along AB, the other 
along DA, The latter is nearly (/ocos2a>^)y, and it causes m to slide 
along the line CD A, Three forces are to be considered in connexion 
with m, namely, (1) the inertia mdhjjdt^, (2) the constraint sy due 
to the spring, (3) the driving force (/ocos 2a>0y. Then the equation 
of motion is 

= (/o cos •2.uil)y. ( 1 ) 

Substituting z — vot, a — sjiD^m, 2q = we obtain the standard 

form 

^ + (a— 2grco8 2z)t/ = 0. (2) 

If we write q — ay, where y — (2) becomes 

^"+ 0(1 — 2ycos2z)y = 0. 


( 3 ) 
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15.41. Behaviour of system in § 15.40. Draw a line a = qjy in 
Fig. 27. Since a — a> will be large at points on the line near 

the origin, but will decrease gradually in passing along the positive 
direction. When o) is such that {he line intersects one of the curves 
bmi e-g- the points 1-8, the motion of m is periodic and neutral. 



Fig. 27. Stability diagram for mechanism in Fig. 5 a. 


Otherwise it is either stable or unstable according to the region in 
which the point (a,q) lies. The remarks in §15.17 on variation of 
pulsatance apply in the present case when (a,g) lies within or on 
a border-line of a stable region. For a component of given pulsatance 
to have an amplitude greater than that of any other, (a, q) must be 
suitably selected. For instance, suppose the motion includes the first 
sub-harmonic of the driving force. Since all Mathieu functions of 
odd integral order, namely, and se 2 ^+i(a>^, ?), have a sub- 

harmonic of pulsatance a>, the values of a, q at the intersections of 
the respective curves ^ 2 n+i> ^ = ?/y f^ulfil the 

required condition. For predominance of the sub-harmonic we con- 
sider the relative magnitudes of the coefficients Ay B in the series 
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for cogH+i, s® 2 rt+i> 71 = 0 , 1 , 2 ,.... From [95], with q small and 
positive, predominates in one series and other. 

For example, if g = 1 , 0-99, the remaining A being negligible: 

^( 1 ) ^ 0*994, the remaining B being negligible. In these cases the 
sub-harmonic predominates. If g = 24, A^ 0*398, .^3 ^ —0*744, 
-45 0*499, A^ —0*190, so the amplitudes of the 3/2 and 6/2 

harmonics exceed that of the sub-harmonic: also 0*818, 

jSg —0*527, B^ 0*224, so the sub-harmonic predominates, but 
to a much smaller extent than for g = 1 . Tabular values show that 
the amplitude of the sub-harmonic in se^ exceeds that in ce^, ce 3 , 
cOg, se 3 , seg for ^ in 0 < j < 40. (See § 29, p. 394.) 

15.42. Demonstration of sub -harmonic. For this purpose the 
device of Fig. 28 is preferable to that of Fig. 6 a. The link-mass- 
spring mechanism in the latter is replaced by a relatively heavy 



Fig. 28. Dynamical device for illustrating sub-harmonic. 

mass at the centre of a light flat strip of spring steel fixed at one 
end -4, but free to move along the direction -45 at the other end. 
So long as the pulsatance of the driving force at B is small enough 
for absence of wave motion on the spring, this mechanism may be 
used to demonstrate the effect of varying the parameters m, 8 , cu, 
in ( 1 ) §15.40. In §15.41 we showed that the best condition for a 
predominant sub-harmonic was with (a,g) on 61 , q being small or 
moderate. Thus a = ^/cu^m and y = /o/2.9 must be small or moderate. 
To render the motion of m visible, cu should be low, so rn must be 
relatively large and /q small, since we postulate s to be small. If it 
is not feasible to make co low enough, the motion of m could be 
rendered visible stroboscopically. By using suitable values of m, s, 
the mechanisms of Figs. 5 a, 28 may be used to demonstrate stability 
and instability. 


15.43. System of Fig. 5 a with lUiear damping. If r is a con- 
stant representing the resistance per unit velocity, (1) § 16.40 takes 


the form 


+ r^ + «l/ = (/oC08 2<0%. 


( 1 ) 
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Then with z wt we get 

y''+2Ky'+(d—2qcos2z)y = 0, (2) 

where k = r/2a>m, d = slw^niy 2q = fJcDhn. (2) is identical in form 
with (3) § 15.30, and the remarks in that section apply here also. 

15.50. Vibration of stretched string. The classical case of 
a stretched string with immovable ends is a simple one. But when 
one end is held and the other is given a periodic motion along the 
length, the analysis is more complicated and leads to a Mathieu 
equation. We commence with constant tension and assume the string 



Fi«. 29. Illustrating a vibrating string with periodically v^arying tension super- 
imposed upon constant tension. 


to be elastic, uniform, and loss-free. Referring to Fig. 29, consider 
an elemental length ds. T is the horizontal component of the tension 
at ds, and its vertical component. By similar triangles 

e^jdx = TJT, so = Td^jdx. (1) 

The rate of change of with respect to x is by (1) 

d2\ldx = Td^ldx^, ( 2 ) 

so the difference in at the ends of the element ds is 

dTi = TdxdHjdx^. (3) 

When the amplitude of vibration is small, we may write dx for ds, 
so the vertical force to accelerate the element ds of mass mdx is 

dT^ = (mdx)dmdt\ (4) 


Equating the r.h.s. of (3), (4) leads to the equation of motion, namely, 
mdxdmet^ = Tdxd^jdx^, ( 6 ) 


or 


0 . 


( 6 ) 


15.51. Solution of (6) § 15.50. During vibration there are 
stationary waves on the string, the boundary conditions being ^ = 0 
at X — 0, /. Our solution must satisfy these. Now e<*(x+ai/)^ 
a® =: Tjm, satisfies the equation, so its real and imaginary parts must 
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both be solutions. Then = cos6(a:-fa<)+fsin6(a:+aO> 

since ^ = 0 at a: = 0, the solution cannot contain cos 6a;. Thus of 
the four product pairs in the expansion of the real and imaginary 
parts we must choose sin 6a; sin 6a<, sin6a;cos6aL Hence the appro- 
priate formal solution of (6) § 16.50 is 

f = (.4 sin 6a/ + cos 6a/)sin bx = /(/)sin 6a;, ( 1 ) 

A, B being arbitrary constants. Evanescence of f at a; = 0, Z, entails 
6 = 7m/Z, n a positive integer # 0. The pulsatances of the natural 
modes of vibration are given by == 6a = (7r7i/Z)(r/m)*, n = 1, 2, 
3,... . The number of nodes between the ends of the string is (n— 1), 
and there are n antinodes or points of maximum displacement, corre- 
sponding to the nth mode of vibration. 

15.52. Periodically varying tension. Suppose that, instead of 
being constant, the tension is expressed by T = 2o(l~2y cos 2a>/), 
then (6) § 15.50 becomes 

with y < i- By virtue of similarity we assume (1) § 15.61 as a solu- 
tion and obtain the equation 

^+^(l-2ycos2a.0/=0, (2) 


where /(/) is different from its former value. Writing z = a>/, 
a = b^TQjoj^m, q = yb^T^jw^m == ya, (2) transforms to the standard 
fotm 

d^f 


^2 + 


(3) 


Since a = qjy and y < \, we get the case depicted in Fig. 26, where 
the straight line having this equation intersects all the characteristic 
curves. Unless the parameters a, q are specially selected, the point 
(a,g) will not in general lie on a characteristic for a function of 
integral order. Moreover, if (a, q) lies inside a stable region the motion 
will be represented by a Mathieu function of real fractional order, 
?)* practice owing to damping, the motion once started 

would die away with increase in time. 

15.53. Melde^s experiment. This was described briefly in 
Chapter I. If an electrically maintained steel reed, having a fre- 
quency of the order 60 cycles per second, is used to vary the tension 

4961 P p 



290 


APPLICATIONS OF y* {a- 2q cos 2z)y = 0 


[Chap, XV 


of the string, the rate of vibration will be sensibly constant. The 
tension Tq or the length or both, may be adjusted so that the string 
vibrates without a node. Its pulsatance is then half that of the reed, 
i.e. a subharmonic occurs. If now the string is stopped and released, 
its amplitude increases with increase in time, and attains an ultimate 
value. By reducing the reed amplitude such that q < some value 
the vibration of the string dies away. To explain these observations, 
terms representing both damping and non-linearity must be incorpora- 
ted in the differential equation. 

15.54. The modified equation. Adding viscous damping pro- 
portional to the velocity and a non-linear control term (odd in y, in 
virtue of symmetry of motion about the central position), we obtain 
y''-\-2Ky'+(a-\-'py^—2qcoB2z)y = 0 (p > 0). (1) 

For a subharmonic to occur as in § 15.53, a 1 and {(i,q) lies in an 
unstable region between 6^ and in Fig. 11. A first approximation 
solution may be obtained by taking y — ^icosai+i^isins:. Then^ 
with A = the ultimate amplitude is 

\A I - [(4/3p){(I -a)+{g2-4,c2)i]]J. (2) 

The condition for maintenance of the vibration, i.e. the reality of 
g > = {4K2+(l-«m (3) 

Amplitude limitation is caused by a mis- tuning effect due to the non- 
linear tension control 


15.55. String whose mass per unit length is periodic. If in 

(6) §15.50 we write m = mo(l--2)/cosaia;) for m, the equation 


becomes 


{T/[mo( 1 -2y cos oil a:)]} 2 


Assume that | = f{t)g{x), where / is a function of t alone, and g one 
of X alone. Then 


^ 1 - 2y cos <xi a :)]}/^2 = 0- (2) 

Dividing (2) throughout hy fg leads to 

t A detailed analysis is given in McLachlan, Ordinary Non-linear Differential 
Equations in Engineering and Physical Sciences (Oxford, 1950). 
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Since the l.h.8. is independent of x and the r.h.8. of t, each must be 
a constant, say, Then using the l.h.s. and the separation constant 
A*, we get 




+A*/=0, 


( 4 ) 


so /=sinAf or cosAl. 

From the r.h.s. of (3) we get 

§+^*«o(l-2ycosQ(i^)gr = 0, 


( 5 ) 

( 6 ) 


or ^+0(1— 2ycos22)jr = 0, (7) 

where z — \(x^x, a = 4A2mo/af T, q — ay, y < 0‘5. 

The solution of (7) should be stable and satisfy the boundary con- 
dition gr = 0 at a: = 0, The stable solutions for q> 0 are given 
at (1H4) §4.71. The boundary condition excludes (1), (3) §4.71, so 
we consider (2), (4) §4.71. Now g in (6) may or may not be periodic 
in X, If periodic, == pjs, a rational fraction in its lowest terms, 
0 < j3 < 1. Write z = anx/l, then 

mi{2r+pl8){87Txll) = mi(2r+\+pl8){87Txll) = 0 

for all r when a: = 0, Z. Hence we may take (anx/l, q) as those 

solutions of (6) which satisfy the boundary condition. 

Before the complete solution can be written down we have to 
determine A. As in §§ 16.22, 16.41 we have the relationship a = qjy, 
y being a known constant. Then the straight line so defined may be 
drawn as shown in Fig. 27. Its intersections with the iBO-p/s curves 
for (z, q ) — see the iso-jS curves of Fig. 1 1 — ^give the values of 

(a, q) for which (6) satisfies the boundary condition. Then we have 
Ki+p/8 = If there is an integral number of periods of 

mass-distribution on the string, we may take = 2nTr/Z, so the 
pulsatance of the vibration is 

^+jo/« “ (^m+p/« (®) 

Then the complete solution of (1), with two arbitrary constants, 
appropriate to the boundary condition, is 

m-0 \ / 



292 


APPLICATIONS OF y'^ {a -2q cob 2z)y - 0 


[Chap. XV 


15.60. Column subjected to axial pull with periodic com- 
ponent [121]. Referring to Fig. 30, the pin-jointed column sustains a 
steady axial pull Po, but owing to out-of-balance machinery an alter- 
nating or ripple component — 2y/0cos2a>< is superimposed thereon. 
Thus the total instantaneous axial load is P = Po(l — 2ycos2a><), 



Fig. 30. Illustrating a long column with pinned ends: a periodic force is super- 
imposed upon a constant axial pull. 


where usually y < 0*5. To render the analysis tractable we make 
the following assumptions: 

1. The column is a uniform solid or hollow homogeneous cylinder, 
its outer diameter being small compared with the length /. 

2. The lateral displacement due to P is small compared with 1. 

3. The maximum stress is within the elastic limit of the material. 

4. Shear stress and rotatory inertia are negligible. 

5. The ripple pulsatance is well below that of the first longitudinal 
mode of the column, i.e. there is no longitudinal wave motion, 
and the column moves substantially as a whole in an axial 
direction. 

Let E = Young’s modulus of elasticity; 

I = second moment of cross-section about a diameter; 
m = mass of unit length of the column; 

^ = lateral displacement at any point distant x from the 
right end (Fig. 30). 

Then it may be shown that the equation of motion is 

= 0, (I) 


or 




— — ( 1 — 2y cos 2a»0 
m 


a** 


m dx^ 


( 2 ) 


The displacement | and the bending moment El must vanish 
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at the ends of a pinned column. Thus the boundary conditions are 
^ = 0, d^^jdx^ = 0 at a; = 0, From §§ 15.51, 15.52 we see that a 
solution of the form f =/(f)sin6a:, with b = rmfl, satisfies these con- 
ditions. Substituting this solution in (2) leads to the equation 

[^(i;/6*4-Po)-2y^%08 2a><j/ = 0. (3) 

Writing z = cot, a ~ 6*(P/6*+Po)/a>®m, q — yFf^h^joi^m, (3) takes 
the standard form 

^ + (o - 2g cos 22)/ =0. (4) 

If now we write = yPQl{PQ-\-EIb^), (4) becomes 

^ + a( 1 — 2yi cos 22)/ =0, (5) 

SO the question of stability for a given w in 6 = imll may be con- 
sidered in the same way as in § 15.23. The stability in practice 
exceeds that predicted from theory owing to internal loss in the 
material, and an idealized equation incorporating this loss takes the 
form at (2) § 15.43. 

The complete solution of (2), with constants may be written 

n==l 

f^{t) being that solution of (4) corresponding to the particular n. 
Proof of the convergence of a solution of type (6) will be found in 
reference [121]. 

When the inherent stiffness of the column vanishes, it may be 
regarded as a flexible string. To obtain this metamorphosis mathe- 
matically, we write El = 0 in (3), thereby reducing it to 

0+^®(l-2yco8 2a><)/=O, (7) 

which is identical with (2) § 15.52, but with Pq for Tq. The stability 
of both column and string is discussed at some length in [121], to 
which reference may be made. 
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16.10. Elliptical membrane [130]. Let m be the mass per unit 
area, T the uniform tension per unit arc length, f $ the displacement 
normal to the equilibrium plane of the membrane (horizontal). Then 
in vacuo the equation of motion of a homogeneous loss-free mem- 
brane in the x, y plane is 

•^^ = 0 . ( 1 ) 

This is (6) § 16.60 with the addition of the term ~(T/m)(^ 2 ^/^y*), 
thereby including the coordinate y. If ^ varies sinusoidally with 
time t, we may take ^ == so that (1) becomes 


dx^ dy^ 




( 2 ) 


Comparison with (1) § 9.10 shows that k\ = ma>*/T, so 

2q = ma>W/2T. 

Hence with this value of 2q, ( 3 ), ( 4 ) § 9.21 are the ordinary differential 
equations into which (2), expressed in elliptic coordinates, may be 
divided. The appropriate solutions, in product form, may be selected 
from Tables 10-12 to satisfy the physical conditions of the problem. 


16.11. Physical conditions. Referring to Fig. 31 , if we start at 
17 = 0 and move counter-clockwise round a confocal ellipse < fo 
the displacement ^ at any instant alters continuously. It may be 
repeated between ri = tt and 77 = 27r, but it is repeated after rj = 27r. 
Hence J is single-valued and periodic in the coordinate 77. The period 
is either n or 27 r, so that or ^+ 27 r) as the 

case may be. Thus of the product functions in f 
must have ^(77) = 00^(77) or se^(77) or a constant multiple thereof. 

In addition to periodicity in 77, at any point (0, 77) and the corre- 
sponding point (0, —77) on the interfocal line, we must have: 

(a) continuity of displacement, i.e. 

ao, 77 ) = 5 ( 0 ,~-r?); ( 3 ) 

t To obtain uniform radial tension per unit arc length, the membrane is stretched 
uniformly and clamped between circular rings. Elliptical rings are then clamped on 
the membrane within the circular ones. 
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(6) continuity of gradient, i.e. 

These two conditions imply continuity of displacement and gradient 
in crossing the interfocal line orthogonally. 


Internal confoul 
ellipse ^ 


I 



hg ellipse So 
7^-O.ZirAff:.... 


^ j Outer clamping rings 
Membrane 


T 


Fig. 31. Diagram for membranal problem, from which the 
Mathieu functions originated. 


For 5 = Ce^(^)ce^(r^), Ce„^(0) is a non-zero constant, while 
ce^(rj) = ce^(-- 7^). Hence (a) is satisfied. Also 

ce^(±’?)^Ce,„(^)^_^Q = 0, (5) 

so (b) is satisfied. 

For $ = Se^(^)se^(7y), ^(0) = 0, so (a) is satisfied, while 

sem(’?)^Sem(^)f-H.o = — 8em(— '>j)^SeJ^)f_o (6) 

thereby satisfying (6). 

For C = = 0, so (a) is satisfied, but 

cejT7)|Fe„(^)f^o = ceJ-,,)|Fe„,(^)f^o # 0, (7) 

except for special values of so in general (6) is not satisfied. Pro- 
ceeding in this way, we find that the only permissible forms of 
solution are 

C{^,VZ) = Cem(?. ?)«©»,(’?. ?)C 08 (‘"m <+ «m) («m) 

and ■q,t)=r Se„(|, g)se„(i}, g)co8(w„ f +!„,) (6„). 


( 8 ) 

( 9 ) 
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arbitrary constants determinable from the conditions 
specified for the configuration of and velocity distribution over the 
membrane at ^ = 0. is the pulsatance of the mth free mode of 
vibration, and its relative phase angle. Since each integral value 
gives a separate solution of the differential equation, the complete 
solution of ( 1 ) § 16.10 when expressed in elliptic coordinates is 

QO 

»n = 0 

00 

+ 2 'S„SeJ^,gr)8eJi},g')cos(<5„ <+€„). (10) 

7n=l 

16.12. Symmetry. In any product pair solutions, Ce or Se is 

constant on any confocal ellipse. Hence the symmetry is governed 
by ce or se. Since ce^niv^Q) = = ce2n(27r— 7^,gr), it fol- 

lows that the displacement expressed by Ce2^(^,?)ce2^(7y,g) is sym- 
metrical about both the major and minor axes of the ellipse. 
ce 2 n+i(’?> 3 ) = -~ce2,,+i(7rd::>y,gf) === ce2n+i(27r--7y,g), so that the dis- 
placement expressed by Ce 2 ;t+i(^^,g)ce 2 ^+i{^,^) is symmetrical about 
the major axis but anti-symmetrical about the minor axis. 

8©2n+i(’?.?) = Tse2„+i(jT±ij,3) = — se 2 „+i( 27 r— 

SO Se2n+i(^,q)^Q2n+i{Vy2) corresponds to a displacement anti-sym- 
metrical about the major axis but symmetrical about the minor 
axis. Finally se 2 n+ 2 (^>?) = ±^^ 2 n+ 2 ('^±Vy^) = -~8e2n+2{27r-7^,g), so 
Sc 2 n+ 2 (^>?)s® 2 n+ 2 (^>?) Corresponds to a displacement anti-symmetri- 
cal about both axes. These deductions will be understood more 
readily by reference to Figs. 1 - 4 . As a guide to memorization, it 
may be remarked that the symmetry or anti-symmetry about the 
major and minor axes is the same as that for the degenerate forms 
cosmz, sinmz about z = 0, respectively (see remark at end of 
§ 12 . 10 ). 

16.13. Vibrational modes of membrane. Each individual 
solution in ( 10 ) § 16.11 for m = 0 , 1 , 2 ,... corresponds to a different 
mode of vibration. When q has its appropriate value, the dynamic 
deformation surface of the membrane and the pulsatance differ for 
each m. Any mode may exist separately — ^at least in theory — or 
they may all be present. The maximum displacement of the surface 
for a particular mode depends upon the value of (7^ or 8^. These 
in turn are governed by the configuration of and the normal velocity 
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distribution over the membrane at time ^ = 0. For instance, it might 
be pulled from the centre into a conoidal shape and released at i = 0. 

The boundary condition for all r) is that ^ = 0 at the clamping 
rings where f Since ce,„(77,g), se^(7]yq) are independent of 

we must have 

Ceji^,q) = 0 for m = 0, 1, 2,... (1) 

and = ^ for m = 1, 2 ,... (2) 

Now ^^0 is fixed, so we need those positive values of g, say g^^^, g„j,. 
for which the respective functions in (1), (2) vanish. These may be 
regarded as the positive parametric zeros of the functions. They 
define a series of confocal nodal ellipses. There is an infinity of zeros 
for each m, i.e. one for each r = 1, 2, 3,... . Hence for Ce„i, ifr = p, 
there are (p — 1) nodal ellipses within the clamping rings, and likewise 
for Se„j, but their locations differ. (1), (2) are known as the period 
or pulsatance equations, since their roots are used to calculate the 
pulsatances of the modes of the membrane. 

For g > 0, m > 1, the functions ce,,^(r],g), se,,j(T 7 ,g) have zeros in 
7j (see Chap. XII). Hence ^ in (8), (9) §16.11 vanishes also if rj 
satisfies the respective equations 

ce„(^?,3„,r) = 0 (3) 

and sejr),q„,.) = 0. (4) 

The roots define a series of confocal nodal hyperbolas. Now 
^^^h have TH zeros in 0 < 7/ < 77 (see § 12.10), 
so for a given m each function gives rise to m nodal hyperbolas. 

16.14. Expansion of function. From physical considerations it 
is clear that ^ in (10) § 16.11 must be a continuous function of tj, 
within the ellipse, which vanishes at its periphery. This suggests the 
Theorem: That any function of rj, continuous and single-valued 
within the ellipse, which vanishes on its boundary, may be expanded 
at any point of the interior in the form of a double series, namely [62] 

+ 2 f 2‘VS®m(^^>?m,r)sM’?.?m,r)]- (1) 

A formal proof of the theorem is outside our present purview. 

4961 Q q 
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16.15. Determination of (7^,., 8^,,. Suppose that r)) has the 
properties stated above. Multiply both sides of (1) § 16.14 by 

(cosh 2 ^-co 8 2ij)Ce,(f p), ( i ) 

and integrate with respect to from 0 to 27r, and with respect to f 
from 0 to fo. Then by (7) §9.40 all terms vanish except when 
n = w, r = jp. Hence 

r 2 n 

2^—008 2ij)4(f , r)) d^d-q 


it in 

JJ 
0 0 


(• 2 n 


= Gm.r j j Cem(^. 9m.r){00^^ 2^-COS 2q) d$dq. (2) 


0 0 


Now by (7) § 14.40 


27r 

J <^^(v>9m;r)^Os2q dq = 7r0„,, 


so we obtain 


f 0 2ir 

J/‘ 


/Hf 0 0 

— 


’?)(cOsh 2^— COS 27j) 

4» 

Ceyf ?^,)[cosh2^-0„,,]d^ 


(3) 


(4) 


In like manner we can show that 

) 2rr 

Se^{^. ’j)(C08h 2^- COS 2q) d^dq 


ft 2rr 

1 / 


8 — ” ” 

^mjr — 


J Se^(^,?„,,)[co8h2|-'F„,]d^ 


. ( 6 ) 


The denominators of (4), (5) may be evaluated numerically (see § 9.40). 

16.16. Transition to circuiar membrane. Using the results in 
Appendix I, and omitting the time factor, (10) §16.11 degenerates 
to the well-known form [202, p. 27] 

C(r,0) = 2 CnJJJc^r)(ios7nB-\- 2 8[nJm{hr)BmmB, (1) 

m— a TO— 1 

where C'^ =Pm('m> ^'m — The pulsatance equations (1), (2) 

§ 16.13 become t n \ n in\ 

= 0 . ( 2 ) 

whose roots define the nodal circles, while the nodal diameters are 

defined by the roots of 

cos{»i0— tan-*(5^/(7J„)} = 0. 


(3) 



16.17] WAVE EQUATION TO VIBRATIONAL SYSTEMS 299 

16.17, Example. We shall consider the mode in which the dis- 
placement is proportional to Cei(^,gii)cei(T^,gii), with a — 5 cm., 
6 = 3 cm., e = 0 - 8 . The first step is to calculate the lowest 
positive parametric zero, for which 

C©i(^o»?i,i) — (1) 

Then c“^ = cosh = 1*25, and from tables = 0*6931 : also = 2 , 
e-f® = 6 in these latter cases being Napier’s base. Writing ifo for 

z in (16) §2.13, we obtain to order 3 in q — this being adequate for 
illustration — 

Cei(^o>g) ~a^(Tg cosh cosh cosh 3 ^o)+ 

cosh 5 ^ 0 — cosh 3^o)--a cosh 3^o+cosh = 0 , ( 2 ) 

where oc = Jg. Using the preceding numerical values in ( 2 ) leads to 
the approximate equation 

a8-f0*578a2~l*85a+ 0*569 = 0, (3) 

whose lowest root is found to be a 0*393. By § 16. 10 the pulsatance 
of the mode in question is 

^1 == *i(T/m)J. (4) 

Now k^h = 2q^y 6 = ae = 4, so with = 8 a = 3*144, = 0 * 886 , 

and (4) gives 

= 0*886(T/m)^ (5) 

Omitting the time factor, the normal displacement of the membrane 
at any point (^, rj), is expressed by 

~ Ce(^> ( 0 ) 

Cl being an arbitrary constant dependent upon the greatest ampli- 
tude. The corresponding cartesian coordinates are x = h cosh f cos 17 , 
y = hsinh^sinr], with h = ae = 4. Since oei{ri,qii) — 0 when 
77 = ^tt, § 77 , the minor axis is a nodal line. Some idea of the con- 
figuration of the membrane at any instant may be gleaned from the 
graph of cei{7j,q) in Fig, 1 . The displacement is symmetrical about 
the major, but anti-symmetrical about the minor axis. 

16.18. Transition to circular membrane. If we apply the 
formulae in Appendix I when e -> 0 , a remaining constant, ( 6 ) § 16.17 
degenerates to 

iCi(r,e) ^ C’iJi(kir)(ione. (1) 

When 0 = fw, coaO = 0 , so there is a nodal diameter. The 
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first positive zero of is k^a = 3-832, and since o = 6 cm., 

jfci = 3-832/6 = 0-766. Then 

= fci{T/m)‘ = 0-766{T/m)». (2) 

Comparing this with (6) §16.17, we find that with a constant, an 
increase in e from 0 to 0-8 raises the pulsatance of the mode by 
about 16 per cent. 

16.20. Free oscillations of water in elliptical lake [104]. In 

Fig. 32 A, ^ is the vertical displacement of the water surface from its 



Fio. 32. (a), (b) Illustrating problem of elliptical lake. 


equilibrium position, and d the uniform depth. We assume that 
(1) the lake is stationary in space, (2) C varies as c*"* with respect 
to time. If the displacement is small enough for its square to be 
neglected, it can be shown that the differential equation of motion 
in rectangular coordinates is 




( 1 ) 


where c* = gd, c being the velocity of a free wave in a very large 
expanse of water of uniform depth d, and g the acceleration due to 
gravity. Applying the transformation in §9.20 to (1) leads to 
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with 2k = uihjc. Then, by an argument akin to that in §16.11, it 
can be shown that the required solution takes the form 

00 

m— 0 

+ i 'Sv„SeJ^,9)8e„(»j,g)cos(d}„ <+€„). (3) 

m-1 

When the appropriate value of q is assigned, each term of the series 
in (3) corresponds to a normal mode of oscillation. There are two 
types of mode, namely, Ce^ce^ and Se^se^. An infinity of modes 
of either type corresponds to each m. The instantaneous displace- 
ments of the water for these modes are proportional, respectively, to 

?)cos(co^ t+€^) 

and Se , q)sejri, g)cos(a)^ e J, (4) 

q having an infinity of values for each m. Each corresponds to a dis- 
tinctive dynamic deformation surface of the water. When the appro- 
priate values (7^, are used, $ in (3) represents the configuration 
of the surface of the water at any instant < ^ 0. As usual (7^, 
are obtained by aid of the displacement and velocity distribution 
over the surface at f = 0. 


16.21. Boundary condition. Consider any elemental arc length 
ds, and another one dn normal thereto, as depicted in Fig. 32 b. 
Then it may be deduced that the water-particle velocity in the 
direction of dn is 


ig dC 


CO on 


(1) 


By (6) §9.12, dn = dsi = lid^, so (1) may be written 

u 


( 2 ) 


At the boundary of the lake, ^ and the velocity of the water 
normal thereto is zero. Hence at | = |o, = 0, so the boundary 

condition is 

^1 


= 0 . 


( 3 ) 
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In the pairs of product functions Ce^ce^, Se^se^ in (3) § 16.20, ce^y 
are independent of Thus (3) entails 

Ce;(^,g) - 0 (4) 

and Se;^(^o,g) = 0, (6) 

so we require q^ p, the positive parametric zeros of Ce^ and 
Se^ respectively. (4), (6) are designated the pulsatance or period 
equations. 

16.22. Expansion of function. From purely physical considera- 
tions it is evident that, omitting the time factor, ^ in (3) § 16.20 must 
be a function continuous within the ellipse, but having zero normal 
gradient at its boundary. This suggests the Theorem : That any func- 
tion of (f , rfj continuous and single-valued within the ellipse, having 
zero normal gradient at its boundary, may be expanded at any point 
of the interior in the form of a double series like (1) § 16.14 [52]. In 
the present case the values of q are designated q^ py q^ py these being 
the positive parametric roots of 

Ce;(^o.3) = 0 (1) 

and Se;(^o.?) = <>. (2) 

The coefficients C,„, in the expansion are determined in a way 
similar to that in § 16.15. 

16.23. Example. To illustrate the analysis in § 16.20 et seq., we 
shall consider the mode defined by m = 1, p = 1, the tide height 
being proportional to 00,(^,511)00,(17,31,). If the eccentricity of the 
ellipse is e = 0-8, then the ratio of the axes is bja = (1— e*)l = 0-6. 
To determine the pulsatance of the water mainly parallel to the 
direction of the major axis, we have to calculate 5, „ such that 

06i(fo>?l,l) = 0. (1) 

Differentiating (2) §16.17 with respect to § and putting a = \q, 
we get 

C^KIo.?) — — a®(^sinh7|o— ^8inh5^o+sinh3fo)+ 

+a*(|sinh5^o— 3sinh3^j)— SasinhSfo+sinh^o = 0. (2) 

Now cosh^o = = 0-6931, cf* = 2, and c-f* = 0-6. 

Expressing the hyperbolic functions in exponentials and using these 
numerical values leads to the approximate equation 
13-4a®+29-7a*-23-6«+l-5 = 0. 


( 3 ) 
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The smallest positive root of (3) is a ~ 0-07, so ^ — 0’66. Since 
4q = w*A*/c*, with h = ae, we have 

toj = 4giiC®/o*e*. (4) 

With the above numerical values (4) yields [104] 

oui ~ l-87c/o. (6) 

For the corresponding mode of a circular lake of radius a the 



Fig. 33. Diagrams for lowest asymmetrical mode of water in elliptical lake. 

(a) Velocity uin x direction. 

(b) Tide height (. 

boundary condition is given by the degenerate form of (4), (6) § 16.21 
(see Appendix I), so 

J[(o,ia/c) = 0 , ( 6 ) 

and from Bessel-function tables we find that the lowest root is 

wiajc 1-84 or ci l-^Acja. (7) 

Thus the pulsatance of the mode for a lake having eccentricity 
e = 0-8 is only 1*6 per cent, higher than that for e = 0. Moreover, 
in a practical sense the decrease in width of the lake from 2o to 
l*2a = 26 has a negligible influence on the pulsatance of the (mainly) 
longitudinal oscillation. For this mode, since 

oc Cei(^, ?i,i)cei(ij, (8) 

the vertical displacement of the water surface is symmetrical about 
the major axis, but anti-symmetrical with respect to the minor axis, 
as illustrated in Fig. 33 b, and demonstrated analytically in § 16.12. 



304 


APPLICATION OF THE 


[Chap. XVI 


The minor axis is defined by a: = 0, so x = A cosh i cos 7 ] = 0, giving 
rj — OT fTT. Thus = 0, so ^ = 0, and the minor axis 

is a nodal line. 

16.24. Example. We now pass on to study the mode m = 1, 
p = 1 in which the tide height is proportional t^o Sei(^,gi i)sei(7y,gi i), 
the oscillation being mainly across the lake.f Since se^ = 0 when 
rj — 0, rr, the major axis is a nodal line. The pulsatance equation is 

Se'i(fo.«M) = 0, (1) 

and we have to calculate the smallest g > 0 to satisfy this. Writing 
iz for z in (2) §2.14, and differentiating with respect to z, gives, 
with 5 = 

Sei(^o,^) — —a3(/gcosh7|o+fcosh6^o+cosh3^o)+ 

+ cosh 6^0+ 3 cosh 3|^o)— 3a cosh 3 ^q+ cosh = 0. (2) 

Proceeding as in § 16.23 we arrive at the approximate equation 

129-la3-77*7(52_^24-4a-2-6 = 0, (3) 

of which the smallest positive root is a n::! 0*175, giving i c::i 1*4. 
Substituting this in the formulae cDf = 4giiC^/aV (see (4) §16.23), 
we obtain [104] 

= 2*96c/a = 1 *780/6. (4) 

Thus a3i/a)i == 2*96/1*87 = 1*58, so 

= l*58a»jL, (5) 

Accordingly the pulsatance of the first mode transverse to the major 
axis is 58 per cent, greater than that of the longitudinal mode. This 
is due to the minor axis being 40 per cent, shorter than the major 
axis, so the time taken for the disturbance to travel across the lake 
is less than that to travel along it. From (4) and Table 23 we see 
that is 3*3 per cent, less than that of the corresponding mode of 
a circular lake of radius 6. It follows that if we commence with a 
circular lake and keep the length in the direction of the a;-axis equal 
to 2a, the effect of reducing the breadth is to raise the pulsatance 
of the longitudinal oscillation, whereas an increase in breadth causes 
a decrease in pulsatance. The order of the changes is small, however, 
even for large alterations in breadth. 

For the modes of oscillation corresponding to Ceo®®o> Cegceg, 
Segseg,... the above method of calculating the values of q^^p 

t See § 16.12 regarding symmetry about the axes. 
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fails owing to slowness of convergence of the series in powers of q. 
Under appropriate conditions formulae in § 12.41 may be used. 

16.30. Lake whose eccentricity e 1. The plan of the lake is 
now a long narrow ellipse. Since cosh 

(2) § 16.23, in order to obtain an approximate value of Ji i for the 
gravest longitudinal mode, we may replace sinh^o ^o* The tide 
height is given by 

^ Cei(^, 5^11)061(17,^11). (1) 

Then, with an accuracy adequate for illustration, we find that the 
equation for a = qj^ is 

5*39a3-0*667a2-9«+ 1 = 0, (2) 

whose smallest positive root is a 0*111, i.e. gi i == 0*888. Now 
0)1 = and since e -> 1, this value of q gives [104] 

0)1 = l*886c/a. (3) 

16.31. Comparison of numerical results in §§ 16.23, 16.30. 

The three sets of results are set out in Table 23. It is obvious there- 
from that the breadth of the ellipse has little influence on the fre- 
quency of the slowest longitudinal mode. When the sides of the 
canal are straight and parallel, however, coj = ^ncja = l*671c/a, 
which is 17 per cent, less than the pulsatance when the eccentricity 
of the ellipse tends to unity (see third row of Table 23). 


Table 23 


Pulsatance of slowest 

Plan of lake 

longitudinal mode (cu,) 

Circle of radius a 

l-84c/a 

Ellipse major axis 2a, minor axis l’2a 

l-87c/a 

Ellipse major axis 2a, eccentricity c 1 

VSSQcIa 


The comparatively large difference may be attributed to curvature 
of the sides of the ellipse, which entails a diminution in cross- 
sectional area towards each end of the lake. This feature introduces 
reflection which is progressive and continuous from the centre 
towards the extremities of the major axis. Consequently the relative 
energy of the water per unit mass near the central part of the lake 
exceeds that in the straight-sided canal of uniform breadth. f Hence 
the ‘effective length’ of the elliptical lake is less than that of a uni- 
form canal, and the lowest pulsatance in the first case exceeds that 

t Assuming the total energy to be equal in both cases. 

Rr 


4961 
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in the second. It is of interest to remark that at any distance x from 
the centre, there is little difference in either the particle velocity in 
the X direction, or in the tide height in the two preceding cases. 

16.32. Surface elevation of water (tide height) in § 16.30. 

This is expressed symbolically by 

being an arbitrary constant, cos (o^t being omitted but tacitly 
assumed present. Since ^ 0 and qi i is fixed, Ce^ is constant and, 

therefore, 

^loc cei(t;,?i,i). (2) 

Thus the elevation of the water surface is dependent upon the 
angular position rjy but independent of Moreover, at any point 
distant x from the centre, but not too near to it, the displacement 
is substantially constant over the breadth of the lake. 

From (2) §2.17 

cM’Ij ?i,i) = cos 577+ ••• • (3) 

Using tabular values [52, 95], we find the A corresponding to 
j == 0*888 by interpolation. Substituting these in (3) yields 

cei(ry, 0*888) 0*990 cos — 0*123cos37;4”fi*fi^5cos57y. (4) 

In a canal of uniform breadth and length 2a, the tide height for the 
slowest longitudinal mode at a distance x from the centre is pro- 
portional to ain7rxl2a. Taking cost; = xja^ we get 

^ oc 8in^(c08T;) == 2[«/i(j7r)cos t; — J 3{^7r)C08 3T;-}-'^(iv)cos 5 t; — ...] (5) 
oc 0*990 cost;— 0*121 cos 377+0*0039 cos 5 t;. (6) 

Comparing (4), (6), the difference lies in the slightly larger coefficients 
of cos 37;, cos St; in the case of the elliptical lake where e 1. Conse- 
quently in passing from the right-hand ends of the lakes towards their 
centres, the tide heights calculated from (4), (6) are almost equal for all 
7] in O-Jtt. a rough idea of the shape of the water surface may be 
gleaned from the graph of ce^{z,2) in Fig. 1. When frictional loss 
is taken into account there is no significant difference in the tide 
heights of the water at corresponding points in the two cases con- 
sidered. 

16.33. Pulsatances of modes corresponding to Ccg, Ceg,... 
when e -> I, In [53] it is shown that when -> 0, i.e. e -> 1, there is 
only one value of j > 0 for which Ce^(^,g) = 0, m ^ 1. Thus there 
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is only one mode of oscillation corresponding to each m. If g > 
satisfied the pulsatance equation, we should have Ce^(^,g^p) = 0 
for ^ thereby entailing the existence of nodal ellipses. Since 
there is only one parametric zero, namely, there are no nodal 
ellipses associated with the modes of oscillation of an elliptical lake 
whose eccentricity e ~> 1 . 

To calculate the roots of Ce^(^o> 9.) — we use a transcendental 
equation like (8) §3.11, write 2g for a on the l.h.s. and in the con- 
tinued fraction,! and proceed to calculate g and the A as in §3.12 
et seq. The following results were obtained [54]: 

^ == 0-88982 0 giving 

= 0-99241 cos — 0- 12288 cos 37^+ cos — 

—0-00009 cos 77;+...; (1) 

g^ j = 3-03907 36 giving 

002(7;, g2^i) = 0*39516+0*79032 cos 27; — 0*24989 cos 47;+ 

+0*02552 cos 67;-0*00134 cos 87;+0*00004 cos IOt;-...; (2) 

ggj = 6*42586 16 giving 

cc3(^,?3,i) = 0-71339 cos 7;+0-60237 cos 37;— 0-35232 cos 57;+ 

+ 0-06370 cos 77;— 0-00604 cos 97;+ 0-00036 cosIIt;— 

-0-00001 cos 137;+...; (3) 

^ = 11-04799 28 giving 

004(7;, g4i) = 0*32544+0*65107 cos27;+0*41535cos47; — 

— 0-42190 cos 67;+0-1 1561 cos 87;-0-01661 cos 107;+ 

+ 0-00151 cos 127;— O-OOOlOcos 147;+0 00001 cos I67; — ...; (4) 

^ = 16*90474 0 giving 

005(7;, ggi) = 0-61238 cos 7;+0*57615 cos37;+0*23319cos 57;— 

— 0*45463 cos 77; + O- 1 7534 cos Ot; - 0-03485 cos 1 1 7; + 

+0-00441 cos 137;— 0*00039 cos 157; +0-00003 cos Ht;— ... . (5) 

The various series (1)~(5) exemplify (a) the rapid decrease in the 
numerical values of the coefficients beyond a certain term, (6) the 
remarks at the end of § 3.33. 

Using the above values of g^j, the pulsatances of the first five 
longitudinal modes of a lake whose eccentricity approaches unity 
were calculated, and are given in Table 24. 

t This substitution is based on the result that as e 1, o 2^ [53]. 



308 


APPLICATION OF THE 


[Chap. XVI 


Table 24 


Mode of 
oscillation 

Function 

Valut 

Ptdsatance toi 

Oil for straight 
uniform canal 

1 

cej 

0-88982 0 

l-8866c/a 

1-6708. .c/at 

2 

ce. 

3-03907 4 

^‘4Se6cla 

Zl4tlQ,,cla 

3 

ce. 

6-42586 2 

5-0699c/a 

4-7124.. c/a 

4 

ce4 

11-04799 3 

6-6477c/a 

6-2832. xja 

6 

ce. 

16-90474 0 

8-2231c/a 

7-8540.. c/a 


t The ntimbers are multiples of 


The tide ranges for several modes calculated by aid of (2)-(5) are 
portrayed in Figs. 34-7 [54, 104]. 


First symmetrical mode 



Fio. 34. Tide height I in lowest symmetrical mode of water in elliptical lake. The 
broken line is for a canal of uniform breadth. 



Fia. 36. Tide height £ in second eisymmetrical mode of water in elliptical lake. The 
broken line is for a canal of uniform breadth. 

16.40. Transverse vibrational modes of gas in long hollow 
elliptical cylinder. If <f> is the velocity potential at any point x, y 
in a cross-section, the differential equation of wave motion is 
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C 

Centre 


Fio. 36. Tide height { in second 85 rmmetrical mode of water in elliptical lake. The 
broken line is for a canal of uniform breadth. 


End 


Fig. 37. Tide height { in third asymmetrical mode of water in elliptical lake. The 
broken line is for a canal of uniform breadth. 

where ki = (olc, (o = 27r X frequency , and c is the velocity of sound 
waves in an unconfined atmosphere of the gas, of uniform density. 
If the inner surface of the cylinder on which the gas particles impinge 
is rigid, the velocity normal thereto is zero. Hence the particle 
velocity v = —(d<f>ldn) = 0, n indicating the direction of the normal 
to the inner surface. Accordingly the problem is analytically similar 
to that of the elliptical lake studied in § 16.20 et seq., so the pulsa- 
tance equations are those at (4), (5) §16.21. When the ellipse 
degenerates to a circle the vibrational modes of the gas in a hollow 
circular cylinder are obtained. The pulsatance equation is now (6) 
§ 16.23. It is assumed that the cylinder is long enough for end effect 
to be neglected, or that practical conditions ensure absence of inter- 
ference due to the ends of a short cylinder. 

16.50. Vibrational modes of elliptical plate. Let p be the 
density, t the uniform thickness, cr Poisson^s ratio <. I, E Young’s 
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modulus, and c* = Assume that the displacement 

normal to the plane of the plate, varies as Then with 1c\ = a>^/c* 
it can be shown that the differential equation of motion of a homo- 
geneous loss-free plate vibrating with small amplitude in vdcuo is 




(1) 

or 


(2) 

Hence 


(3) 

and 

pr_o 

(4) 

By §9.20, 
tively, 

(3), (4) expressed in elliptical coordinates are, 
^' + ^' + 2P(cosh2^-co8 2,,)f, = 0 , 

respec- 

(6) 

and 

§* + ^*-2**(co8h2^-cos2,)^, = 0. 

(6) 

where 2k = 

k^h == {<jjlc)^h, giving q == cah^j^c. 



This analysis is valid for a variety of boundary conditions amongst 
which we may mention: 


1®. Free everywhere. 

2®. Clamped edge, centre free. 

3®. Clamped edge, confocal elliptical hole at centre. 

4®. Clamped edge, clamped at a central confocal ellipse. 

5®. Clamped at a central confocal ellipse, edge free. 

The solutions for all five cases must be periodic in t^, with period 
IT or 27r. For reasons akin to those given in § 16.11 a formal solution 
of (5) in cases 1®, 2® is (omitting the time factor) 

Ci”*’ == C'm Cem(f. ?)• (7) 

For (6) we have 

Se„(^, —q)sej7), —q). (8) 

Then and the complete formal solution is 

m *»0 

+ S {'S'm Se„,(^, ?)8e^(i), J)+ Se„(^, - 3 )se„(i>, -g)}. (9) 

Wl-1 
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When the centre of the plate is removed or clamped, the solutions 
Fey^, Gey,^, Fek^, Gek^ must be included, so we have for cases 

ft”’ == CmCem(f ?)cem(»?.?)+^m^’ey„(|,?)ceJT;,g)+ 

+'Sw Se„(|, q)BeJr), q)+0„ Gey„(f q)aejr), q) (10) 

and 

ft”’ = -q)cejri, -q)+F^FekJ$, -q)cejr), -q)+ 

+S„Se{|, -q)aejri, -gf)+G„Gek„(f -q)af)j7), -q). (11) 

The complete solution takes a form similar to (9). 

16.51. Clamped edge, centre free. Consider those modes where 
the displacement is either symmetrical about both axes or about the 
minor axis only. The first necessitates a solution with ceg,^ and 
the second with ccg^+i (see § 16.12), the functions being inadmis- 
sible. The appropriate formal solution for the wth mode is, by 
(9) §16.50, 

= C^CeJlq)eeJi],q)+C^CeJi, -q)cejr), -q). (l)t 
The boundary conditions are ^ = 0 at the clamped edge 

where | Using these in (1) leads to the two conditional equa- 

tions 

CmCe„(^o.?)cen.(’?. 9 )+A»Ce,„(^o, -g)cejr;, -q) = 0 (2) 

and 

Cm^'m{$o^q)CQjr),q) + C„Ce'^(^o. -q)cejr), -q) = 0. (3) 

From (2), (3) we deduce that 

[Ce„(fo.9)Ce;,(^o. -q)-Cem(^o^q)CeJU -q)]cejr},q)cejr),-q) = 0. 

(4) 

Hence we have the pulsatance equation 

Cem(^o.?)Ce;,(^o- -3)-Ce;,(^o.g)Ce,„(fo- -9) = 0, (5) 

which may be written 

g)/Ce„(^, -9)]f=f, = 0. (6) 

This equation is satisfied by j 8 = 1, 2 ,..., and defines a 

system of confocal nodal ellipses 0 < ^ From (4) we have 

the equations defining a system of nodal hyperbolae, namely, 

ce„(T?,9) = 0 and oejr), -q) = 0. (7) 

t When m — 2n-\-l, and ^ < 0, in (IH^) write Se, ee for Oe, ce: in (8), (9) write 
Ce, ce for Se, se. See [229]. 
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Nodal ellipses and nodal hyperbolae coexist, being analogous to nodal 
circles and radii on a freely vibrating circular plate. 

For modes in which the displacement is anti-symmetrical about 
the major axis or about both axes, the pulsatance equation is 

Se„(^o. ?)Se;(^o, -3)-Se;(lo, 3 )Se„(^„, -q) = 0. (8) 

This defines a second system of confocal nodal ellipses. The equa- 
tions for the accompanying system of nodal hyperbolae are 

sem(’?.3) = 0 and sejij,-g) = 0. (9) 

Accordingly there is a double infinity of both classes of nodal pattern. 

16.52. Determination of (6) § 16.51. If q is small, the 

procedure in §16.17 may be followed. For large values oi q = k^ 
the asymptotic formula (3) § 11.42 may be used. Applying the rela- 
tionship Ce 2 „(^, — 5') = (— l)"Ce 2 „(|irt-f thereto, and selecting 
the real part, we obtain with ^ large enough 

— ?) ~ C 2 „[cosh Wi cos OT-fsinh Wjsin •nr]/2*”sinhl|^, (1) 

where MJi = 21: cosh m ci (4n-l-l)tan“^{tanh^^). Thus by (1) above 
and (3) §11.42 

Ce2„(^,g) ^ tanhigcosx ,,.) 

<^2»(^.-3) 2*coshxi ’ 

with X = 21:sinh|— (4n-|-l)tan“^(tanh^^) 

and cosh xi = cosh cos w-j-sinh sin vr. 

Differentiating (2), as indicated in (6) § 16.51, leads to the pulsatance 
equation 

[x'tanx+xltanhxi]f=f, = (8inh2Q-i, 
or [tan x+ {xi/x')tanh Xi]f = (x' sinh (3) 

Now k is large by hypothesis, so when is large enough the r.h.s. 
of (3) is very small, Xi — (3) approximates to 

tanx = — 1 or x — Jtt = («— (4) 
s being an integer. This entails 

21:sinh^o= («— J)77’-|-(4w-|-l)tan-^(tanh^f2). (6) 

Then for 21: sinh -*■ ke^* and tanh ifo ^ have 

I'cf* ~ (s+n)^, 

or l-t,,, = qi„j, ^ («-f n)Ve-2f*. 

Equation (8) § 16.51 may be treated in a similar way. 


( 6 ) 
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16.53. Transition to circular plate. Using the degenerate forms 
of the modified Mathieu functions in Appendix I, both of the pulsa- 
tance equations (5), (8) § 16.51 become 

J^{kia)Im{k^a) J ~ ^ (^1 = (^) 

which is the known result for the modes of a clamped circular plate of 
radius a. Using the dominant terms in the asymptotic formulae for 
the Bessel functions, (1) gives 

GO^{k^a—\TT—\mTT)-\-sin{kia—\TT—\rmT) = 0 ( 2 ) 

or ia,n(k^a—\TT—\miT)~—\, (3) 

so, if s is an integer, k^a = (4) 


By Appendix I, as the bounding ellipse tends to a circle of radius a, 
ke^^ k^a, so if m = 2n, (4) above and (6) § 16.52 agree. 

Since k\ = co/c, (4) gives for the higher modes of vibration of a 
clamped circular plate of radius a and thickness t 


O) = 


(s+^m)7rt r 


2a 


r 

L3/>(1-<t*)J 


i 


(5) 


Also by Appendix I, we see that (7), (8) § 16.50 degenerate to 

== (C';,cosm0+/S';isinm^)J^(*ir) (6) 

and = {CmCoamB+B’mainmfi)I„{k^r), (7) 


the known forms for a circular plate. 


16.60. Elliptical cylinder in viscous fluid [28, 116, 137, 154]. 

A long cylinder of elliptical cross-sectionf has its axis perpendicular 
to the plane of the paper. A viscous fluid, e.g. air, moves past the 
cylinder with undisturbed velocity U in a direction 0 to the major 
axis, as illustrated in Fig. 38. In the absence of viscosity the motion 
of the fluid would be irrotational. Owing, however, to friction 
between the surface of the cylinder and the fluid, by virtue of visco- 
sity, the flow is accompanied by vortex motion, i.e. a perturbation 
is superimposed upon the irrotational motion. The problem is to 
determine the vorticity f when the motion is steady. It is given by 
the expression 


r = I 


( 1 ) 


4961 


t The cylinder is many times longer than its major axis, 
ss 
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where \ft is the stream function. For steady motion the vorticity is 
known to be expressed by the differential equation 


dx^ dy^ 





' U- Undisturbed 
velocity of fluid 


Fio. 38. Illustrating cylinder in viscous fluid. 

u, V being the velocity components of the fluid parallel to the x and 
y axes, respectively, \v = (i the kinematic coefficient of viscosity, 
p the density of the undisturbed fluid. Then, if ^ is the velocity 
potential, we have - , p, # 

(S) 

dy dx 

(4) 

dx dy ' ' 

For the undisturbed motion, f the velocity potential and stream 
function expressed in rectangular coordinates are 

^Q= —U{xcosd-\-ys\n9), (6) 

il/f)= —U{ycoa0~xsm9), (6) 

these satisfying (3), (4). Substituting from the two latter into 
(2) yields 2/0^ dt , 0^ dC\ _ . ,,, 


dx^^ dy’^^ v\dx dx^ 


dy dy) 


Applying formulae in §9.20, (7) is transformed to elliptical co- 
ordinates and becomes 

2 _£ « = ( 8 ) 

dr)^ v\d( d^ drj drj) 

t In tho absence of friction between the fluid and the surface of the cylinder. 
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16.61. Solution of (8) § 16.60. Assume that the solution takes 
the form ^ -q). Then since = 0> we obtain 

Expressing (6), (6) §16.60 in elliptical coordinates by aid of the 
substitutions x = A cosh ^ cos i;; y = ii sinh ^ sin leads to 

= — t7/t(coshf cosTjcos^+sinhf sinijsintf) (2) 

and = — [/^(sinh^sinijcosfi— cosh^cosT^sinfl). (3) 

From these we find that and satisfy 


/M® /M*_ 

W/ \^v) 


- (cosh 2^— cos 2»;). 


C4) 


Now (2), (3) are for undisturbed motion, so that if (4) is substituted 
into (l),a first approximation, based on Oseen’s analysis, is 


As in §9.21 assume that/(i,ij) =Mi)f 2 [r)), and we get 




2v* 


(cosh 2f— cos 27 ;)/i/2 = 0. 


( 6 ) 


(6) 


Dividing throughout by yields 


^ 2A:* cosh 2^ = cos 27 j = o, a constant, (7) 


fide 

with U%^l2v^ 
equations 


21;*, or i* 

^i_ 


hdq^ 

— TPh^l4v^. Then we get the two Mathieu 
(a+21:*co8h2^)/i = 0, (8) 


dij* 


+ (o-f- 21;* cos 2 ij )/2 = 0. 


(9) 


16.62. Conditions to be satisfied, (a) As in § 16.11 the solution 
must be periodic in q with period n or 27r; (6) the amplitude of the 
motion must tend to zero as ^ +oo; (c) the circulation of the fluid 
at ^ = 00 must be bounded, otherwise the force on a finite length 
of cylinder would be infinite, (o) is satisfied if we choose ce„( 2 , —q), 
se„(z, — }) as the solutions of (9) § 16.61. Now 

C = (1) 
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and to fulfil (6), must 0 as +oo. Suppose we select 

the solutions Fek,j(f, — g), Gek^^d, — g) for (8) §16.61. Then, using 
their asymptotic forms from §J1.12 with (f>Q from (2) §16.61, we 
must have 


OC e^Mcosh^cosi^cosd+slnhf 8 inT) 8 ln 6 )~fccf / 1 _JL_ j _> 0 . ( 2 ) 

^ V \2iev 


From §9.12, Acosh^~r, Asinh^~r, as f->+oo; also by §2 
Appendix I, since ~ r, ke^ ~ r as ^ + 00 . Writing 2k == k^h 

and substituting in (2) we obtain 




^kir{cos(r]-0)-l} 

^(2kir) 


( 3 ) 


Now {cos(t^— 0)— 1} < 0 except for (rj—O) = 0 when it vanishes. 
Hence (3) tends to zero as r + 00 , and, therefore, as ^ -> + 00 . 
Accordingly a solution of the form 


C = f C',Fek„(^, ~q)ce„(r), -g)+ 

4- i i)„ Gek„(f - 9 ) 8 e„( 7 ;, - 9 )) (4) 

n»l ' 

complies with conditions (a), (6). We shall now demonstrate that 
a modification of (4) is necessary, in order that condition (c) may 
be satisfied. 


16.63. Circulation of fluid as +oo [116]. We shall evaluate 
the difference in circulation of fluid over the ring defined by the con- 
focal ellipses ^ and ^ ^2 which arises from one 

term in (4) § 16.62. We take the term C,^e“'^/^Fek,^(^, —g)cef^(rf, —g), 
and the circulation is proportional to 

JJ e-^/>’Fek„{^, -g)cejrj, -q) ds^ds^, (1) 

where dsy^, ds^ are elemental arcs, as defined in §9.12, the integration 
extending over the ring. From §9.12, when ^ is large enough, 
ds^ds^rsu rdrdT], so using (3) §16.62 and the series for ce^C^y, 

(1) may be written 


27r 


= const, j j 2 (— l)'”-4^^coswi7j diy, 

n 0 

( 2 )t 


t For - j), A<;> = and for -g), A<;> = 
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where corresponds to to ^ 2 > 

V -^1 , (^n-1 ) , (4a,^l)(4a, -^9) (4a,~l)...(4a,^25 ) 

%k^r 2!(8jfcir)2 3!(8A:ir)3 

(3) 

which is the series part of the asymptotic expansion of Fek„{ 2 , — g) 
in (10) § 11.23, if the term in in (8) § 11.20 is neglected. 

Now 

e*^i*'co8(^-^)cosm>^ = |/o(A!ir)+2 J /p(iir)cosjp(7y— 0))cosm77 

V p = l / 

00 

= I^{kir)cosm-q-\- J Ip{kir)[co8{ri(p+m)—pe}+ 
4-cos{7j(/)— wi)— jp0}]. (4) 

Using (4) in (2), all the integrals vanish except when p m, so 


27r 


(5) 


J e*"'cos(’?-®)co8m7; di; = 2iT/^{fcj r)cos 

0 

But when k^r is very large [ref. 202, p. 163] 

V(2.ri[:,r)r + 217^)2 -)• 

Substituting from (5), (6) into (2) yields 


/„ = const. 


? r * 

Jxn[2(- 

* w>=0 


1)’"^[^> cosm^x 


8*1 »■ ^ 2!(8A;ir)2 -JJ (7) 

Since ^ (— l)*+”*J<J>m**cosOT0 = (d^/<i0^)[ce„(P, —?)], the integrand 

W“0 

of (7) may be written 

(8) 

Designating the coefficients of 1/r, 1/r®,... in (3), (8) by a^, aj,..., 
j8i, /Sj,..., respectively, (8) yields 

(1 +«! r-i+a2 r-*+ ...)()8o+j8i r-^+jSg r-2+ ...) 
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Inserting this in (7) and integrating with respect to r leads to 

/„ = const. feo(»‘a-»'i)+(«i^o+^i)log?+ 

[ » rj 

+ (<*2^o+<*i^i+^2)|- — ^ + -"| (10) 

= A„^o[(>'2-»’i)+(«i+^i/^o)log(»-2/»-i)+ 

+ + 1’ 

Since (11) -> oo with it follows that the presence of a term of the 
form c-^'‘'C'„Fek„(^^, -?)ce„(7j, -q), as in (4) § 16.62, introduces an 
infinite circulation as rg -> oo, which is physically impossible. It is 
necessary, therefore, to modify the term in question to give a finite 
solution. 

Only the first two terms in (11) yield infinities, so we consider 
these and disregard the remainder of the series, because it is con- 
vergent and finite. Then 

«i+j3i/i3o= ^[(4a,-l)+l+^j = ^(a„+ce;/ce„). (12) 

Now ce^+(a^-|-2A;2cos20)ce^ = 0, so that 

+ ce^/ce,^ = — 2k^ cos 2d, ( 1 3) 

which gives 

TJh^ 

(^ 1 + A/jSo) = — — cos 20 cos 20. (14) 

4^ 

Using (14) in (11), if 6 is fixed— as it would be in practice — with 
^0 = ce„ or ce„+i, we get 

^H/A„ce„ 


= j(»‘ 2 -'‘l)- 

Uh^ ofli / 1 r 

- -7- COS 20 log r 2 /ri+ 

(finite as r 2 oo)|, 

(16) 






- COS 20 log ^2/^1+ At+i (finite as r 2 -> oo)| . 

(16) 


Although both (16), (16) -> oo with their difference 

(■^n/AftCe,j)— (/„+j/A„+,ce„^.,) = (17) 
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is finite. Hence the first part of the solution (4) §16.62 must be 
taken in the form 

I''k«.n+i = Fek„ ce„-C7„+i Fek„+i ce„+i], (18) 

where C^, are constants whose ratio is chosen to annul the first 
two terms at (16), (16). 

The results for the second part of the solution at (4) §16.62, 
namely, Gek„ se„ are identical in form with those above, 

except that sin is written for cos, and se for ce. Thus to preserve 
finite circulation we take 

= e-^'>’[Z)„(lek„se„-/>„H^ek„+ise„+J. (19) 

Finally the complete solution which satisfies conditions (o), (6), (c) 
in § 16.62 is given by 

i i i Gk„,„^4. (20) 

'n=0 n=*l ' 

The arbitrary constants C, D in (18), (19) are found from the 
boundary conditions as usual. 
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17.10. Eddy current loss in core of solenoid. When a sinusoidal 
current flows in a solenoid having a metal core of elliptical cross- 
section, the varying magnetic fleld induces eddy currents therein, 
the core behaving like the secondary winding of a transformer. To 
calculate the loss arising from these currents we assume that: 

1. The current in the winding is everywhere in phase. 

2. The core is a uniform metal bar of elliptical cross-section, having 
resistivity p and permeability fi, the latter being independent 
of H the magnetizing force. 

3. The uniformly wound solenoid of n turns is long compared with 
its cross-sectional dimensions. 

4. H is uniform at the curved surface of the bar. 


Differential equation for H, It can be shown that, in rectangular 
coordinates, the equation for H at any point (x, y) of a cross-section 
of the bar is [167] 


dm dm inpL dH 
dx^ dy^ p dt 


( 1 ) 


If H = dHjdt = icaZf, and (1) becomes 

dm d7l J47TfUjt}\„ 


Introducing elliptical coordinates as in § 9.20, this equation is trans- 
formed to 

^ + ^ + 2^*(cosh 2f-cos 2r])H = 0, (3) 

where 41:* = iJA* = —ih^{iir(uji>lp). Thus is negative imaginary 
and 2k = i^hm, with m — Then by §9.21 a suitable solu- 
tion of (3) IB H = X being a solution of 




and <f> a solution of 


(o— 2I:*co8h2f);( 


0 . 


(4) 


(0—21:* cos 2ij)^ = 0. 


(5) 
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17.11. Physical conditions. The distribution of H round any 
confocal ellipse in a cross-section of the core is symmetrical about 
the major and minor axes. Also H is single-valued and periodic in 
7) with period tt. Hence ^ must be a multiple of ce2^(^,g). Further, 
to satisfy (6) § 16.11 the solution 

X = 

must be excluded. Thus Ce2,i(^,g)ce2n('>?,9) is the only admissible 
type of solution of (3) § 17.10. Accordingly at any point (f, rj) of the 
cross-section we have 

^ = f C'2nCe2„(^,g')ce2„(rj,g), (1) 

n^O 

the constants € 2 ^ being determinable from the boundary conditions. 

17.12. Determination of G 2 n, in (1) § 17.11. At the surface of 

the core, H = Hq, a constant given by 47r/i/p ^r.m.8. being the 

root mean square value of the currentf and I the axial length of 
the solenoid. Thus at ^ == 

00 

^0=1 Gin Ce2„(^o, q)oe2n(V> ?)• (1 ) 

n=-0 

Multiplying both sides of (1) by 002^(17,?) and integrating with 
respect to rj from 0 to 27r, we get 

27r 27r 

^0 J dr) = C' 2 „Ce 2 „(^ 0 . 3 ) J cel„(ij,g) dr? 

= C'2„Ce2„(^o.3)fi2«. (2) 

2ir 

where £2^ = J i^be other integrals vanishing by virtue 

0 

of orthogonality. J The value of the first integral in (2) is 

it being understood that since is negative imaginary, the A in the 

series for 002,^(17,?) are complex (see §3.40 et seq.). Thus we obtain 

C2n - 277^0 A(2n)/Ce2,(fo> q)^2n- (3) 

Hence by (1) § 17.11, (3) the magnetizing force at any point (^, rj) of 
a core-section is given by 

= 277^0 I Ce, , q)oe2n{v> q)l^2n Ce2n{^0, ?)• (4) 

n-0 

Since all quantities under the 2 ^re complex, so also is 
in general. 

t The r.m.8. value is selected merely for convenience, since it is used in § 17.20. 
t When q — k* is real the value of the integral is n. In (2), q is negative imaginary. 
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17.13. Transition to circular cross-section. By Appendix I 
Ce 2 „(^, « being the radius 
of the core, while ce 2 „(ij,g') ->• cos 'Ind, n'^l, ceQ{r),q) -> — (2)~t, 

^( 2 n) _> 0, » > 1. Also fijn J co8*2n0 dS = n. Hence all terms of 

0 

(4) §17.12 vanish except when w = 0, and for a core of circular 
section we get 

H = HoJo{hr)IJ,{k,a). (1) 


Now ki == so (1) becomes 

H — HQjQ(0mr)IJQ{i^ma). 
Expressing the J function in polar form, with 
Jy,(ih) = ber^2+ibeij,2: = 

leads to 


Tj __ rr i[e^(rnr)-ei^ima)\ 

Mq{z), 0(,(z) are tabulated in reference [202]. 


( 2 ) 


( 3 ) 


17.14. Total flux in elliptical core. This is found by integrating 
fxH over a cross-section. Thus the total flux is, with 


<D 


= ,jH 


dA 



( 1 ) 


by (2) § 17.10. Now if n is the outward normal and ds an elemental 
surface arc, (1) may be written 





( 2 ) 


by virtue of the relationships ds == lidr). Bn — l^B^ in §9.12. Sub- 
stituting in (2) for H from (4) § 17.12 leads to 


O = 


27rnHo Y g) 

?) 


277 

J ce2„(i?) d7}, 


0 


( 3 ) 


^ 47rVHo Y [A^^”>]i^Ce2„(^,g) 

kl Z £2«Ce2„(^o.3) ‘ ^ ^ 

This represents the total flux within an ellipse defined by | 

The total core flux is (4) with for ^ in the numerator. 
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17.15. Transition to circular cross-section. By aid of Appen- 
dix I, (4) § 17.14 degenerates to the form 

^ _ 27ra/xifo J'fiikia) _ 27TanHQ Ji{i*ma) .j. 


ma il!fo(ma) 


[di(ma)-0(^ma)--in] 


Mq, Oq, Ml, $1 are tabulated in reference [202]. 

17.20. Effective resistance and effective inductance due 
to core. If is the root mean square value of the current in the 
solenoid, the p.d. across its ends is = (-Re+*“'i^«)-ir.in.8.> so 

r — V' ^r.m.8. /p . r. \ / 1 \ 




-r.Tn.s. + Z* ' * 

Accordingly we assume that /r.m.s. i^S'S two components in phase 
quadrature. One of these causes a flux Og (equal but of opposite 
phase to that arising from eddy currents induced in the core) such 
that nd<l>Jdt = i?ejir.m.s.* Thus the core loss is given by 

= ( 2 ) 

Substituting Hq = § 17.14 the total r.m.s. core flux is 

<D = _ V /3X 

is the real part of (3), so if the flux varies as e^, the core loss 
is. by (2), (3), 


d<^,T 


_ _ ^ 2 k\ fi,:Ce,„(M ■ 


Substituting — i*m in (4), the power dissipated in the core is 
represented by 


p _ 167T®/iwn.* .2 

mH "• 


Real 



<22n ?) . 


(5) 


Since P = effective resistance due to the metal core 

is given by (5), if /Jni.s. omitted. 

The so-called * imaginary’ power or energy per unit time stored in 
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the solenoid and restored to the power source periodically is found 
by similar analysis, using the imaginary part of (3), to be 




1677-®/iton* 


r 

•m.9. Imag 2 
*“n—0 


S>2n C^2n(^0> ?) - 


(6) 


Hence the effective inductance of the solenoid due to the metal core 
alone is given by (6), provided ^ g is omitted. 


17.21. Transition to circular cross-section. By §2 Appendix 
I we find that 


, k,aJ,(k,a) 

(1) 

SO with k\ = --im^, (5) § 17.20 degenerates to 


Sn^fuoan^ H 

(2) 

ml J 


(3) 

The effective resistance is given by (3), devoid of 
way (6) § 17.20 degenerates to 

In a similar 

h = — ^-7 — ttt) — ^0— 

* ml Moima) ' ^ / 

(4) 


17.30. Resistance of long straight conductors of elliptical 
and rectangular section to high-frequency alternating cur- 
rents. At sufficiently high frequencies the current is confined mainly 
to a surface layer of the conductor, and the current density is 
negligible within the conductor. Thus the component of magnetic 
force normal to the surface tends to evanescence, and the magnetic 
force may be assumed wholly tangential thereto. It follows that, at 
the surface, the vector potential is constant and satisfies the same 
conditions as the scalar potential. Consequently the surface distribu- 
tion of current density is identical with that of an electrostatic 
charge. The total current flowing axially through the conductor 
corresjponds to the total surface charge [169]. 

17.31. Formula for charge and current density. We have 
now to find a formula for the charge at any point on the cylinder, 
bearing in mind that the surface potential <f> is constant. Using 
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elliptical coordinates — see Fig. 39 a — the potential function 

constant on the surface is, apart from a constant multiplier, 

= f at ^ = ^0. (1) 



Fig. 39. (a) Illustrating conductor of elliptical cross-section foci Fj, F*. The hyper- 
bola determines the coordinate rf at the surface where ( = fo- 


- 1 

^ 






^ 1 

^ 

L 




IL 


Fig. 39. (b) Ellipse having same area and axes ratio as rectangular section. 

Now the charge at any point P whose coordinates are (^q, t]) is 

O’! = K^d<l>ldn, (2) 

where is a constant and n denotes the direction of the normal to 
the surface. By §9.12, dn = k(co8h^iQ—cos^y)^ di, so from (1), (2) 

a, = = Ai/A(cosh^^o-cos=‘^)*. (3) 

(3) is proportional to the charge at any surface point (io>v)^ Since 
is constant, oj is a maximum when y == 0, tt at the ends of the 

major axis. It is a minimum ^t the ends of the minor axis, where 
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V = I TT. The values of at these respective points are 

o^l(max) == jKi/A(cosh2^o— 1)* = (4) 

and ai(min) = iTi/Acosh'fo == ^i/«. (5) 

Using or for current density, the magnetic force tangential to the 
surface at rj) is, with an appropriate multiplier K [169], 

J9J = 4770’ = 47r.iL/A{cosh^fo — cos*>;)*. (6) 


17.32. Power loss. When Hi varies sinusoidally at high-fre- 
quency, it is shown in §18.53 that the power loss per unit surface 
area of a conductor of unit permeability is (l/87r)Z?f(p/)l, where 
p = resistivity, / — frequency, is the r.m.s. value, and the radius 
of curvature does not vanish at any point on the surface. The length 
of an elemental arc on the surface of the conductor (Fig. 17) is 
by S9.12 

ds = hicosh^^Q—coa^r))^ drj, (1) 


Thus the power loss over the periphery, per unit axial length, is, 
by (1) above and (6) § 17.31, 

p = j HI d8= SttKHp/)^ J drj/h{co&h%-COS^rj)K (2) 

0 

Now Acosh^o = semi-major axis, while (cosh^^o)”^ == fh® 

eccentricity of the bounding ellipse. Accordingly (2) may be written 

Itt 

P = J d7]/(l -e^ cos^r])i (3) 

0 




(4) 


[169], where F is a complete elliptic integral of the first kind with 
modulus e. The total current in the conductor corresponds to the 
total charge on unit length, i.e. 

in 

j a ds — K j drj ~ 27 tK, (5) 

0 

Hence the resistance per unit length of conductor to high-frequency 
alternating current is, by (4), (5), 

= ^kDl F{e, ^n). (6j 

Tra 
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17.33. Ratio . The resistance to a constant unidirec- 

tional current is 

■Sic. = (1) 

per unit length of conductor. Thus by (1) and (6) § 17.32 we have 

It^JRa.c.==mipmeA^)- ( 2 ) 

When the eccentricity e -> 1, it can be shown that [215] 

F{e,^iT) c^log^ialb. (3) 

Hence for an ellipse with ajb >^1, (2) may be written 

26(//p)Uog,{4a/6). (4) 

When e -> 0 the ellipse degenerates to a circle, F{e, \tt) -> Itt, and 
(2) becomes 

Ra.JRd.c. — (5) 

a being the radius. By (6) § 17.32 the a.c. resistance per unit length is 

«a.c. {P/)V«- (6) 


17.34. Resistance of rectangular strip. Referring to Fig. 39 b 
we suppose that a^lb^ ^ 1 and assume that the strip may be replaced 
by an elliptical conductor of equal cross-sectional area with ajb = 
ajbi. Then it follows that 

b = 26i7r-5. (1) 

Substituting this in (4) § 17.33 leads to the result that for a rect- 
angular strip, at an adequately high frequency 

KJRd.c. ^ 46,(//7r/,)Uog,{4a,/6,). (2) 

Numerical example. Let 


2o, = 2-5 cm. 1 
= 0-2 cm. I 


4oi/6i = 50. 


f = 40X 10* cycles per second. 
p == 1600 absolute units, for copper. 


Then 


log^(4ai/6i) = 2-3026 logio 60 
~ 3-92. 


Hence by (2) 

2 X 0-2(40 X 10«/7rX 1600)‘ X 3-92 


(3) 


~ 140 , 


R. 


140R, 


tJ.C.* 


SO 


(4) 

(6) 
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17.40. Heat conduction in elliptical cylinder [135]. We treat 
the case where the cylinder is long enough in comparison with its 
major axis for end effect to be neglected. If 0 is temperature, k 
diffusivity, and t time, the two-dimensional equation for heat trans- 
mission, expressed in rectangular coordinates, is 


dx^ dy^ K dt 


( 1 ) 


Let {6—0q) = 01= /(^> where f{x, y) is a function independent 

of t, and the purpose of v will appear later. Then 


dt 




( 2 ) 


and on substituting into (1) we obtain 

e+e+../=o. 

Transforming (3) to elliptical coordinates, by § 9.20 we get 
^ ^ + 2*’'{cosh 2^-cos 27 ;)/i = 0, 
where ^ q and is a function of iq. 


(3) 

(4) 


17.41. Particular form of solution of (4) § 17.40. If x(f)> 
\fs{y)) are functions of alone, respectively, the appropriate solution 
takes the form x(^)0(^)* Herein we consider a case where the tem- 
perature distribution is symmetrical about both axes of the ellipse. 
Thus must be even and periodic in rj, with period tt. The only 
solution of (4) §17.40 having these properties involves oe^niv^Q) 
a factor. For reasons similar to those given in §17.11, the other 
factor is Ce 2 „(^,^). Hence a formal solution of (1) § 17.40, expressed 
in elliptical coordinates is 

d, = (e-e,) = = I C'2„Ce2„(|,g)ce2„(7,,g)e— (1) 

n“0 


17.42. Boundary conditions. We take the simple conditions 
that 

(а) 6 = 0, t < 0, throughout the cylinder; 

(б) 6 = Oq, t ^ 0, at the surface where ^ 

(c) 6 -^dg, < -> -|-oo, 0 ^ f ^ ^ 0 . 

The problem is to determine the temperature at any internal point 
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when t > 0 , At the surface i when ^ > 0, (0--6q) =0^ = 0, 

so by (1) § 17.41 we must have 

Ce2n(lo.<?) = 0- (1) 

Thus q has those values q 2 a,m which make Ce2„(^^o, q) vanish, i.e. the 
parametric zeros of the function. Now as < ->■ — 0, 0 = 0, 0^ = — 00 , 
and (1) §17.41 becomes 

00 00 

— 6q= 2 2 ^2n ^®2n(f>9^2n.m)^®2n('7>9^2n,m)> (2) 

n = 0 m=»l 

SO we have to determine the 


17.43. Determination of We employ the orthogonality 
theorem in §9.40. Accordingly we multiply each side of (2) §17.42 
by Ce2p(^,g2p.r)c©2p(^>^2p,f)(cosh2^~cos2>^) and integrate with re- 
spect to rj from 0 to 27r, and with respect to f from 0 to Then 
the r.h.s. vanishes except when p = n, r m, so 

(9 27r 

-^oj / Ce2»(f ?2».m)ce2»(’?.?2»,»i)(co®h2|^-cos2ij)d^^d7, 

0 0 . 

fo 27r 

= ^2nj /Cei„(^,?2„,Jce|„(>j,g2„,„,){cosh2f-cos2i7)d^dij. (1) 
0 0 

Taking individual integrals, we have (see (9) § 9.40 for 02„) 


27r 2n 

/ ce 2 „(i?, ? 2 „.m)cos 2rj dr} = j ce|„(7j, q^^ J dr) = rr; 


0 

2rr 


j ce2„(’j,g'2„,„,) dr) = 27rJ^*’‘>; J ce^„(r),q 2 ,^ Jcoa2r) dq = m 02„. 


Hence (1) may be written 

-n 00 |°Ce2»(f ?2».«)[2^^*’‘> cosh 2^-^«»>] d$ 


( 2 ) 


= J Cei„(^, gr2„,m)[cosh 2 ^- 02„] di, ( 3 ) 


f 


SO 


a 


2n 


-®0 J Ce2„(^, g2«,m)[2^{i*'*’ cosh 2 $-Af’^^] d$ 

_ (L _ _ 

J Ce|„(^,g 2 „.m)[co 8 h 2 |^- 02 „ldf 


( 4 ) 


The first integral in the numerator is evaluated in § 14.10; for that 
in the denominator see § 14.22. 

4961 
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Using (4) in (1) § 17.41 we obtain 

0 1 — Z Z ? 2 n,m)ce 2 „(»?, ?2r»,m) X 


J Ce2n(^.?2»,m)[2-4{?">C08h2^-^<a*»)] df 

X“ . (6) 

J Ce 2 n(^.<? 2 »,m)[cosh 2 ^- 02 „] 

0 

where 4n. ^^2 ^ ^[ 2 n,m- This gives the temperature at any point 
(^, 7]) of the cross-section when t > 0. Since the factor in (5) involving 
the integrals is independent of r;, (6) is a solution of (1) §17.40 
expressed in elliptical coordinates. Also (1) 0 = 0^ for ^ > 0 at the 
surface where ^ since Ce 2 ^{f o» ? 2 n.m) = (2) everywhere 

when i-->+oo» since 0. Hence the boundary conditions 

(6), (c) § 17.42 are satisfied. 

17.44. Transition to circular cylinder. We commence with 
(1) § 17.41 and by aid of Appendix I find that it degenerates to 

= Z Ga„Pan e"''*‘'*^2n(^l ^)C08 274, ( 1 ) 

n‘=0 

with ki — yan.m- Since is now independent of by virtue of con- 
dition (6) § 17.42, all terms in (1) must vanish except » = O.f Thus 

$1 ~ CoPo *^{^1 ^)®”*^** ( 2 ) 

At the surface r — a, 6 6^, so = ao,,„, w = 1, 2, 3,..., these 

being the roots of jQ^k^a) = 0. Also as c->0, $-> +oo, sinh^-»-cosh^^, 
r^Acosh^ {h->0), dr -> hsinh^di (see §9.12), 

cosh 2^d$->-2 cosh ^ sinh ^ ~ 2r dr/A*. 

Using these and Ceo(f ?o.m) ■^Po«^o(ao,m »■/«). ceo(’ 7 ,?o,m) 2-1, 

AJ” -)■ 2-1, -> 0, 02„ -> 0, a§ m/o'' (since by Appendix I, 

g -> 0 as e -> 0), (5) § 17.43 degenerates to 

I a \ 

l-J^e-''“""“Vo(«m»-/o)-»5 , (3) 

JrJg(a„r/o)dr 
0 / 

where has been written for (XQ„^. 

" 2 

Now r rJo{oi,„rla) dr = (4) 

0 

t A mathematical proof is given in [135J. 
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and 

J dr = (5) 

0 

since «/o(«m) = Substituting from (4), (6) into (3) leads to the 
well-known result for a circular cylinder, namely, 

= 0 J 1 _ 2 y . (6) 

L J 

17.50. An electromagnetic problem analogous to heat con- 
duction [135]. The problems in § 17.10 and § 17.40 are analogous, 
provided the conditions are analogous. For the electromagnetic 
problem they are as follow: 

(а) ^ = 0, ^ < 0, throughout the metal core; 

(б) H ^ > 0, at the surface where ^ 

(c) ^-^+00, 0<^< Re- 

interpreted physically these conditions imply that at ^ == 0 a battery 
is connected to the solenoid through a high resistance R, such that 
the time taken for the current to attain a substantially steady value 
Iq is small enough to be ignored. Thus for analytical purposes the 
current-time relationship is represented by Heaviside’s unit function. 
The problem is to find H at any point of the cross-section of the 
metal core, and thence to calculate the inductance (variable) of 
the solenoid due to the core alone, when ^ > 0. 

The differential equation for H is (1) § 17.10. If in (1) § 17.40 we 
write H for 6 and 47r/i/p for l//c, the two equations are alike. Hence 
mutaiis mutandis, (1) §17.41 is a formal solution of (1) §17.10, so 
we have oo 

C^n Ce2„(^, 3)ce2„(7,, (1) 

n^O 

The solution which satisfies the above boundary conditions is 
(5) § 17.43, with H written for 6. Thus we get 

H = [l - S 2 Ce2„(^, y2n,m)ce2„{l?, ?2n,m) X 

6 L ~ 0 in ~ 1 

X® — j; 

J Ce|„(^)[cosh 
0 


( 2 ) 
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When the ellipse tends to a circle, this expression degenerates 
to a known form for a metal core of circular cross-section [203; 
(4) p. 242]. 

V 

17.51. Inductance due to core alone. This is defined to be the 
total flux interlinkage arising from the magnetization of the core, 
when unit current (unidirectional) flows in the n turn winding. If 
O is the total core flux, then 


L = (J>njJo = ^ jj Hds^ dSi, (1) 

where da^ds^ is an elemental area of cross-section. Now by §9.12 



dsi = ^ (cosh 2^— cos 21 /)* 

Jr 

(2) 

and 

ds^ = ^(cosh 2^— cos 2i/)i dr^, 

Jr 

(3) 


hi f* T 


so 

x = H{cosh2i-coa2ri)d$dr). 

^00 

(4) 


Substituting for H from (2) § 17.50 into (4) and using the analysis 
in § 17.43 leads to 


^ n-0m*=l 

{ I Cej,„(f ?,„_J[2.4^*">co8h2f-^^*»)]d|j 

x-fi j- 

/ Cei„(^.?2n,m)[co8h2^-0a„] d4 


For evaluation of some of the integrals, see §§ 14.10, 14.22. 

When the ellipse tends to a circle, (5) degenerates to a known form 
[203; (14) p. 240]. 
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ELECTROMAGNETIC WAVE GUIDES 

18.10. Introduction. From 1888, when electromagnetic waves 
were first demonstrated, till about 1936, attention was concentrated 
chiefly on their propagation in the atmosphere surrounding the earth. 
It is possible, however, to confine electromagnetic waves to the air 
space within a metal tube. Propagation of this nature was treated 
experimentally and theoretically more than half a century ago. The 
subject has been retrieved from the academical archives, owing to 
developments in ultra high-frequency technique. There are now 
ultra high-frequency electronic devices for generating frequencies 
exceeding 3 X 10* cycles per second, i.e. wave-lengths less than 10 cm. 
Analysis has revealed that if the electromagnetic power is trans- 
mitted to an aerial by a iranamiasion line, e.g. a parallel wire or a 
coaxial cylinder system, the lossf exceeds appreciably that incurred 
when the power is transmitted as electromagnetic wavea through the 
air in a uniform highly conducting tube. Since the power is confined 
within the tube, it is guided, so the tube is called a wave guide. The 
subject has now attained considerable importance, and deserves 
detailed treatment here. Moreover, we shall not confine our analysis 
to the case where Mathieu functions are involved, but lead up to it 
from two simpler cases, thereby introducing a difficult subject 
gradually. References to numerous papers dealing with wave guides 
will be found in [199]. 

18.11. Rectangular wave guide. Analytically this is the simplest 
case. The convention adopted for cartesian coordinates is illustrated 
in Fig. 40, the 2 ;-axis being parallel to the axis of the guide and 
constituting the inner left lower corner. At the near end, containing 
the origin O, we suppose that there is a device for exciting electro- 
magnetic waves, which are propagated parallel to the 2 -axis, in the 
direction of the arrow. We assume that the guide is so long that 
the influence of reflection from the far end at an intermediate point 
may be disregarded. Alternatively we may consider the guide to be 
relatively short, but terminated at its far end by an appropriate 

t Expressed a percentage of the input power at the transmitting end of the line. 
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impedance, such that reflection is negligible, as is the case in practice. 
Moreover, the transmission is unidirectional. 

Power is transmitted down the guide in one or more of the ‘modes’ 
to which the system responds. | To investigate these we have to 
solve Maxwell’s equations for the electromagnetic field, subject to 
the particular condition which obtains at the inner surface of the 
guide. Unless we postulate absence of loss due to eddy currents in 



Fio. 40. Coordinate .system in rectangular wave guide. 


the wall of the guide, it is difiicult to formulate a precise boundary 
condition. J Assuming zero resistivity for the metal of the guide, the 
condition is that the tangential component of the electric field in 
the air must vanish at the inner surface. 


18.20. Maxwell’s equations. For an isotropic non-conducting 
dielectric of permeability /it and dielectric constant c, the ‘curl’ 
equations in vector form (heavy type) are 

€^ = curlH, (1) 


=-curlE, (2) 

where E designates an electric, and H a magnetic force space vector. 

The vectors E and H can each be resolved into components parallel 
to the axes X, F, Z of Fig. 40. Let the scalar components be denoted 

t For power to be propagated down the guide, it may be shown by § 18.24 that the 
width must be > JA, where A is the wavelength in an unbounded dielectric. 

f Loss in the dielectric (air) is also assumed to be zero, i.e. it is a perfect insulator. 
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by Ey, E^, and Hy, //., respectively. Then in terms of cartesian 
coordinates, (1) yields the equations: 


■ dt 

dt 

i)E, 

E 

dt 


dU dU, 
dz^ dy’ 

(3) 

dH^ dH^ 

(4) 


dff, dH„ 

(5) 

X t 1/ 

dy dx 


To aid memorization it should be observed that in (1), (2) E and H 
are interchanged, € is on the l.h.s. with E, and jx on the l.h.s. with 
H, but with a negative curl. Equations (3)-(5) come from (1), and 
their subscripts are in cyclic order. The subscripts and coordinates 
(in denominators) in the last two members of each equation are 
interchanged. Thus by memorizing (l)-(3) all formulae of the set 
(3)-(8) may be written down. 

For the components of magnetic force we have from (2) — using 
(3) as a pattern — 


^Ey dEg 

dt dz dy ’ 

(6) 


(7) 

dt dx dz 

dHg_dE^ dEy 
dt dy dx ’ 

(8) 


18.21. Cosinusoidal variation of E and H. It is expedient to 
make this choice so that various transmission modes may be segre- 
gated. At any section distant z from 0 in Fig. 40 the electric and 
magnetic force vectors are in phase and vary in accordance with the 
real part of If the phase at any z is referred to 0, account must 
be taken of the velocity of phase propagation down the guide. The 
instantaneous distribution of E and H along the guide depends upon 
the real part of i.e. cos{wt--pz), where j8 is a coefficient such 

that ^z defines the phase at z with respect to its value at O, For 
transmission of power down the guide, it can be shown that j8 must 
be real [see 210j. 
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18.22. Simplification of equations in § 18.20. This is effected 
by writing icj for djdt, and — i/3 for djdz, in accordance with § 18.21. 
Then (3)-{8) § 18.20 become 


iweEj. = i^Hy + 


dj^ 

dy' 


( 1 ) 


iuieEy = 


iRTf 


( 2 ) 


itoeEg — 


dfj~^dx’ 


= -ifiEy--^-, 
io)fiHy = -^-\-ipE^, 


(3) 

(4) 

(5) 


* dy dx 


( 6 ) 


Substituting for iEy from (2) into (4), and for iE^. from (1) into 
(6), gives 

7 2 1/ I • /w\ 

klH,= -tP— + t<^e— (7) 


and 


f^Hy = 


■M . dE, 
^ dy dx 


( 8 ) 


where h\ = — /3* = {(xijc)^—^^ and c = 1/(^€)1, the velocity of 

light. Substituting for iHy from (6) into (1), and for iH^ from 
(4) into (2), gives 

(9) 


and 


klEy = — i/S^+iw/Li 


dx ' 


( 10 ) 


Using (7), (8) in (3) for Hy leads to the two-dimensional wave 
equation 

n- ti, /7* it ; 

0 . ( 11 ) 




dx^ ' dy^ 

Similarly from (9), (10), and (6), we obtain 

dm. . dm. 


dx^ ^ dy^ 


kiH, - 0. 


(12) 
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18.23. Solution of (11) § 18.22. Write where ijj 

is a function of x alone, and ^ is a function of y alone. Then 




(1) 


( 2 ) 


where = {co/c)^—^^. Dividing throughout by (1) becomes 
i^4-P= 

Introducing a separation constant P, as in §9.21, we obtain two 
ordinary differential equations, namely, 

dhl, 


dx^ 




(3) 


0+Pf _ 0. (4) 

The formal solutions of (3), (4) are: (a) cos[a;(A:f — sin[a:(A:f--Z2)*]; 
(6) cos ly, sin ly, respectively. From these we have to construct a 
solution which satisfies the boundary condition = 0, at the inner 
plane faces of the guide, i.e. s^t x = OjU; y — 0,6. Since cos(O) = 1, 
the cosine solutions are inadmissible, so we take 

Eg = i/fi = .4sin[a:(A:f-~Z^)*]sinZy, (5) 

A being an arbitrary constant. Now E^ vanishes when a; = 0 or 
y = 0, For it to vanish at x = a, i/ = 6, we must have, respectively, 
a{kl—P)^ = miTy bl = titt, m and n being any positive integers. Then 
eliminating I By squaring and adding, we get 



Selecting the real part of the phase factor an appropriate 

solution of (11) § 18.22 is 

E^^ A sin^^^sin^^^cos{coZ— (7) 


This defines a wave system in the rectangular guide. By assigning 
integral values to m, n the modes of transmission may be specified. 
There is, however, a limitation associated with j8, which we shall 
now investigate. 

18.24. Cut-off or critical pulsatance. Since = (a>/c)2— A:f, 
from (6) § 18.23 we get 

^2 = (cu/c)*— 7r*[(m/a)2+(w/6)*]. 

X X 


4961 


( 1 ) 
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For power to be transmitted down the guide, must be real [210], 
so It follows that ^ ^ ffc[(TO/a)*+(»/6)2]t. (2) 

Hence, if w, n be assigned, there is a pulsatance 


= 7rc[(m/a)2+(n/6)2]*, (3) 

below which transmission of power ceases. This is termed the cut-off 
or critical pulsatance, and it corresponds to jS = 0. Its value depends 
for a given guide upon n. If co is fixed but exceeds there is 
only a finite number of m, n combinations (modes of transmission) 
for which the inequality can be satisfied. 


18.25. E or transverse magnetic wave. (11), (12) § 18.22 are 
two linearly independent equations, so the solution of (11) holds if 
that of (12) is — 0, which implies dHJdx = 0 ~ dHJdy, Then from 
(9), (10) §18.22 

Applying these to (7) §18.23 yields, using for cos(a)^— jSa;), 

— i = and taking the real part, 

„ . B rrm nmz . TTuy . , ^ ^ \ 

E^ = — cos sin— ^sin(co^— jSz); 

kf a a 0 

Ey = — sin cos— ^sin(a>^— jSe). (2) 

K-^ 0 CL 0 

Also from (1), (2) § 18.22 

Hy = {a)€lP)E^. (3) 

Collecting the six results, we have 

E^ = A{Plkl){7rmla)cos{7rmxla)sin{7Tnylb)sin{a)t--Pz), (4) 

Ey = A{Plkl)(7rnlb)sin(nmxla)QOs(iTnylb)sin{ojt--^z), (5) 

E^ — A sin{7rmzla)sin(7Tnylb)cos{a)t—Pz); (6) 

= —A{<x)€lkl)(7Tnlb)sin{7Tmxla)cos{7Tnylb)8in{wt—pz), (7) 
Hy = A{(jj€lk\){7Tmla)oo8{TTmxla)8m{TTnyjb)8m{(x)t--^z)y (8) 

H, ^ 0. (9) 


In the type of wave to which these results refer, the electric force 
at any non-boundary point has components in the x, y, z directions. 
The magnetic force, however, has components in the x, y directions 
only, so it is wholly transverse to the direction of propagation. For 
this reason the wave is called an E or transverse magnetic type. It 
may conveniently be denoted by the symbol E^^, m, n indicating 
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the particular mode of transmission. When rn == 0 for any n, or vice 
versa, (4)~(8) vanish. Hence transverse magnetic waves of the types 
q do not exist. The lowest mode possible is with m = w = 1 , 
i.e. 1 , which has the lowest cut-off frequency. 

18.26. B or transverse electric wave. The linear independence 
of ( 11 ), ( 12 ) §18.22 permits us to take jB. ^ 0 , which implies 
dEJdx = 0 = dEJdy, Then from (9), ( 10 ) § 18.22 


ikl 




U‘ 


(1) 


dy cofjL dx cofi 

Since = 0 at y = 0 , 6 , whilst == 0 at a: == 0 ,a, it follows from 
( 1 ) that the appropriate conditions to be satisfied by B are 

dlljdy =0 at 1 / = 0 , 6 ; dHJdx — 0 at a: = 0 ,a. ( 2 ) 

Referring back to §18.23 we now use the cosine solutions of 
( 12 ) § 18.22 and obtain, with an arbitrary constant B, 


= Bcoq cos— ^cos(co<- 




which satisfies the conditions ( 2 ). 
Then from (7), ( 8 ) §18.22 

// _ 

^ “ kl dx' 
while from (4), (5) § 18.22 

Applying (4), (5) to (3), we obtain 


TI ^ 

kldy^ 




P „CO/i 77W 

E. = - 


nmx 
, cos — 

6 a 


sin sin(co^ —Bz), 

0 


cos sin(a><— j 82 ), 

6 


'Trm . Trmx 

£.s0; 

Tj nB • 'rrmx TTuy . , ^ ^ V 

— sm cos— ^sin(cu<— fe), 

CL CL 0 

„ im nmx . imy ... „ . 

Hy = mn—r^sm(uit—pz), 

tC-^ 0 CL 0 

TJ Tk ^ 

Hg — Bco8 cos— 7 ^cos(a;^- 

a 0 


-Bz). 


(3) 


(4) 


(5) 


( 6 ) 

(7) 

( 8 ) 

(9) 

( 10 ) 

( 11 ) 


In the type of w^ave to which these results pertain, the magnetic 
force at any non-boundary point has components in the x, y, z 
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directions. The electric force, however, has components in the y 
directions only, so it is wholly transverse to the direction of propaga- 
tion. For this reason the wave is called an H or transverse electric 



(B) 

Fig. 41. Lines of electric ( ) and magnetic force ( ) in rectangular wave 

guide: (a) ^ wave; (b) q wave. 


type. It may conveniently be denoted by the symbol m, n 

indicating the particular mode of transmission. When m = w =■ 0, 
all components in (6)-(ll) vanish except Hg. Since the electric and 
magnetic components cannot exist independently, there is no wave 
of type if m = 0, n = 1, or m = 1, w = 0, the waves exist. 

If 6 > a, the wave has the lowest cut-off frequency, but if 6 < a, 

0 possesses this attribute, as will be evident from (3) § 18.24. 
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The lines of electric and magnetic force in a rectangular wave 
guide are illustrated in Fig. 41. 

18.30. Orthogonal curvilinear coordinates. In solving Max< 
well’s equations for the electromagnetic field, the equations for the 
components of electric and magnetic force must be expressed in 
terms of the appropriate coordinates. For a rectangular wave guide, 
the equations may be written down immediately in cartesian co- 
ordinates. When the guide has a curved cross-section it is expedient 



to employ orthogonal curvilinear coordinates. These are determined 
by the common point of three surfaces which intersect mutually at 
right angles. ’This may be illustrated by aid of Fig. 42 which refers 
to the cyhndrical polar coordinates r, 0, z. The point P is the common 
intersection of (1) the curved surface of the cylinder of radius r, 
(2) a plane through P perpendicular to the axis Oz, (3) a plane con- 
taining Oz and passing through P. These three surfaces intersect 
orthogonally. Then from Fig. 42 a, b we see that a; = rcos0, 
y = rsinff, 2 = 2 itself. The lengths of the edges of the elemental 
solid in Fig. 42 b are, respectively, dr, rdd, and dz. The first and 
third are straight, but the second is curved. 

Now consider the coordinates from a general viewpoint (each of 
the three curves at the intersection having finite curvature), and let 
them be 9^, 92, 93, respectively. The lengths of the edges of the solid 
are ds^ = lid^iy ds^ = ds^ = where Zj, Z3 are multi- 

plying factors depending upon the particular system of coordinates. 
In general they will vary with the position of P in space. For 
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cylindrical polars <Pi = r, 92 = 93 == 

so = 1, = r, and ^3 = 1. For elliptical coordinates, Fig. 16, 9^ = f, 

(pg == 7;, 93 == so by (4) § 9.12, = Zg = A[(cosh 2|— cos 27y)/2]l, and 

since 2: = 2, Z3 = 1. 

18.31. Vector differential formulae. We now introduce general 
formulae by means of which the scalar components A^ of 

a vector quantity A may be expressed in terms of orthogonal curvi- 
linear coordinates: 


j_r ^(^2-^2) I ^(^3-^3) 

2Z3L ^3 d(p 2 . 


(curlA).«iJ- 




.„d ,3) 

hhl ^2 J 

As an aid to memorization, note that, (a) the A occur in cyclic order, 
(6) the subscript on the l.h.s. does not occur on the r.h.s., (c) the 
subscripts on the r.h.s. are interchanged in denominator and numera- 
tor of the two differentials. 

In the wave guides treated herein Z3 == 1, dld(f^ = d/dz may be 
replaced (as in § 18.22) by — ZjS, whilst A^ ~ A^. Thus (l)-(3) become 

(curl A)i = + i (4) 

Z2 ^2 


(curlA)2 = 


(curl A)^ 


^2 ^9i i 


These three formulae enable us to write down the components of the 
electric and magnetic fields for any type of uniform cylindrical wave 
guide. 

18.32. Form of general differential equation. From (1), (2) 
§ 18.20 and (4), (5), (6) § 18.31 we obtain 

(i) 


HjJ€Eo — — 1 
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^ 1 ^ 2 ! 


d(liHy) d(l^ H2) 


^2 






k ^?2 
k 


i/jicoHg = 


1 id(W 8{W 

dfi 


k k \ ^2 


)■ 


Substituting from (4) into (2) for iE 2 gives 

\ k ^2 ^9i/ 

with kl = (a>/c)^— 

Substituting from (5) into (1) for iE^^ gives 

pdH, 


klH^ 


_ ]8 
I k ^9i k 


z 

■2 ^2 
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(3) 

(4) 

(5) 

( 6 ) 

(7) 

( 8 ) 


Using the values of H^, from (7), (8) in (3) leads to the general 
differential equation 

1 tc\/i n \ CMP c\(i n \ c\ip \ 

IE, = 0. (9) 


mjh) 8E, 

dE,) 

\ 8fi 'a<Pi"' 

892 ^2} 


In like manner an identical equation can be deduced for 


18.33. General formulae for E waves. In accordance with 
§ 18.25 we put = 0. Then from (1), (2) § 18.32 we get 

E, = ^H^ (1) 

a)€ 

and ^ 2 = — — Hi. (2) 


By (7), (8) §18.32 
and 

From (1), (4) and 


jj ioj€ dEg 

^^W2^2 

„ ioj€ 8E^ 

(2), (3) Ave have 
p = 

F = 

^ ni2C92' 


(3) 

(4) 

(5) 
(«) 


and 
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Hence if is determined from (9) § 18.32, the remaining components 
follow immediately from (3)-(6). 

18.34. General formulae for H waves. In accordance with 
§ 18.26 we put = 0. Then from (6), (4) § 18.32 



„ /wojETj 

(1) 

and 


(2) 

By (7), (8) § 18.32 

11 

1 

(3) 

and 

jT ip dHg 

(4) 

Prom (1), (4) and (2), 

(3) 



E = ^ 

0'Pa 

(5) 

and 

»» 

II 

(6) 


Hence, if Hg is determined from (9) § 18.32, the remaining components 
follow immediately from (3)-(6). 

Having derived general formulae from E and H waves, we are 
now in a position to obtain the scalar components of the electric 
and magnetic forces in any uniform cylindrical wave guide whose 
cross-section is expressible in terms of two orthogonal curvilinear 
coordinates. 


18.40. Application of formulae in preceding sections to 
circular wave guide. Referring to § 18.30 we have <Pi = r, <P 2 = 6, 
h = — r, so d{ljl 2 )/d<p 2 — 3(l/r)/S0 = 0, and (9) § 18.32 becomes 


d^E, 1 dE 1 d»E 
8r^ "*'r 8r ‘*’r* 00* 


k\E,^0. 


( 1 ) 


Assume that E, = where ^ is a function of r alone, and x 

one of d alone. Proceeding as in § 9.21 we get 


2 




d0* 




say. 


m* being the separation constant. Then the equation for { is 


( 2 ) 
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which is the standard differential equation for the Bessel functions 
of the two kinds of order m, namely, Now must 

be finite on the axis of the guide, but r^(0) = — cx), so the Y solution 
is inadmissible, and we retain only 
The equation for x is 

g + = 0. (4) 

whose formal solutions cos mO, smmd are appropriate here. Accord- 
ingly as a composite solution of (1), with two arbitrary constants, 
we take 

UXm = Jm(kir)[A„cosmB+B„sinmB] = A„J„(kir)(ios{m6-oiJ, 

( 5 ) 

where A^ = = ioxi-\EjAJ. By suitable choice of 

datum line for 6 we can, without loss of generality, write mO for 
Then a formal solution of (1) is 

Eg^ = AjnJj^(kj^r)co8m9cos{a}t—pz). ( 6 ) 

Now Eg^ is single-valued and periodic in the coordinate 6, so we 
must have cosmd = cosm(0+27r). Hence m must be an integer, and 
since = (— we need consider positive integers only. Then 
(6) is a solution of (1) for m ^ 0, so a complete formal solution for 
the problem under consideration is 

f, A^JJlCir)Goa{rnd-<xJ, (7) 

the time factor being omitted. 

The boundary condition is 0 when r = a at the inner surface 
of the guide. Hence Jm{kxa) = 0, so that k^a must be a positive 
real zero of the B.F. of order m. For each m the B.F. has an infinite 
number of zeros, i.e. writing k^^^ for k^, J^(k^.fa) = 0 for r = 1, 2, 
3,... . Also there are an infinite number of B.F. corresponding to 
m = 0, 1, 2 ,.... Hence a double infinity of zeros is obtained. For 
power to be transmitted down the guide, by [210] ^ must be real. 
But = (<ojc)^—k^r, so for the reality of j8 we must have cd/c > k^ ^.. 
Hence for each m, power is transmitted only in those modes, finite 
in number, for which oi satisfies this inequality. 

If m == 0, the first zero [202, p. 9] occurs when k^^a = 2*405, so 
^ 0.1 = 2*405a-^. Then for an Eq^^ wave 

K.1 = AoJo(ko,ir)co8{wt-pz). 

Yy 


4961 


( 8 ) 
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Now ^ 1 , SO the cut-off or lowest possible frequency for 

an Eq i wave in an air dielectric is (j8 = 0), 

o}J27t = ifco.i^/27r = 2*405>: 3X 10i727Ta == M6x lO^o/a 
cycles per second if a is in centimetres. This is equivalent to a 
wave-length of 2*62a cm. in free space. 

E waves in circular guide. Applying the formulae in §18.33 to 
(6), and including the time factor, leads to the following results: 


J^(I:ir)cos»i^sin(a>f— ; 82 ), 

(9) 

Eg = ——f~^J^(kir)sinm68in(cut—Pz), 
k^r 

(10) 

Eg = Aj^Jj^{kir)cosm6 c08{o}t—pz); 

(11) 

Hr = Aj^JJ^k^r)aihmB8,m(o)t-^z), 

(12) 

He = Aj^J’Jk^r)(i08me8m{<jjt—^z), 

iC^ 

(13) 

Hg = 0, by hypothesis. 

(14) 


From a purely mathematical viewpoint the complete solution in each 
of the preceding cases involves a double summation like (1) § 16.14, 
in m and in r (not to be confused with r the radius). In practice, 
as we have seen, for any m, power is transmitted down the guide in 
a finite number of modes, i.e. the range of r is finite. In (9)-(13), 
ki == is such that J^rSkm^r^) — 


18.41. H waves in circular guide. Using (1) § 18.40 for the 
formal solution is identical in type with (7) § 18.40, so 

= B^J^^{ky^r)QOBm0 co^(ojt—Pz)y ( 1 ) 

where m = 0, 1, 2 ,... . From (6) § 18.34 

and this must vanish when r — a, since E 0 is then tangential to the 
inner surface of the guide. Hence dHJdr = 0, and from (1) with 
for ki we get 

= 0. (3) 

If m = 0, the first zero occurs when k'^ ia ~ 3*832, so k'^ ^ ~ 3*832o"^. 
Substituting this in (1) gives for an ^ wave 

^r... = -Bo* 4 )(^ 0 , 1 ^)C 08 {w<-^ 2 ). 


( 4 ) 
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The cut-off frequency (/3 = 0) for this mode is (air-dielectric) 
a>J2n = )fco,iC/2Tr = 3-832x3x 10i»/27ra = 1-83X 10i»/a 

cycles per second if a is in centimetres. This is equivalent to a wave- 
length of l-64a cm. in free space. 

Applying the formulae in § 18,34 to (1) yields the results: 


JJ,h »')sin md sin(to<— ^ 2 ), (6) 

Eg= —Bj^J!Jlcir)cosmB&m{u>t—^z), (6) 

Eg = 0, by hypothesis; (7) 

Hf = ^ r)cos md sin(co<— j92), (8) 

— 5„^J„(fcir)sinm0sin(w<— J82), (9) 

= Bjy^J^(kir)QOBmdcos{a)t—^z). ( 10 ) 


The remarks in the last paragraph of §18.40 are applicable here, 
except that now such that == The lines of 

electric and magnetic force in a circular wave guide are depicted in 
Fig. 43. 

18.50. Elliptical wave guide [22], The system of coordinates 
used is illustrated in Fig. 16, From § 18.30 we get 9^ == f , 92 = r], 
93 = 2:, l^ = = A[J(cosh2 |— cos 277)]^. Using these in (9) §18.32 

leads to the equation 

A2(cosh 2^ - cos 2n)Eg = 0, ( 1 ) 

which has the same form as (2) § 16.20. For reasons similar to those 
given in § 16.11, the appropriate formal solution of (1) is 

?)"1~ X ?)> (2) 

m=0 m=l 

the time factor being omitted, but see (3), (4) below. For any m 
there are two types of solution, namely, 

= CU Ce„(^, ?)ce„(ij, q)cos{u)t—pz) (3) 

“"‘I Ez^ = B^^J$,q)seJ-q,q)co&{wt-^z), (4) 

where k\h^ ~ ‘iq and 6'„, /8^ are arbitrary constants determinable in 
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the usual way. For E waves the boundary condition is that Eg = 0 
at the inner surface of the guide where ^ Hence we must have 

Ce„(^o.?) = 0 (5) 

and Se„{^o,g) = 0. (6) 


c 



Fio. 43. Approximate configuration of lines of electric ( ) and magnetic force 

( ) in circular wave guide: small solid circles represent lines of force directed 

towards observer. Propagation is towards the r.h.s. of page. 

S'rn.r. ?i»,r ^>6 the respective rth roots of these equations for a given 
w. Then the appropriate solutions of (1) corresponding thereto are 

~ ^»*,r ^^/n(^•?m,r)®®m(’?^ (7) 


and 
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where m ^ 0 in (7), m ^ 1 in (8), and r > 1. For each m, in (7) 

= 0 , 

with r = 1, 2 ,... . Also for each r, m has an infinity of values. Hence 
there is a double infinity of zeros. Power is transmitted down the 
guide only if j3 is real, so co/c > k^^,, whore 

= 2q^ Jae. Thus for each m, power is transmitted in those 
modes, finite in number, for which the above inequality is satisfied. 
Similar remarks apply in connexion with in (8). 

For a Ce^ ce^ mode of transmission the lowest pulsatance occurs 
when m = 0, r = 1. Thus k§iA^ = 4^^^, so kQi = 2q^i/k == 2qljae 
(e being the eccentricity of the ellipse), and 

= ^o.iC = 2cgi,i/oe. (9) 

Applying the formulae in § 18.33 to (7), (8), the results for E waves are: 


^ (^m,T 9m,r) 

*1 ^il'Sw.r Se;,(f, q,„^)aejr), q ^) , 

|8in(to<— j8«). 

(10) 

_§_(^m.r Geji, qm,r)^^L(V> ?m,r) 

|8in(a)i— jSz), 

(11) 

l'S;n,rSe,„(|,g„.,)se„,(7;,g„,,,) j 

(12) 

-J^V’ 


(13) 



(14) 

0, by hypothesis. 


(16) 




The respective arbitrary constants in (10)-(14) are the same. Con- 
venient symbols for jE?-wave modes are E^,^, ^sm^ry ^ having the 
values stated below (8), so that co/c > or k^^. 

18.51. H waves in elliptical guide. Here Eg ^ Ohy hypothesis, 
and Hg satisfies an equation like (1) § 18.50. Thus the formal solution 
for the mth mode is 

l^mSe^(^,g)8ejTj,g)j 

The tangential component of E must vanish at the iimer surface of 
the guide, so .E, = 0 when $ — Then by (6) § 18.34, since ip^ = it 
follows that 


\dHJ 


so Ce;;,(^o>?) = 0. 

and Se;,(^o,g) = 0. 


( 2 ) 

( 3 ) 
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Let p, p be the respective jpth roots of these equations for a given 
m. Then the appropriate solutions of the differential equation corre- 
sponding to the pih. modes are ^ 


// = Le^(^, ^^p)ce^(7y, p)| 

with m > 0 for Ce^ce^, m > 1 for Se^se^, 


cos(a)t—^z), (4) 

and p > 1, such that 



Fio. 44. Lines of electric ( ) and magnetic force ( ) in elliptical wave guide: 

eccentricity of ellipse is 0-75. (a) i wa/e; (b) Egn wave. 


cu/c > kj^ jj or i^p. The lowest pulsatance is obtained by the pro- 
cedure given in § 16.23. Applying the formulae in § 18.34 to (4), the 
results for H waves are: 



Ce„(|, g„.p)ce;(r?, ?m.p) 

(5) 


h\^m,p 9m,p)^^miV> 9m, p) / 

(6) 


0; 

(7) 


^ F 

, 

flCO ' 

(8) 


flO) ^ 

(9) 

as at (4) above. 

(10) 


The constants /S^,p are the same throughout. Convenient sym- 
bols for H waves are m, p having the values given 

below (4). 

The lines of electric and magnetic force in an elliptical wave guide 
are portrayed in Fig. 44. 
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18.52. Power transmitted down elliptical wave guide. The 

power passing through each unit area of cross-section in the direction 
of the z-axis, i.e. the time rate of energy flow per unit area, may be 
calculated by aid of the Poynting vector p. If E, H are the electric 
and magnetic force vectors at any point {^, t}) in the cross-section, then 

p = EH/47r, (1) 

where the vector product is to be taken. Expressed in terms of 
scalar quantities 

p, = (2) 

Substituting from (10), (11), (13), (14) §18.60 for the various quan- 
tities, (2) becomes 

Pz = |C'ml"[Ce;^(^.5'm,r)ce|.(l?,?„.r) + 

+ Cem(^. 9m,r)ce;®(v, q,„,r)]sin^u>t-pz) (3) 

for an tyi)e of wave, being a constant. The mean power 
transmitted through unit area, taken over a cycle of sincu^ at any z, 
is one-half the maximum value of (3). Hence the total mean power 
for the m mode in question is found by omitting Bin^cut—^z) and 
halving the integral of (3) over the cross-section. Thus, omitting 
Qm,r for brevity, 

Pz = JJ [Ce;S(f)cef„(,,)+Ce2„(f)ce;^(^)]^^ (4) 

dsi, ds 2 , and being defined in §9.12. But ds^dsjll = d^dr), so 
(4) may be written 

io 2tr 

d^dr,. ( 5 ) 

0 0 

2rr 2ir 

By (1) § 2.21, J cel(r,) dr, = tt, and by (3) § 14.41, J ce'^( 7 ,) dr, = &,^rr. 
0 0 

2 

Thus P, = J q^,r)+K Ce^^, ?„.,)] d^. (6) 

0 

For an E^^, type of wave, is given by (6) on replacing Ce„ by 
Se„, by q„ ,, and by Formulae for H waves are obtained 
from (6) if e is replaced by p, and q^„ q^^ by q„^p, q^^, respectively. 
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18.53. Attenuation of waves due to imperfect conductor 

[199]. Hitherto the metal of the guide has been assumed a perfect 
conductor, so that waves travel from end to end without loss. In 
practice, however, loss must be taken into account. We confine our 
attention to metallic loss and assume absence of loss in the air 
dielectric. If the resistivity of the metal is included in Maxwell’s 



Fio. 45. Illustrating penetration of current into very large 
flat slab, induced by sinusoidally varying magnetic field 
tangential to free surface, 

equations the loss may be determined, but not without undue com- 
plication. It IB adequate for practical purposes to assume that the 
magnetic field at the inner surface of the guide is the same as it 
would be if the metal had zero resistivity. Then introducing Pi> 0 
into the analysis, we calculate the eddy-current loss as in the case 
of a metal slab. 

Consider a very large metal slab of resistivity pi whose upper face 
lies in the XZ plane, Fig. 45. Let a cosinusoidal electromagnetic 
field exist above the slab, the maximum value of the magnetic com- 
ponent tangential thereto being This induces a surface current 
of density a in a non-resistive slab, such that 

Hf = 47rcr, or a = HJ^7 t» (1) 

Since > 0 in practice, there is a volume distribution of current 
whose density at a depth y below the surface is cr^. This depends 
upon pi, the magnetic permeability pL^, and / the frequency of the 
electromagnetic field. The propagation of power into the slab per- 
pendicular to its surface is similar to that along a uniform trans- 
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mission line. If Oq cos cot is the surface-current density, it may be 
shown that at any depth y below the surface 

ai = cos{<ot—Piy), (2) 

where = 27 r(/xi//pi)*. We have now to determine (Tq, so that the 
volume distribution of current in the slab is equal to a, i.e. 


maximum value of j a^dy — 


( 3 ) 


Substituting from (2) for into the integral in (3) and evaluating 
yieldsf aQCOs{cjot—l7r)/2^Pi. The angle Jtt is due to the current not 
being in phase throughout the depth of the slab. The loss is un- 
affected by omitting Jtt, so equating the maximum values in (3) leads 
to Gq = Pi HJ2^7r. Thus the equivalent root mean square value of o-j 

W = (4) 

Then the power loss per unit surface area of the slab is given by 



0 0 


so (6) 

Since the depth of penetration into the metal of a guide at ultra 
high frequency is very small, the preceding analysis is applicable to 
curved surfaces, provided the curvature is not excessive. This con- 
dition obtains in practical wave guides where the ratio (depth of 
penetration/radius of curvature) is of the order 2x10”® or less, 
except in the region of a corner. The proportionate surface area 
affected is then quite small. 


18.54. Application of analysis in § 18.53 to wave guide. Ifd^ 
is an elemental arc-length of a cross-section at the inner surface of 
the guide, the area of a surface element of unit axial length is 
dA = dsx I, The magnetic field component tangential to the ele- 
ment is H^. Then by (6) § 18.53 the power loss in the element is 
dP = (fiiPif )^Hfdsl 1677 y so the total loss in unit length of the guide is 

the integration being taken round the inner surface. 

GO j j 

t J e-PtVcoa{p^y-(Xi)dy = — (cosai + sinaj) « ^co8(o£i- Jtr). 
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As the waves travel down the guide, the power absorbed by the 
metal per unit length is given by (1). Consequently it represents 
--dPJdz,'\ the distance rate of power loss sustained by the waves. 
If we define this loss to be 

P = -dPJdz = 2aP^, (2) 

then oc is known as the attenuation constant. The multiplier 2 arises 
as follows: If is the maximum magnetic field at the transmitter 
where 2 = 0, its value at a point 2 > 0 is The power, how- 
ever, is proportional to i.e. Pg = so 

^dPJdz = 2oJ>^e-2a^ = 2<xPg, (3) 

giving a = P/2P^. (4) 

For purposes of calculation the value of 2 is immaterial, since a is 
constant. 

18.55. Attenuation in elliptical wave guide. For an t 3 rpe 
of wave the tangential component of magnetic force at the inner 
surface of the guide, where | = ^^ 0 , is 

^ Ce;(^o. W). (1) 

being a constant. 

Also by §9.12, ds = l^dr], so by aid of (1) § 18.54 we get the loss 
per unit length as 

27r 

P = W)] / d-nik. (2) 

0 

Now 

= A(cosh*^— cos^ij)* = Acosh|o[l — (cosij/cosh^Q)*]* 

= a(l— e*cos®ij)*, 

e being the eccentricity of the bounding ellipse. Substituting this 
value of Zj into (2) leads to 

2ir 

0 

( 3 ) 

t The negative sign indicates decrease in with increase in 2 . P, is the total 
power passing a section distant z from the transmitter. 
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Since 6 < 1, the denominator of the integrand may be expanded 
binomially, and we get for the integral 

2ir 

^ = J Ce^iV>9m.r)X 

0 

X |^H-ie*co8*ij + ^^,e‘cos«ij + i^e«cos«7,+...Jdi). (4) 

On substituting the series for ce 2 ^(ty, ? 2 ».r) ^ (^) using (9) § 9.40, 
we obtain 

^ = + (6) 

Inserting (5) into (3), with Tn = 2n the expression for the power 
loss per unit length of guide is 

p = + (6) 

From (6) § 18.52 and (6) above, the attenuation constant is 


® I ri / ^ V 






In (7) /. is the cut-off frequency. 

For Hem waves the attenuation constant may be shown to be 

“ "" CeS,(fo,?m,p) X 

27r 2tr 

^ J ^(1 - e’a cosS^ ^ 


(7) 


J [Ce;S(l. 3 m.p)+^m Cem(f 3 m,p)] ^ 


( 8 ) 


which may be evaluated by procedure akin to that above (7), a 
numerical process being used for the denominator. 


18.56. Transition to circular cross -section. The results in 
Appendix I may be used to reproduce the formulae for a circular 
section given in §§ 18.40, 18.41 from those in §§ 18.60, 18.61. 
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18.57. Influence of deviation of cross-section from circu- 
larity [22, 199]. Using the formulae in (12) § 18.50, when the ellipse 
tends towards a circle, by Appendix I — omitting the time factor — 
we have 

== CU CeJ^^,g„,.,)ce„,(ij, -> C^p'„,JJk^r)oosmB, (1) 
for an type wave, and 

^ ?m,r) (^) 

for an type wave. Consider both solutions in (6) § 18.40 for 

(f) (») 

' I 


C\rr\o 





Fio. 46. (a, b) Illustrating deformation of circular wave guide to elliptical form. 

waves in a circular guide for the modes m = 1, r = 1, 2,..., and sup- 
pose that the deformation occurs in the position shown in Fig. 46 a. 
If the orientation of the wave — looking down the guide — is such 
that 8^ = 0, then 

Eg = Ji(ki r)co8ff ^ Cl Cei(f ?i,,)cei(i?, ?!,,.) (3) 

and at the deformation the wave will tend to an type. In the 
same way, if the deformation occurs as shown in Fig. 46 b, i.e. Jw 
away from the position indicated in Pig. 46 a, and the orientation 
of the wave is such that Ci = 0, 

K = ^1 »')8in Si Sei(i, gi.r)sei(ij, (4) 

SO the wave will tend to an E^^ type. Generally the deformation 
will occur in a position such that neither nor 8^ is zero, so that 
both E^^, Eg^ waves may be created. Now these corresponding types 
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have different phase velocities. f Consequently in travelling down 
the guide the two waves will fall out of step progressively. It follows, 
therefore, that unless Cj ~ = 0, i.e. the deformation occurs along 

an axis of symmetry of the wave pattern (see Fig. 44), non -circularity 
introduces a degree of instability. Since there is no wave of 

order m = 0, slight deformation will not cause splitting of an 
wave. For m = 1, 2,... splitting of the wave into two components 
with unequal phase velocities will occur. Similar conclusions apply 
for H waves. It may be remarked that with an E^ or an wave, 
after splitting occurs, one component has a higher attenuation than 
the other, and after travelling an adequate distance down the guide, 
the component with the greater attenuation will be of negligible 
comparative amplitude. 

t From § 18.24, == (a>/c)^ — (a)Jc)2, so — - (a>/c)[l -(cujoi)*]*, where o}J2rr is the 

cut-off frequency for the transmission mode concerned. The phase velocity is 
Vp — cd/P = c[l — (aijj/ai)*]”L As oi -► a>^4*0, Vp -> 4 oo, which is a well-known pheno- 
menon in geometrical optics. By the principle of relativity, no actual velocity can 
exceed that of light, so that phase velocity must be regarded as a useful fiction ! 



XIX 


DIFFRACTION OF SOUND AND ELECTROMAGNETIC 

WAVES 

19.10. Scattering of sound by elliptical cylinder. Referring to 
Fig. 47, a plane sound wave in air travels towards the origin from 
the lower side and impinges at an angle 0 on a right elliptical 
cylinder with axis Z'OZ, normal to the plane of the paper. The 
cylinder is long compared with its major axis, being immobile and 
non-absorbent. Its presence causes the sound to be scattered. 

Analytically we may for convenience consider the wave to have 
two components. There is (1) a plane wave identical with that in 
absence of the cylinder, (2) a scattered wave, diverging away from 
O, for which we have to derive a symbolical representation. 


19.11. Equation of sound propagation. The two-dimensional 
equation is 


dx^ 




( 1 ) 


where <f> is the velocity potential, == co/c, and c is the velocity of 
sound in the medium [see reference 201, chap. ii]. Since we are 
dealing with an elliptical cylinder, we transform (1) to elliptical 
coordinates. Thus by §9.20 we obtain 

+ + C08 2ij)<^ = 0, (2) 

with 2k = k^h. 


19.12. Velocity potential of plane wave. For a plane wave 
travelling as shown in Fig. 47 the root mean square valuef of the 
velocity potential at any point on the wave front at a perpendicular 
distance p from the origin 0, in absence of the cylinder, is repre- 
sented by 

<f>i = ( 1 ) 


From Fig. 47 


p = ajcosfl-hysinS, 

t Sinusoidal variation implied. 


( 2 ) 
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and by (7) § 10.63, (1) expressed in elliptical coordinates is 
= 2<f)Qe-^X 

X 'V [— Ce2„(|)ce2„(i})ce2„(d)+— ^Se2„+2(|)sej„+2(T})se2„+j(0)+ 

f^AjPin *2»+8 

H='U 

+i(-— Ce2n+i(f )ce2„+i(ij)ce2„+i(0)+7^Se2„+i(^)se2„+i(ij)8e2„+i(d) I 

li>2n+l ®an+l 


, /Direction qF plane wave ' 

y\ / 0,-^oe*fV-"O 

^ 1 — Pj ^^-'li^erbola giving co-ordinate 5? 

/''C * / 

' ^ / \Elljpse giving co-ordinate ^ 

/r V 

''sfcgid^der- Nj / 

'--4— 


Fio. 47. Illustrating plane wave impinging upon very long rigid cylinder. Q has 
coordinates f , defined by orthogonal intersection of confocal ellipse €uid hyperbola. 

ON == X, NQ = y, OM = a?cos^, MP — yainO, 
p = OP = ajcos^-f y sin0 = /i(cosh ^cos T/cos^-f sinh f siniy sind). 

F, are foci and F, = 2^. and PQ are perpendicular to OP. 


TJus is a solution of (2) § 19.11 and represents the velocity potential 
of the plane wave in absence of the cylinder. 


19.13. Boundary conditions. Since the surface of the cylinder 
is immobile, the velocity of the air particles normal thereto must be 
zero. Thus the first boundary condition is that the sum of the 
normal velocities of the incident and scattered waves shall vanish 
at I = fj. If is the normal velocity of the incident wave and 
that of the scattered wave, whose velocity potential is 


must have 



(1) 
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n indicating the direction of the normal. From §9.12 dn = so 
the first boundary condition may be written 



The second boundary condition is 

0 as I* -> (3) 

since the influence of the cylinder is nil at infinity. 

19.14. Representation of scattered wave. Being different from 
the incident plane wave, the scattered wave cannot be represented 
by (3) §19.12. Accordingly we have to choose an expression which 
(a) represents propagation of the scattered wave in the direction 
indicated in Fig. 47, (6) is a solution of (2) §19.11, (c) permits the 
first boundary condition to be satisfied, (d) satisfies the second 
boundary condition. The solution selected comprises two sets of 2 
terms, each set having an infinite number of component solutions. 
For the mth term of the first set, if we take 

= 0^e-i‘^Me»,\^,q)ceJr),q)ceje,q), ( 1 ) 

being a complex constant, all the above conditions are satisfied. 
Since MeJi^ = Ce^+iFey^, (1) represents a wave moving as shown 
in Fig. 47. We shall see later that the first boundary condition may 
be satisfied if (7^ is correctly chosen. From the asymptotic formulae 
for in § 11.11 it is seen that ^ ^ 

In the second set of ^ terms in the proposed solution we incor- 
porate the function Ne^^ == Se^+iGey^. The required form of 
solution which represents wave propagation away from the origin as 
in Fig. 47, is 

q)8ej-q, q)8ejd, q), (2) 

which has the properties (o)-(d) given above. Thus for the scattered 
wave we take the solution 

X i [Cjn Me^«(|)ce,„(tj)ce2„(0) +C'2„+1 Mej^«+i(^)ce2„+i(T})ce2„+i{fl) + 

n«0 

+ ^n+1 Ne2tVl(l )®®2n+l(^)s©2n+l(^) + 

H’^+2N®Si+2(^)®®2fi+2(^)®®2»+2(^)]* (^) 
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Using condition (2) § 19.13 and equ vting the sum of the derivatives 
of functions of the same kind and order to zero, gives for f 


Ho Ce2n(^o ) ^ 2<^oCOS(y2n g '‘^*” 

i^2n (^0/ P^n 


where cosag^ = Ce;^(fo)/[Ce;2(^o)+Fey;2(^^,)]l; 

^ _ 2i<f>oGe2n+iiio) _ 

P2n.l^e0y^lii,)- ^,2n.l" ^ 

where coscx 2 ^+i = C!e 2 ^+i(^o)/[Ce 2 n+i{fo)“t"^®y 2 n+i(fo)Pj 


^2n+l = “ 

where cosjSg^^i 

^2n+2 = 


^ 2(^0 COS /gx 

^271+1 NeiV;x(^o) ^2n+l 

= Sei„^i(^o)/[Se^^+i(^o)+Gey;*+i(^o)]*; 

2^0 Se;„+2(|o) ^ _2^;to_cos^2«+2£'^^* /7x 

^2n+2 Ne^V;2(^o) ■ ^2n+2 


where COS^2n+2 — Se2,i+2(^o)/[Se2n+2(^^o)"l"Gr®y2n+2(^o)]*j 
are defined in Appendix I. 

The velocity potential at any point on or outside the cylinder is 

^ = 4>i+4>2 


= (3) above]. (8) 

This may be regarded as a general solution of the problem. If 0 = 0, 
and the incident wave travels parallel to the X-axis, the terms in 
(3) involving^ 2 „+i, S^n+i vanish, leaving 

4>i = e-i<^ f C'„,Me^>(^)ce,„(ij)ce„,(0). (9) 

m==0 

When d = Jtt, the incident wave travels parallel to the T-axis, and 
we get 

^2 = e-*"'^;|^[C'2„Me^“(|)ce2„(ij)ce2„(i7r)-f 

■\-^2n+l Ne^n+i{^)sezn+i(’?)8e2»+i(i^)]- (10) 


19.20. Long rigid ribbon. This case is obtained when 0, the 
width of the ellipse of evanescent minor axis then tending to 2A, 
the interfocal distance. When = 0, CeJ^(fQ) = 0, and in (3) § 19.14 
Cin = Can+i = 0. while 

^n+l ~ -2i^ol^l5«»+W/8e2n+i(l^)Ne^“;i(0) (1) 

and = - 2 ^,A:*fi<*'*+«K„^ 2 (i^)Neg>;z( 0 ). (2) 

4»«1 3 A 
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Inserting these in (3) § 19.14 we obtain the velocity potential of the 
scattered wave at any point, whose coordinates are rj, on or out- 
side the ribbon. Thus 


= —2e‘‘' 




+1) i{i)Be2n+l{v) s ^2n+l(^) 

8e2„+i(in-, g)Neg,>!,.i(0) 




^2n+sih^y ?)Ne^n+a(0) 


]• 


(3) 


At the surface of the ribbon | = 0, so by (3) § 19.12 the velocity 
potential due to the plane wave is 


6 =2e-<‘^<A ^ r Ay») 

ce2„(K?) ce2„+i(Jff,(?) 


(4) 


Since Se„(0) = 0, by (3) above the velocity potential due to the 
scattered wave is 


^2 



£ig"+»Geya„^.i(0)8e2„^,i(7;)3e2„^^(g) 

Ne?/4.i(0)se2„+i(i7r,g) 


2A;jBS‘"+^>Geya„+a(0)se2„+a(^?)se2„+2(g) ] . 

Ne«4a(0)8e^„.H2(Kg) J' ^ ^ 


The resultant velocity potential at the ribbon surface due to both 
the incident and scattered waves is the sum of (4) and (6). If p,, 
is the root mean square pressure of the incident wave, then, since 
p = p^<f>ldt = — ipw^,t the pressure is obtained from (4), (6) by 
writing Po for ^o, p^, Pa for ^a. respectively. 

Polar diagrams for plane sound waves scattered by a ribbon of 
width 2A for various wave-lengths (as a function of 2A) and angles 
of incidence are shown in Fig. 48. 

The solution for the diffraction of sound waves at a slit of width 
2A in an infinite rigid plane may be obtained by analysis akin to 
that above, but the boundary condition corresponding to (2) § 19.13 
is now that the velocity of the sound waves normal to the plane 
is zero. 


t A»i® density of the undisturbed medium, while p is not to be confused with the 
multipliers in (4), (5), § 19.14. 
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Fio. 48. Polar diagrams for sound scattered by a long ribbon [144]. 


19.21. Formulae for large distance from ribbon. The con- 
focal ellipses are now sensibly concentric circles, and we may use the 
asymptotic formulae for the Ne functions, with Ic^r = v (see §9.12 
and Appendix I). Thus from (3), (4) § 11.11, if jr] ^ «, 

and Ne«)+,(|) - (2) 

% 

Substituting (1), (2) into (3) § 19.20 leads to the fcnmiula 

This represents the velocity potential of the scattered wave at a great 
distance r from the ribbon. The pressure is 

m-1 ”* ' 

19.30. Scattering of electromagnetic waves by long elliptical 
metal cylinder. Consider the incident wave to be plane polarized, 
the electric force vector being parallel to the axis Z'OZ, and let the 
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direction of propagation be that indicated in Fig. 47. | Assuming 
that the cylinder has zero resistivity, che boundary condition is that 
the sum of the incident and scattered waves is zero at the surface 
where ^ = lo* J'or fhe incident plane polarized wave the electric 
force is represented by 

( 1 ) 

so by § 19.12, in terms of elliptical coordinates we have 

E^ = f [as at (3) § 19.12]. (2) 

7I.*0 

For the scattered wave we take 


= the r.h.s. of (3) §19.14. 
The boundary condition is that 

E^+E^ = 0 when ^ 


so from (2), (3) we obtain 

Q 2iEQ Se2^+i(^o) 


^2n+l — 
^2n+2 “ 


i^2n+l ^^®2n+l(^o) 
^-^0 ^2n-f2(^o) 

^2n+2 Ne<i.V,(^o)- 


Writing 

Ce„,(^o)/Me<J>(^o) = cosa„e-»“», 
cosa(„ = Ce„(^o)/[Ce^(^o)+reym(^o)]‘; 

Se„(lo)/Ne<i>(^o) = cos^^e-*^-, 
co8i8„ = Se„(|o)/[Sei(^o)+GeyS»(^„)]*, 

(3) may be expressed in the form 

Me<y(g)cei„(7?)ceg^ (g) 


n=-0 


ce2„(0)ce2„(i7r) 


. cos Ne^»+a(g)8e2„^.a(i;)8e2^+a(g) 

se2n+2(0)sei„+2(i7r) 


(3) 

(4) 

(5) 

( 6 ) 

(7) 

( 8 ) 


cos «2n+iMeS>+i(|)ce2nH.i(7?)ce2n+i(g) 

I oe2„+i(0)ce2„+i(i7r) 

OOS^2n+lNe^nVl(g)se2n-t-l(^?)se2n+l(g) l] /gx 

S®2n+l(®)862n+l(i^) /J 


t The equation of propagation is (11) § 18.22 in rectangular coordinates, and (1) 
§ 18.60 in elliptical coordinates. 
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When d = Jtt, ce2„+i(0) = = 0, and (3), (5), (6) yield 

If I is large enough, v = A; cosh f cri Aj^r, and the asymptotic forms 
of the Me, Ne functions may be used. Then with the dominant term 
only (see § 11.11) 

?M«) ... ?iN?&.(e ... (11) 

J>.n ».,« Uirl ■ ' 

Substituting from (11) into (10) leads to 




X 


V r Ce2n(^o)ce2„(r?)ce2„(ijr) Se2„+i(|o)se2„+i(i])se2„+i(|ff) 




n«0 


Me«>(lo) 


+ 


N4V+i(lo) 


]■ 


(12) 


This represents the electric force due to the scattered wave at a large 
distance r from the axis of the cylinder. The resultant electric force 
at the point is = Ei-\-E^. 


19.31. Long rigid ribbon. Here = 0, so in (6) § 19.30 
— 0, whilfrfrom (6) § 19.30 

_ 2£foCe2„(0) ^ 2EoA^^”^ 

P2»Me<»(0) Meg>(0)ce3„(i7r) 

and r - 2»£foCe2»+i(0) _ 

- ^,„^^Me«V,(0) - Me<i,V,(0)cei„.,,(i,r)- 

Substituting from (1) into (3) § 19.30 yields 


E, 


V Mi.‘‘"'Me«)(^)ce2„(^)ce2„(0) 

Me«>(0)ce2„(i7r) 

7l'"U 

tl:i4i^"+«Me^»+i(^)ceaa+i(7?)ce2a^.i(g) 1 

Me«4i(0)cei„^2(i^) J' ' ^ 


This represents the scattered wave at any point (^, i)) on or outside 
the ribbon. 

Polar diagrams for electromagnetic waves scattered by a ribbon 
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of zero resistivity and width 2h for various wave-lengths (as a func- 
tion of 2A) and angles of incidence are shown in Fig. 49. 

The solution for the diffraction of electromagnetic waves at a slit 
of width 2h in an infinite perfectly conducting flat sheet may be 
obtained by analysis akin to that which precedes. The boundary 



Fxo. 49. Polar diagrams for electromagnetic waves scattered by a long ribbon [144]. 


condition is that the electric force vanishes at the surface of the 
sheet. In the incident wave the electric force vector is parallel to 
the axis of the slit. 

19.32. Formula for large distance from ribbon. We use the 
asymptotic approximations 

M«f) ~ (1) 

and ~ <2) 

Inserting these in (2) § 19.31 leads to 

This represents the scattered wave at a great distance r from the 
ribbon. As in (12) §19.30 and (2) §19.31, e-<^ may be a separate 
factor. 
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Degenerate forms of Mathieu and modified Mathieu functions 


1. Mathieu functions. When the fundamental ellipse tends to a 
circle, by §9.11, A->0 and, since qi = k = ik^h, g->0. By §3.32 
all in the series for ce„j(ij,}) tend to zero, except that -> 1. 
Hence as the eccentricity e -> 0, g ^ 0 and 

cosmij = coam<f> (m > 1), (1) 

the confocal h3rperbolae in Fig. 16 becoming radii of the circle, with 
•q = <f>. For « = 0, ceo(ij, 0) -> In the same way it can 

be shown that as e 0, 

sinmr) = sinm^ {m ^ 1). (2) 

Fractional orders. As c 0, 3 -> 0, ->• 0 except for p — m, 

when ->• 1 . Thus 

cem+|3{*, 3) ^ oos(m +j8)^ (3) 

and se„+^(«,3)-»-sin(m+j8)^. (4) 

2 . Modified Mathieu functions. The equation for these func- 
tions, 3 > 0, is 

y"— (o— 2A:^cosh2|)y = 0 {q = k^). (1) 

By §§9.11, 9.12 when a confocal ellipse of semi-major axis r tends 
to a circle with this radius, | -foo, A ->• 0 such that Acosh^ -> r, 
i.e. JAcf ->• r. Then 2A* cosh -> k^e^, while if this remains finite, 
A -> 0 and, therefore, a-*m^ for a function of integral order m. 
Consequently (1) degenerates to 

= 0 . ( 2 ) 


Putting r = JAef, 2 k = k^h, (2) transforms to the standard Bessel 


equation 


^- 1 . 1 ^ 4 . 
dr* '^r dr 



(3) 


With k^r = kei, the formal solutions of (3) are JJfc^^r) and YJJc^r). 
Then as f ->• -f-oo, A -> 0, cosh^ -> sinhl, A^r is finite and the solu- 
tions of (1) are constant multiples of the corresponding solutions of 
(3), each to each. Now as ^ and r -> -f-oo, the dominant terms in 
the asymptotic expansions of Ce„(|,3), Se,„(^,3), and ar® 

identical save for constant multipliers A similar remark 
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applies in the case of Fey^(|,g), Gey^(^,g), and YJiJciv). Thus we 
have the following degenerate cases as f +oo: 

(m > 0), (4) 

Se„{| , q) a'^JJjhir) (m > 1 ) ; (6) 

^CeJ$,q)^p;,r^^JJk,r) = p'r^KrJ'Jlc^r) (m ^ 0), (6) 

-> s'^Tj^JJJc^r) = s’^k^rJ'Jk^r) (m > 1); (7) 

I’ey„(^, q) -> p'm r) (8) 

Gey„(|, q) -> 4 YJki r) . (m > 1 ) ; (9) 


^Fey„(|,g) 

^GeyJ^,q) 


Pmh^Y'mihr) 

s'^k^rY'JJc^r) 


(m>0), (10) 
(m^l). ( 11 ) 


Applying the foregoing to (1), (2) § 13.40 leads to 

Me^J>(3,g) = -2iFek2„(z,g)->p2„£l^^>(i:ir), (12) 

Me^»>+,(z, ?) = - 2 Fek 2 „+i(z, q) p^n+i ^) : (13) 

Ne^V+i(2. ?) = ~ 2 Gek 2 „+i(z, q) 52„+i »•). (1^) 

2iGek2„^2(?>3) ®2n+8'^2»V2(^l^)' (13) 

The degenerate forms of Fe„(z,g), Ge^(z, 5 ) may be derived by 
applying (4), (5), (8), (9) to (4), (5) §13.21, while those of the func- 
tions of order (m-f-jS) are identical in form with (4), (5), but m is 
replaced by 


3. Determination of p'^, s^. These are obtained by comparing 
the dominant terms in the asymptotic expansions of the corre- 
sponding functions. Thus by (1) §11.10 and (15) §8.10, when 

i -*■ +00 

Ce 2 „(^,?) ~ ( 1 ) 

while J 2 «(*i»-)~(-l)’‘(-^j^sin(*i»‘+i’^)- (2) 

Remembering that as | -j-oo, k^ -> k^r, it follows from (1), (2) and 
(4) §2, that 

Pin = (-l)’*C®8n(0.3)cean(K2)/4i®"> = (-1)’*P2»- 


( 3 ) 
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Similarly we find that 

'P2n+l 

^2n+l ^ ~ ( ^)^^2n+l> (^) 

and 

4n+2 = ( — l)"+^8ei„^2(0,3)sei„+2(^,g)/F£^*«+» = (-l)’‘+^S2„+2. (6) 

4. Results for g < 0. We write —k\ for k\ in (3) § 2 thereby 
obtaining the equation for the modified Bessel functions IJik^r), 
KJiJk^r). The degenerate cases are: 


Ce 2 „(^, -q) ^ P 2 nhn{h‘l^)> 

(1) 

^2n+l(^> q) 82 n+l-^ 2 n+l(^l^)> 

(2) 

Se2n+l(^^, -q) />2n+l-f2n+l(*l»‘). 

(3) 

®®2n+2(^* q) 82 ji+ 2 ‘^ 2 n+ 2 (^l^)> 

(4) 

^ Ce 2 „(^ , -g) P 2 „ ki rl'^Jki r). 

(6) 

^ C®2n+l(^> q) ^2n+l ^l*‘-^2n+l(^l^)» 

(6) 

^®®2n+l(^’> q) P2n+l^l^-^2n+l(^l^)> 

(7) 

^®®2»+2(^> q) ®2»+2^1^-^2n+2(^l0> 

(8) 

irFek 2 „(^, -g) -> 3 >' 2 „^ 2 »(*i»’). 

(9) 

7rFek2„+i(^, -g) -> 4n+x-K^2„+i(i:ir); 

(10) 

7rG®k2„+i(|, -g) ->P 2 n+l-K 2 »+l(*l»'). 

(11) 

fl-Gek 2 „+ 2 (^, -g) 4n+2-^2n+2(*l0- 

(12) 


The results for MeJJ'(^, —q), Ne^>(^^, —q) may be derived from 
(9)-(12) and §13.41. 

5. Degeneration of ce„(z, —q), se„(z, —q) to parabolic cylinder 
functions. When z is small, cos 2z ci 1— 2z* and Mathieu’s equation, 
for q negative, may be written 

y"+ {a+2q— iqz^)y = 0 . ( 1 ) 

Let z = \xq-^, and suppose that as j -> 4*oo> * ->■ 0 but gz® remains 
finite [91]. Then by (2) § 12.30, 

(«8n+2g) (8n+2)g*, 


( 2 ) 
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and with these changes ( 1 ) is transformed to 

g+[(2»+J)-Ja:»> = 0. (3) 

which is the differential equation for the parabolic cylinder function 
Hence under the above conditions 

ce 2 n(^> —?) a constant x An(^) = ^An(22^)- (4) 

Similarly it may be shown that 

se2n+i(2, — j) -> a constant x An+l(^)* (^) 
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Table 26 . Characteristic numbers for 
TO = 0-6; se>Jz,q), to = 1-6 



- a * 




■fot 


0 

0 00000 00 

- 1-00000 00 

- 1-00000 00 

- 4-00000 

00 

4-00000 00 

9-00000 00 

1 

0-45513 86 

0-11024 88 

- 1-85910 81 

- 3-91702 

48 

4-37130 10 

9-04773 93 

2 

1-51395 69 

1-39067 65 

- 2-37919 99 

- 3*67223 

27 

6-17266 61 

9-14062 77 

3 

2-83439 19 

2-78537 97 

- 2-51903 91 

- 3-27692 

20 

6*04519 69 

9*22313 28 

4 

4-28051 88 

4-25918 29 

- 2-31800 82 

- 2-74688 

10 

6-82907 48 

9-26144 61 

5 

5-80004 60 

5-79008 06 

- 1-85818 75 

- 2*09946 

04 

7-44910 97 

9*23632 77 

6 

7-36883 08 

7-36391 10 

- 1-21427 82 

- 1*35138 

12 

7*87006 46 

9-13790 58 

7 

8-97374 25 

8-97120 24 

- 0-43834 91 

- 0*61754 

54 

8-08662 31 

8-96238 55 

8 

10-60672 92 

10-60536 81 

0-43594 36 

0*38936 

18 

8-11523 88 

8*70991 44 

9 

12-26241 42 

12-26166 17 

1-38670 16 

1-35881 

01 

7-98284 32 

8*38311 92 

10 

13-93698 00 

13-93655 25 

2-39914 24 

2-38216 

82 

7-71736 98 

7-98606 91 

12 

17-33206 60 

17-33191 84 

4-57013 29 

4-56353 

99 

6-87873 69 

7*00066 68 

14 

20-77605 53 

20-77600 04 

6-89340 05 

6-89070 

07 

6-73631 23 

5-79262 95 

16 

24-25867 95 

24-25865 78 

9-33526 71 

9-33410 

97 

4-37123 26 

4-39789 62 

18 

27-77284 22 

27-77283 32 

11-87324 25 

11-87272 

65 

2-83306 67 

2-84699 17 

20 

31-31339 01 

31-31338 62 

14-49130 14 

14-49106 

33 

1-15428 29 

1-16070 67 

24 

^ 8-45897 32 

38-45897 24 

19-92259 56 

19-92254 

03 

- 2-63976 67 

- 2-63807 79 

28 

45-67336 96 

45-67336 94 

25-56174 71 

26-66173 

29 

- 6-68806 30 

- 6-68758 60 

32 

52-94222 30 

52-94222 29 

31*36515 44 

31-36616 

06 

- 10-91436 34 

- 10*91420 90 

36 

60-25556 79 

60-25556 79 

37-30263 91 

37-30263 

80 

- 16-46677 03 

- 16-46672 43 

40 

67-60615 22 

67-60615 22 

43-35227 53 

43*35227 

49 

- 20-20794 08 

- 20-20792 64 




h . 

«4 



i 

0 

9-00000 00 

16-00000 00 

16-00000 00 

25-00000 00 

25-00000 00 

1 36-00000 00 

1 

9-07836 8 ^ 

16-03297 01 

16-03383 23 

25*02084 08 

25-02085 43 

36-01428 99 

2 

9-37032 26 

16-12768 80 

16-14120 38 

25*08334 90 

25-08377 78 

36*05720 70 

3 

9*91550 63 

16-27270 12 

16*33872 07 

25-18707 98 

25-19028 55 

36-12887 12 

4 

10-67102 71 

16-45203 53 

16-64981 89 

25-33054 49 

25-34375 76 

36*22941 14 

6 

11-54883 20 

16-64821 99 

17-09658 17 

25-51081 60 

25-54997 17 

36-35886 68 

6 

12-46660 07 

16-84460 16 

17-68878 30 

25*72341 07 

25*81727 20 

36-51706 67 

7 

13-35842 13 

17-02666 08 

18-41660 87 

25-96244 72 

26-15612 02 

36*70360 27 

8 

14*18188 04 

17-18252 78 

19*25270 51 1 

26-22099 95 

26-57775 33 

36-91721 31 

9 

14-90367 97 

17-30301 10 

20-16092 64 

26-49154 72 

27-09186 61 

37-15669 50 

10 

15-50278 44 

17*38138 07 

21-10463 37 

26-76642 64 

27*70376 87 

37*41985 88 

12 

16-30153 49 

17*39524 97 

22-97212 75 

27*30001 24 

29-20805 50 

38-00600 87 

14 

16-59854 05 

17-20711 53 

24-65059 51 

27-76976 67 

31*00005 08 

38-64847 19 

16 

16-48688 43 

16-81868 37 

26-00867 83 

28-13635 59 

32*93089 51 

39-31501 08 

18 

16*06197 54 

16-24208 04 

26-98776 64 

28-37385 82 

34-85305 87 

39-97235 11 

20 

15-39581 09 

15-49397 76 

27*59457 82 

28-46822 13 

36*64498 97 

40-68966 41 

24 

13-52284 27 

13*55279 65 

27-88544 08 

28*21535 94 

39-51255 19 

41«60670 99 

28 I 

11-11107 98 

11*12062 27 

27-28330 82 

27-40574 88 

41*23495 03 

42-22484 15 

32 ! 

8-29149 62 

8*29467 21 

26-06244 82 

26-10835 26 

41*95351 12 

42-39394 28 

36 

5-14563 63 

5-14673 75 

24*37850 94 

24-39606 65 

41-92666 46 

42*11835 61 

40 1 

1-72964 91 

1-73004 56 

22-32527 63 

22-33214 85 

41-34975 44 

41-43300 52 



APPENDIX III 

Classification of Mathicu functions for a, q real ^ 0 

In Tables 26-8, m == 2n or 2?i+l, ri = 0, 1, 2,...; 0 < j8 < 1; real 
and positive. 


Table 26 . Solutions of 2 yco 8 22)y = 0 : 

ordinary functions 


Order 

First kind 

Second kind 

Alternative 
second kind 

Integral 

oe„(2, ±9) 

± 9 ) 

fek„{z, —9), 2 real 

Integral 

8e„(2, ±9) 

gem<** ± 9 ) 

geM*' -9). * real 

Fractional 

ce„+p(j, ±9) 

se„+^(2, ±9) 



Table 27 . Solutions o/y"— (a— 2grcosh22;)y = 0 : 
modified functions 


Order 

First kind 

Second kind 

Alternative 
second kind 

Third kind 

Integral 

Integral 

Fractional 

Ce„(2, ±9) 
Se„(2, ±9) 
Cem+e(*. ± 9 ) 

Fey„(2, ±9): Fek Jr, ±9) 
Geyj2, ±9); Gekjr, ±9) 

Se„+»(2, ±9) 

Fej2, ±9) 
Gem(*> ± 9 ) 

Me">’<»(2, ±9) 
Ne«>.«*>(2, ±g) 


Table 28 . Solutions o/y''+(a— 2gco8 22)y = 0: 
functions of order (m-t-/x) 


First kind 

Second kind 

ceu„+j2, ±9) 

±9) 


The cer, cei functions have been omitted since q is negative 
imaginary. Fey, Gey, Fek, Gek take priority over Fe^, Ge^ as 
modified functions of the second kind because: 

1. They are better suited for applications when z is large; 

2. Their representations in B.F. product series converge rapidly, 
thereby facilitating computation; 

3. They degenerate to the F- and X-Bessel functions under the 
conditions in Appendix I. 

Excepting Fe,„, Ge,„, alternative representations of each function are 
given herein. For instance, four different series and five integral 
relations are given for CeJ^z^q). 'EQy^{z,q) is a F-type modified 
Mathieu function of the second kind of order m, q positive, whereas 
Fek„,(z, — g) is a X-type modified Mathieu function of the second 
kind of order m, q negative. 
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ADDITIONAL RESULTS 

The following were obtained after the manuscript went to press. The 
analysis underlying the derivation of the formulae is usually omitted 
for brevity (see [227]). 

1. Evaluation of Fey;,(0, g)/Fe;,(0, g) and Gey„(0,g)/Ge^(0,g) in 
§ 13.21. By comparison it follows from (1) § 7.61, (3)-(5) § 13.20, 


and (3), (4) § 13.21, that for q real > 0 

B = Feyi„(0,?)/FeU0,?) = 2/,rC'2„{?). (1) 

Similarly Peyi„+i( 0 ,g)/Fe 2 „+i( 0 ,g) = 2/7rG8„+i(g'), (2) 

and Gey„,(0,g-)/GeJ0,g) = -2/7r*S(„(?). (3) 

2. Relations between C;„, CJq)] 8'^, SJq) in §§ 13.52-13.55. 

By aid of (3)— (6) § 13.52, we deduce that 

= -hrC,n(q)- (1) 

We also find that = —h^zn-niq)’ (2) 

and -S; = -inSJq). (3) 

From (1) § 7.22, (3) § 13.53, and (1) above, we get 

= ce2„(0,g)+ f (2r+2)/g.^>a = f^JOyqyC^^iq). 

^=0 /A\ 

Also (^) 

00 


-P2n+i<5eLt+i(K5')/^^i*"^‘’ = ce2„+i(0,g')+ J (2r+l)/[?4V’ 

r =0 

— f®2»+l(^> 3)/G2n+i(9'), (6) 

«2»+i8e2„+i(in-,g)/l:Bi*'‘+« = = ge2„+i(0,g)/-S2„+i(g), (6) 

r =0 

«2«+2sei„+2(|»r,5)/l:2£(2«+2) = 2gf«»+2) = ge2n+i{0,q)/S^„^2iq). (7) 

r =0 

3. Limiting forms of Fey„„ Gey„„ Fek„, Gek„, CJq), SJq) as 
?-^+0. 

’^^„v-^±-(2+iloge?), (1,2) 

, ~q) IT 

{z,q) -> — 2*”*-^(m— l)!m!7r~^g~’”e-'"* (w ^ 1), (3, 4) 



Eeyl ( 
2Fek/„(: 

Feyl 

Gey/ 


(w ^ 1), (5, 6) 
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provided q and are small enough. The forms (l)-(6) show that 
the functions of zero order have a branch point, while those of higher 
integral order have a pole of equal order at g = 0. These formulae 
were derived from the B.F. product series, with the aid of (8), (9) 
§3.33. Approximate representations of the J-, T-, ii -Bessel 
functions were used, and only the dominant term in the expansion 
retained. More accurate formulae may be derived by retaining 
appropriate additional terms before and after the dominant terms. 
Thus 


2f2o(z! -?) “ ±~t(y~’®Se2)+Jloge?+2][lTkcosh22], (7, 8) 
where (y— log^2) = — 0-1159..., and if » ^ 2, 

I’ey| (2.?) ^ 

2Fek|2„(z, -g) Trg*" 




When the order of the function m ^ 1, the multipliers p 2 „/A^’^\ 
etc. (see Appendix I), external to the B.F. product 
series for these functions (see Chap. XIII), have singularities at 
q = 0. For example 


I’ey2„+i(z,?) 

= I (- l)^^r+t^»WK)i;+l(»'2)+«^r+l(t'x)i;(t;2)], (1 1) 

r=0 

where = ke-‘, and — ke^. As q-^0, the multiplier 


i>2»+iMi®'‘+”-^(-l)"2^'‘(2«)!(2n4-l)!?-*"-‘, (12) 

while 


I (-l)^Ag»+iiK(t;,)y^x(i;2)+^^i(t’i)i;(t;2)] ^ (-l)»+i2,7-V*e-<*”+*>*. 
••=<> (13) 

Hence, considered as independent functions of q, both (12), (13) have 
branch points at g = 0. This is true for Gey 2 „+i( 2 , g) also. The 2 part 
in Fey 2 „( 2 , g) has no singularity in g, but that of Gey 2 „+ 2 (z, g) has a 
pole of unit order. 

As g ->■ 0, Fe„,( 2 , g) -> sinh m 2 , so Fej„(0, g) -> m. (14) 

Thus from (3), (14), 

f'eyU<*.9)/Fem(0.S') ^ 22™-i(m-l)!m!n-ig-'", 


(15) 
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SO from (1), (2) § 1, and (16), it follows that as g -> 0 

( 16 ) 

Similarly, we find that ^ ^m(3)- (1'^) 

4. Fey„, Gey„, Fek„„ Gek,„ with argument (z+ipir). 

SyL<*+'^' = Syb’ ±«>' “• 

p being any integer if m is even. When m is odd, p is even. 

p being any integer if m is even. When m is odd, p being even, 
write -\-p for —ip on the r.h.s. of (3), (4). These formulae illustrate 
the non-periodic nature of the functions. By applying ( l)-(6) § 13.41 
to (3), (4) above, relations for MejJ>-<®>( 2 , ±q), and Ne)J>’<*>( 2 , ±?) 
may be derived. 


5. Integrals of the form at (9)-(12) § 9.40. 

2ir 

= I J celn(Uy q)coB 2pu du 
0 

l(p-l) 00 

V J( 2 fi)J( 2 n) I Y J( 2 n)J( 2 n) 

r=0 r=0 

, i(P-2) 00 

— ir>l < 2 / 1)12 I Y J( 2 n)j( 2 n) i V A( 2 n)Ai 2 n) 

— 2l^p J ^ 2, ^2r ^2p-2rr 2L ^2r ^2p^2ri 

r=0 r=0 

2n 






i(w, g)cos 2pu du 


IVi' — «/ 

r ==0 r =^0 

i(p-2) 00 

— V J(2n+1) J(2n + 1) i Y >4 <2n + l) J (2n + l) ( a \ 

— 2m -^2r+l ^2lJ-2r-l r 2, ^2r+l -^22/ + 2r + l> 




se|^ 4 .i(w, g')cos 2pu du 




tKV w 

— _ Y «(2w + l) 0(2n + l) I Y »(2w + l) D(2/i + l) 

— "2r+l ^2//-2r-l+ Z ^2r+l ^2|/+2r+l> 
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“ J s^n+*(“.?)co8 2i)« du 
0 

= i 5^V2*»5 «v^v. (7) 

r *=0 r =0 

r — 0 r —0 

( 8 ) 

In (1), (3), (5), (7), p is an odd positive integer, while in (2), (4), (6), 
(8) it is even ^ 2. The results (1), (2) will enable additional terms 
in (5)-(7) § 18.55 to be obtained. 


6. Improved asymptotic formulae, q large and positive. 

These were derived from (5) § 11.43 by writing iz for z. 


^ ( 8 , 4 ) 

where Xm — 2A:8inhz— (2m-f l)tan-*(tanh Jz), = 2-”‘-*(co8h z)-*, 

= (2w+l)/8^cosh*z, z„ = (m*+w»-f-l)tanhz/8ifcco8hz. The for- 
mulae in § 11.42 may be derived by omitting the terms in z„ in 
(l)-(4). Applying (4), (7), (10), (13) § 8.14 to (l)-(4) we obtain 

P-J" (2-9) y2«[(l+X2„)e«x»+t44)+Zj„e<XM], (6,6) 

— r' 

'-FeK2„+2 «2n+2 o\ 

V '>®1 

The real and imaginary parts in (6)-(8) are required if z is real, since 
Fek„(z,g), Gek„,(z,g) are complex. Formulae for Me<^>'<®>(z,g), 
Ne<*>-<*>(z, g) may be derived by applying (1), (2), (4), (6) § 13.41 to 
(6)-(8). See comment in § 7 on accuracy. The phase angle range for 
all asymptotic formulae in the book is — < phase z <\n,q real. 


7. Improved asymptotic formulae, q large and negative. 
These were derived from § 6 by applying the appropriate relations 
in § 8.30. 


Ce 

FeyL 


(2. -9) 




(1.2) 


3 p 


4961 
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®" ( 4- e *" ( — c -'^w/ J ' 

(3, 4) 

Formulae for Se2„+i(a, —q), Gey2„+i(2, —q) are given by (3), (4), 
respectively, if (2w+l) is written on the r.h.s. for 2n and C'2„+i for 
'^2*1+1- Those for the same functions of order (2n+2) are derived from 
(1), (2) by the first change, and writing <S2„+2 for C'2,,. 

Also Fek2„ (2,-9)-^*” S2„e-Ml-^2«--^2n). (5,6) 

2 n+l ^2/1+1 

and Gek2„^i{z,-?)-^*”^'82„«e-^«+.(l-X2„^i-Z2„+i). (7,8) 

2 n +2 ^272 +2 

In (1H8), 

= 2kco8hz—(2m+l)y, tanh2i/ == (cosha;)-^ 

= (2m+l)/8A:sinh^2:, == (m^+m-i- l)coth z/ 8k sink z, 

= 2“”*~*(sinh2:)”*. 

If z is real, Ce, Se are real, so the imaginary part is omitted; Fey, Gey 
are complex, so both real and imaginary parts are used; Fek, Gek 
are real. Formulae for — g), —q) may be derived 

by applying (1), (3), (5), (6) § 13.41 to (5)-(8). See § 11.44 for remarks 

on accuracy. For a given order m, and an assigned the accuracy 

increases with increase in due to reduction in the omitted terms 
akin to Z^. 

8. Approximate solution of y''—{a—2qQ08\i2z)y = 0, g large 
and positive, i|l+a/2j| < 1. Writing the equation in the form 
y" -\-2q{co8h.2z—al2q)y = 0, the procedure in §§ 4.82, 6.20 carried as 
far as leads to the second approximation 



where 


yi(\r^ a constant cos^ 
2/2^ "" (cojh22;— a/2g^)* sin 


Q = 2^;sinh2-A:[A*gd(2)+ V — + 

+ T^[gd(2)+K13A*-6)A+W115A*-76)A+ 

+^A«(77A*-68)A+...], (3) 
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= i(l-\-a/2q), gd( 2 ) = 2tan~V— the gudermannian of z, and 

D = ^•3-(2r-l) r > . tanhz 2.4...(2r— 2) tanhz ] 

^ 2.4...2r [® '^coshz"^‘""^3.6...(2r— 1) C 08 h*’’~^ 2 j’ 

(1), (2) may be used as asymptotic formulae for functions of any 
order (m+^), provided the constant multiplier can be found. Con- 
sider Ce^{z,q), and Se^+i(2,g'). When by (7) §12.30, 

a ~ — 25'-|-(4 ot-|- 2)A;, so (cosh 22— a/2«j')l 2lcosh*2, and 


Q ~ 2isinh2— (2m-|-l)Jir. 

Thus (1), (2) give 

^^(z) ~ 2~*(cosh2)~*^’^^P^[2Asinh2— (2 to-(- l)j7r]. (4, 6) 


These are the forms at (3), (4) § 11.42, if tanh^z 1. Hence by 
comparison, = 'S>„+i/2”*“*. With the aid of (l)-(4) 

§ 6, we infer that 


Cel 

Fey)„ 


(2,?) ~ 


^5 COS^ 

2m-}(cosh 22— o/2})l sin 


(a = «m). 


( 6 . 7 ) 


and 



±4»4 .i 8in„ 

2'"-l(cosh 2z—aj2q)*cos 


= (8.9) 


9. Parametric zeros of rey„,(2,g'), Gey^+^{z,q). Applying the 
procedure in § 12.41 to the dominant terms in (2), (4) § 6, it is found 
that the formulae for Fey„, Gey„,+i are those for Se„+i, Ce„„ each 
to each. 


10. Pulsatance equations for elliptical ring membrane. 

Referring to § 16. 1 1 et seq., the membrane is clamped at two confocal 
ellipses where 8-t the outer, and ^ at the inner. The 

two forms of component solution are 

Cm = [Cm q)+F^ Fey„(^, g)]ce,„(ij, g)cos(a>„i-f e J (aj, (1) 

and 

L = ['SmSe„(f,gr)+G,„Gey„(f 5')]se„,(T?,g-)co8(o5„<-f-€j (6J. (2) 

Inserting the boundary conditions in (1), (2) leads to the pulsatance 
equations 

Ce„(fo. ?)Fey„,(^^i, ?)- Ce„(^i, ?)Fey„(^o. ?) = 0 («» > 0), (3) 

and 

SeJfo.3)Gey„(^i,g)-SeJ^i,g)Gey^(fo.g) = 0 (m > 1). (4) 
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If g is a parametric zero of (3), (4), the corresponding nodal hyper- 
bolae are determined, respectively, by 

ceJr/,?) = 0, and 8ej7),q) = 0. (m ^ 1) (6) 

For an elliptical ring lake (see § 16.20 et seq.), the pulsatance equa- 
tions are obtained from (3), (4) by using the first derivatives of Ce^, 
Fey^, etc., with respect to Nodal hyperbolae are determined by (6), 
using the parametric zeros of the new pulsatance equations. Putting 
the leading terms of (1), (2) § 6 in (3), the parametric zeros are 

9 m,p = Ki.p ^ ^o-sinh (6) 

with0^> = (2m+l)tan-‘(tanh^^y),^) integral ^ 1 . A similar formula 
may be derived for (4). 

11. Formulae for ce2„(i7r, ce2„(0,g')/J^*«>. From (17) 

§8. 10 and (3) §13. 11 

ce2„(iw,g)/.4{,®'‘> = 2 ^^r“^r(2*8inhz)/ ^ 
f=0 ‘ r=0 

and from (16) §8.10, (3) §13.11 
ce2„(0,?)/J^®"> 

= I (- l)'-^«»)J2r(2^ cosh 2)/ f (-\YA<iY^^J,(ke-^)J,{ke<‘). (2) 

fa=0 ’ r=0 

If k is finite and > 0, these formulae are valid for all values of z 
except those when the numerator and denominator vanish (zeros of 
Ce2,i(z,y)). Similar formulae may be derived for other multipliers in 
Chap. VIII. They may be used to calculate X2ny > P- 

12. Bessel function series for Ce,,j^j3(z, ±?), Se„^+^(2, ig). Using 
analysis of the type in §§8.10, 8.13, we get 

^in+p(^>9) = Oin+p 2 {-lYA^i!'+P^Jir+p{^kC08hz), ( 1 ) 

fazi— 00 

and 

S©2n+i5(«» 9) = ^2n+p ^^nh z ^ J—lY{2r+p)A^^^+P>J2r+p{2k cosh z), 
with (2) 

(^ 2 n+P ~ Cea«+A-?)/ i (-I)'^g"+^«^ar+^(2*co8h2o); (3) 

' fsas— 00 

^ 2 n+p Se 3 n+p{Zo,q)/tanhzo ^ (— l)’'(2r+j8)^g»+^J2r+/9(2*co8h2o). 

I I'oi— 00 

(4) 

In the8e formulae |co8h2| > 1, Zo is neither imaginary nor zero, and 
k is finite > 0. 



ADDITIONAL RESULTS 


The r.h.s. of (1) has the following properties: (a) It is even in z; 
(6) it has a branch point in the t^-plane {u = 2 A:cosh 2 ) at the origin, 
and in the 2 ;-plane at 2 = (2r+l)|7ri, r = —oo to + 00 , i.e. on the 
imaginary axis; (c) it is multivalued, and if = p/s, a rational fraction 
in its lowest terms, it may be shown to have period 2s7Ti in z ; (d) it is 
absolutelyand uniformly convergent if |cosh 2 | > l,butnon-uniformly 
convergent as jcosh^j 1. On the imaginary axis it diverges, i.e. 
when I cosh 2 1 < 1. Hence there are no representations of the type 
(1), (2) for ce„+p(z,q), se„+p(z,q). 

Ce 2 n+/ 3 ( 2 .g) = 2 -4g’*+^cosh(2r+/3)z 

r>»->oo 

is analytic except at infinity where it has an essential singularity. 
This series and that at (1) § 13.12 in B.F. products are analytical 
continuations of (1) when |cosh 2 | ^ 1. Series (2) has properties 
(6)-(d), but is odd in 2 . 

For g < 0, 

Ce2n+j3(2. -«) = ^2n+^ 1 (- COsh z), (6) 

fS3-.QO 

and 

Se2„+|3(2, — ?) = 4n+/}tanhz 2 (— l)’'(2r4-j8)^g»+^4.+^(2ico8hz), 
with J'” (6) 

C2„+/3 = Ce2„+^(Zo, -g)/ 2 (— lM^f+^/2r+)5(2A:co8hzo); (7) 

/ ftss — 00 

^ 2 n +/5 = Se 2 „+^( 2 o, -?)/tanhzo f {-l)''(2r+^)x 

I fss—OO 

X cosh Zo), (8) 

Zq as above. (6), (6) have the same properties as (1), (2) respectively. 
Here and in §§13-16, the representations for functions of order 
(2n+l+^) are obtained by writing (1+/8) for and using 
for .4^”+^. (5), (6) were derived from (1), (2) by putting ik for k 
(by virtue of the altered sign of q — k^ in the D.E.) and writing 
(— l)’'.dj®"+^ for .4^*"+^ in accordance with § 21. 

13. Bessel function product series for ce„+^(z, ±q), Be„+p(z, ±?)i 

Cem+/j(2. -?). Se„+^(z, -?). 

( 1 . 2 ) 

with v[ — ke^, rj, = ke-^, the K being defined at (2), (3) § 13.12. 
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^2n+pfr=-co 

with 


•^2n+)5 — ^®2n+/s(^> 9)1^ 2 ( 

i fssa _00 


( 5 ) 


^2n+P — ®®2n+/3{^j 9)1^^ 2 ( ^r+p(^)^ri^)]* 

I r— —00 


Ce 

Se 


(2. -9) 

/2n+)9 

= (_1)»-^2»+M I 


(-l)’'^ 2 r"^^[ 4 (*'l) 4 +/j(*» 2 )± 4 +jS(*^l) 4 (*'*)], 

00 


( 6 ) 

(7,8) 


with = ke-^, V 2 == ke^. If k is finite and positive, (l)-(4), (7), (8) 
are absolutely and uniformly convergent in any finite region of the 
2 -plane. (7), (8) are analytical continuations of (5), (6) § 12 when 
|cosh 2 | < 1. 


14. Integral equations for Ce^^p(Zyq), Se^^piz^q), These were 
derived by analysis akin to that in § 10.40, 

00 

Ce2n+/j(2,9) = |^2 h+/5 J 8in(2A: cosh z cosh «— i)Sw)Ce2n+/5(^, 9) 
and ® (1) 

S«2»+/j(2,9) 

00 

= — ^/iSjn+ij&sinhz J cos(2i;cosh2c08hw— ij37r)8inhMSe2„+|j(«,g)dM, 
0 (2) 
k, z real > 0, while C2„+p, ‘%„+/5 are given at (3), (4) § 12. 

15. Asymptotic series for Ce„+p{z, iy), Se^+p(z, ±y), z large, 
0 <)9 < 1. 

Cel 

- (2, 9) ~ P2n+/3(2/»rw)*[P^“>+l3 sin x— cos x], ( 1 , 2) 

2/i 

where = (-l)"pi„+/5 = G2H+p<^zn-^p(^>9), and P, Q are given 
at (13), (14) § 11.20, a = a^n+p being used to calculate the c in (7)-(9) 
§ 11.20, X = v+ln—^^TTy V = ke^ ; also 

» Qo 00 .. 

«.,} (*’ 9>2n+j8(2w*')"‘[e'’ 2 c,. V-’’— 2 (— 1)'®, 

®®l2n+/S *' r— 0 r=»0 J 

(3. 4) 
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The functions are real if z is real, so the second member in [ ] is 
omitted then. If R(2) > 0 is large, co8h{2r+fi)z ~ sinh(2r+i3)2, and 
since the coefficients are common to the series representations 

of both functions (see (12) § 4.71), under the above condition they have 
the same asymptotic expansion. 


16. Asymptotic formulae for Ce 2 n+p{Zyq), Se 2 n+p(Zyq)y q large 
and positive, 0<i3<l. 

?) (2,g)~2)2„+/j(^^cosh2)-»f(l+arg„)®°®^®» =*=**'* ^0^^ I*" 1’ 

^®/2n+/3 L ?2n-lJ 

( 1 , 2 ) 

where 9^ = 2i8 inhz— ( 2m-}-l)tan"*(tanhi2), Xjn, Z 2 n de- 
fined in § 6 and p^n+p in § 16. See last two sentences of § 7 regarding 
accuracy. 

17. Degenerate forms. Procedure akin to that in § 2 Appendix I, 
yields 


Sej 


; (z,g)-*Pm+pJm+pikir); 

(1,2) 

{z,-iq)->^TJmii%&> 

m 

(3, 4) 


(6, 6) 


(7, 8) 


COMMENTS ON CERTAIN PARTS OF THE TEXT 

18. ce^{z,q), se^{z,q) as functions of q real > 0. This is dis- 
played in Figs. \Q1-11, pp. 288-93 in the revised American edition 
(1943) of Funktionentafeln by E. Jahnke and F. Emde. Except 
Figs. 167, 169, the normalization in the graphs and those of Figs. 1-4 
herein is that of§ 2.21. In Figs. 167, 169 the values of ceo(2,g) have 
been multiplied by 2*. The reader should plot similar graphs using 
the tabular data in references 62, 96. 

19. Computation of a, )3, p, coefficients, etc. The procedure in 
Chaps. Ill- VII, XIII, etc., lacks the detail usually needed by the 
professional computer, because the text is for the general reader. 
The former is able to supply the missing material required in tabula- 
tion. The general reader will find that in computing /3 or (especially 
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the latter), the recurrence formula method in § 5.32 is easier to 
manipulate than the continued fractions in § 5.11. For convenience 
in § 5.20 et seq., we have taken Cq ~ 1, or = 1, as the case may be. 
When the order of the function is (m+jS), Cq/c^^, etc., may be 
small if m is large enough with q moderate. It might then be expe- 
dient to put = 1. A similar remark applies with regard to com- 
putation of in § 4.7 1 , since it is proportional to For instance, 
if m — 12, the computation could be started at, say, Cjo on one side 
of Cjg and at on the other. To reduce errors it is expedient to work 
toioards from each side. The whole range Cgo to or vice versa 
should not be covered in one direction only. An overlap to on 
one side of c,„, and to on the other, provides a check. 

20. Stability of solutions. In (5) § 4.14, a solution which tends 
to zero as 2 -> +oo is defined to be stable, although (a, q) lies in an 
unstable region of the plane. But the same solution tends to ±oo as 
z — cx>, so when the whole range of z is considered, it is unstable. In 
applications where 2 is a multiple of the time t, which is always real 
and positive, it is preferable that the definition (b) § 4.14 is adopted. 

21. Changing the sign of q. It is not always expedient to do 

this by writing (^ 7 r— 2 ) for 2 in solutions of (1)§ 2.10, e.g. (5), (6)§ 4.71. 
Now the recurrence relations for —q are obtained from those for -f-y 
by writing or for as 

the case may be. Thus, apart from the multiplier (—1)”, (7), (8) § 4.71 
follow immediately from (1), (2) §4.71 if this change is made. The 
same artifice may be used in §§ 6.20, 5.21, 5.310 to obtain solutions 
for a changed sign of q. When the argument in the series is 2k cosh 2 , 
it is also necessary to write ik for k^ since (iky = —q. If the external 
multiplier is a function of g, it should be re-determined (see § 12, 
where (6), (6) were derived from (1), (2) in this way). 

22. Solution of (8) § 4.80. This linear difference equation is 

satisfied by the J- and the T-Bessel functions. Referring to § 3.21, 
if we put Vf — we obtain 

= 4(aV?)(r+l). (1) 

Then if a, q are finite, it follows from (1) that u, -> 0 or to as 
r -»■ ± 00 . Hence one solution tends to zero, the other to infinity 
as r ± 00 . Now ->> 0, while by aid of (2) 1° § 8.60 it may be shown 
that Yf -> ^ 00 . But for convergence of (6) § 4.80, c, -> 0, so the 
T-Bessel function is an inadmissible solution. 
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23. Second solutions. Herein we have taken the first solutions of 
the various differential equations to be either odd or even, according 
to the value of a. If the first solution is even, there is one (and only 
one) linearly independent oM solution, and vice versa. But by virtue 
of the theory of linear D.E.^ we may construct from these two solu- 
tions as many other second solutions as we please, which are neither 
odd nor even. Thus if Ce^( 2 ,g) is the first and even solution, the 
second and odd linearly independent solution is Fe,^{ 2 ,g) in § 7.61. 
If y and 8 are any non-zero constants, 

y,(2) = yCe„(2,3)+SFe„(z,g) (1) 

represents an infinite family of linearly independent second solutions, 
which are neither odd nor even. Now it may happen that the most 
suitable second solution is obtained when y and 8 have special values. 
It is demonstrated in §§ 8.11, 8.12, 13.20 that Fey„j( 2 ,g) is a linearly 
independent solution of the same D.E. as Ce,„( 2 ,g), and by §§ 13.20, 
13.21 it has the form at (1). In this instance the values of y, 8 derived 
in § 13.21, are fixed automatically, i.e. they are not arbitrary. 

is more suitable as a standard second solution than 
?) — see analysis in Chaps. VIII, X, XI, XIII, and Appendix 
III. 

Referring to §9.30, VeyJ^z,q), ¥ekj^z,—q) are preferable to 
±?) in applications. They both tend to zero as « -foo. 

Fundamental system. Any two linearly independent solutions of a 
Mathieu equation constitute a fundamental system, since the 
Wronskian relation is non-zero (see (1) § 2.191). In the text it is 
stated sometimes that if yx{z), y^{z) are solutions satisfying this 
condition, while A, B are arbitrary constants, 

y(z) = Ay^(z)+By^{z) (2) 

constitutes a fundamental system. This may be regarded as an 
extension of the usual definition. 

24. Formula (1) § 5.15 for jS. If in Fig. 11, a* is plotted instead 
of a, the iso-j8 curves jS = 0-1, 0*2, 0-3,... will intersect the a* axis 
at equal intervals. Provided |?| is not too large, these curves are 
almost parallel to the g-axis. The \q\ range of parallelism increases 
with increase in a*, as will be evident from the last sentence of § 2.151. 
Then interpolation for p is almost linear in a*, and the accuracy of 
(1) § 6.16 and (4) § 4.74 will be of the same order. This is the basis 
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of (1) § 6.15, which is easily established by aid of paragraph one in 
§ 6.13. In Fig. 1 1 for values of g > 0 beyond the maxima of the iso-j8 
curves, where they begin to approach each other, the accuracy of 
(1) § 6.16 is likely to be low. ^ 

25. Remark on (4) § 7.40 In relation to § 7.50 et seq. By 

§ 3.21, if q is finite, as r -> + 00 , M 2 r+ 8 M 2 r+ii ?/(2^+3)^. Thus the 
r.h.s. of (4) § 7.40 is very small when r is large enough, and we get 
(approximately) (1) § 7.60 but with / for c. One solution tends to 
zero, the other to infinity as r -> +00. Consequently, if we aamme 
that/ 2 ,_i >/ 2 ,+i >ftr+ 3 y 6*^., in (4) § 7.40, and calculate the 
on this basis, we obtain a particular solution which tends to zero as 
r +cx:). The series involving the msi,y now be shown to have the 

convergence properties deduced in §§ 3.21, 3.22. The coefficients 
may be treated similarly. 

26. Convergence. Throughout the book, except perhaps at (2) 
3® § 8.60, q is assumed to be finite. In fact g > 0 may usually be 
interpreted to mean that g is greater than zero, but finite. When 
g -> All explicit statement is made to this effect. 

27. Relationships between Fey^, Ce^, Fek^, etc. in §§ 8.14, 
8.30. These were deduced using series for Fey^, Fek^, convergent 
only if |coshz| > 1. But by virtue of the B.F. product representa- 
tions these functions are continuous when |cosh z| < 1, so by analyti- 
cal continuation the said relations are valid in any finite region of the 
z-plane. They may, of course, be derived directly from the B.F. 
product series. In view of the frequent occurrence of the foregoing 
restriction on z, it is apposite to remark that the ‘ forbidden neighbour- 
hood’ is the imaginary axis! 

28. Remark on § 10.40. The functions represented by the r.h.s. 
of (4), (6), (7), (9) appear to be even in z, while those in (11), (13), 
(14), (16) appear to be odd. They are, however, neither odd nor 
even, and this point is covered by the restrictions on z at the end 
of the section. 
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wave guide, 334, 337, 339, 346-9. 

canonical form of Mathieu*s equation, 10. 
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— limiting form as g -> 0, 82. 

— normalization, 82. 

— period, 81. 

— recurrence formula for coefficients in 
series, 66. 

— solution of Mathieu*s equation, 64. 
Ce^, asymptotic formula in g, 230. 
in z, 219-26. 
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m, 8®m» 264, 266, 


t (P) signifies ‘Bessel function product series*. 

3s2 


4M1 
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Ce^, classification, 372. 

— degenerate form, 368, 369. 

— expansion in Bessel fimction series, 
169, 160. 

product series, 246, 248. 

in cosh series, 26, 27. „ 

— infinite integral for, 197. 

— integral equation for, 187-90. 

— limiting form as ^ 0, 27. 

— normalization, 82. 

— period, 26. 

— recurrence formulae for coefficients in 
series, 28. 

— solution of modified Mathieu equa- 
tion, 26. 

classification, 372. 

— expansion in Bessel function product 
series, 246. 

in cosh series, 81. 

ceu„^„, classification, 372. 

— definition, 88, 89. 

— normalization, 89. 
changing sign of 9, 21, 26, 66, 165. 
characteristic curves a^, 6^* 39. 

asymptotes, 39. 

— exponent /a, 7, 58, 61-3, 67-70, 101, 
103. 

calculation of, 69, 103, 105-7, 

130, 136-9. 

— functions, expansions in, 207. 

— number, asymptotic formula, 140, 
232, 239, 240. 

computation, q real, 28-37. 

q imaginary, 48-55. 

continuity as a function of g, 40. 

expansion in powers of g, 16, 17, 20. 

tabular values, 371. 

transcendental equation (con- 
tinued fraction) for, 29. 

— values of nuclei in integral equations 
for ce^, sOm* 185. 

circular cylinder, heat conduction in, 
330. 

circulation of fluid at infinity, 315-19. 

definition, 264-6. 

CJq), 143-8. 

— computation, 153. 

— limiting form as g-> 0, 148. 

coefficients behaviour of as 

fi— ► “[“00, 48. 

ofasg->-0, 46-7. 

of as g->- +00, 47. 

calculation of, g real, 28-37. 

^ imaginary, 48-64. 

continued fractions for, 29, 

3a-6. 


coefficients in series for ce^, 

se.., 21, 22. 

recurrence relations for, 28. 

— .4 behaviour of as -> 0 €uid 1,81. 
column, vibration of long, 292. 
combination solutions 

260, 261. 

condensation of zeros of ce„„ se„,, 238. 

of 241. 

conduction of heat in circular cylinder, 
330. 

in elliptical cylinder, 328. 

conductor, resistance of circular to a.c., 
327. 

of elliptical to a.c., 324-6. 

of rectangular to a.c., 324-7. 

conjugate properties of coefficients for 
unstable regions of (a, g) -plane, 83-6. 
continued fraction for a, 29-34. 

convergence of, 29, 33. 

28-34. 

i5, 106. 

107. 

convergence of Bessel function product 
series for ce„, 8e„, Ce„, Se., Fey„, Gey^, 
Fek„, Gek„. 257. 

series for ce^, 8e„„ Ce^, 

Fey„, Gey„, Fek„, Gek„, 169. 

— of circular function series for ce„, se^, 
37. 

for cej^\ 8ej;f\ 38. 

— of general solution of Mathieu's equa- 
tion, 90. 

— of hyperbolic function series for Ce^, 
Se„, 38. 

for Celf>, Seif>, 38. 

— of infinite determinant for fi, 67. 

integrals, 200-2. 

coordinates, elliptical, 170. 

diagram illustrating, 171. 

~ orthogonal curvilinear, 341. 

— polar, 170, 189. 

— rectangular (cartesian), 170. 
curl of vector, 342. 

current density in elliptical conductor 
carrying a.c., 324. 

curvilinear orthogonal coordinates, 341. 
cut-off or critical pulsatance in circular 
wave guide, 345. 

in elliptical wave guide, 349. 

in rectangular wave guide, 337. 

deformation of circular wave guide, effect 
of, 366. 

degenerate form of ce,^, 8e„^, as funda- 
mental ellipse tends to circle, 367. 
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degenerate form of se^^o, as funda- 
mental ellipse tends to circle, 367. 

of Ce„„ Se^, as fundamental ellipse 

tends to circle, 368. 

— — of Fey., Gey„, Fek., Gek„, as 
fundamental ellipse tends to circle, 
368. 

of Meii^* Ne^^-^^^ew fundamental 

ellipse tends to circle, 368. 
depth of penetration of current induced 
in metal slab by e.m. wave, 353. 
determinant, infinite, for n, 67, 128. 
deviation, frequency, 276. 
difference equation, 37, 150, 158. 
differential equation, heat conduction, 
328. 

HilFs, canonical form, 58, 127. 

solution of, 127-9, 131-5. 

Mathieu's, canonical form, 10, 58. 

solution of, 11-16, 21, 58, 90-6, 

99-103, 111-26. 

modified, 1, 26. 

solution of, 26, 27, 158, 243. 

Maxwell’s for e.m. field, 334-6. 

oscillation of water in lake, 301. 

satisfied by yiiz)yi{z)y 217. 

sound propagation, 358. 

vibration of elliptical plate, 310. 

of membrane, 294. 

— — vortex motion, 313-15. 

wave guide (circular), 344. 

(elliptical), 347. 

(rectangular), 336. 

differentiation under integral sign, 201. 
diffraction, diagrams illustrating, 363, 

366. 

— e.m. waves at elliptical cylinder, 363. 

— long ribbon, 366. 

at long slit, 366. 

— sound waves at elliptical cylinder, 
358. 

at long ribbon, 361. 

— at long slit, 362. 

discontinuous nucleus of integral equa- 
tion, 3. 

distortion, amplitude, in loud-speaker, 
267. 

division of (a, g) -plane into stable €ttid 
unstable regions, 76. 
dominant terms in asymptotic series for 

Ce«. Se„. F®y«. Gey„, Fek». Gek«. 

219-21. 

dynamical device illustrating Mathieu’s 
equation, 18, 285. 

— stability diagram for, 286. 

sub-harmonic, 287. 


eccentricity of ellipse, 171. 
eddy currents in elliptical cylinder, 7, 
320-3, 331-2. 

effective inductance and resistance of 
solenoid with elliptical core, 323. 
electrical diffusion, 320. 
electromagnetic waves, differential equa- 
tions for, 334-6. 

— • — diffraction of, 363-6. 

in circular wave guide, 344-7. 

in elliptical wave guide, 347-50. 

in rectangular wave guide, 337-41. 

electromechanical rectification, 272. 
elliptic cylinder functions, 2. 
elliptical coordinates, 1, 9, 170. 

— cylinder in viscous fluid, 313. 

— lake, modes of oscillation, 300. 
equation, difference, 37, 160, 168. 

' differential, see under differential 
equations. 

— pulsatance, for elliptical lake, 302. 

membrane, 297. 

plate, 311. 

evaluation of Foy^(0,g), Gey„,(0jg), 

Fek,„(0,g), Gek,„(0,g), 249, 260. 

miscellaneous integrals, 269-66. 

i^-waves in circular wave guide, 346. 

— in elliptical wave guide, 349. 

— in rectangular wave guide, 338. 
expansion of function in terms of ce„,, 

Ce«, 297, 302. 

nucleus in characteristic functions, 

207. 

fe„, characteristic number, 144. 

— classification, 372. 

— definition, 144. 

— expansion in Bessel function product 
series, 264-6. 

— limiting form as 0, 144. 

— non-periodic nature of, 141-3. 

— normalization, 144, 163. 

— recurrence formulae for coefficients in 
series, 148. 

— solution of Mathieu’s equation, 145. 
Fe,^, characteristic number, 165-7. 

— classification, 372. 

— definition, 166-7. 

— limiting form as g-> 0, 156. 

— normalization^, 144, 163. 

— recurrence formulae for coefficients in 
series, 148. 

— relation between Ce„„ Fey,„, and, 247. 
fek„„ classification, 372. 

— definition, 266. 

Fek„», asymptotic formula, 220-4. 
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Fek^, characteristic number, 163-6. 

— classification, 372. 

— degenerate form, 368, 369. 

— expansion in Bessel function product 

series, 247, 248. » 

— series, 163. 

— non-periodic nature, 163. 

— relation between Ce^, a*^d, 

163-6. 

Fey^, asymptotic formula, 220-6. 

— characteristic number, 160, 165, 166. 

— classification, 372. 

— degenerate form, 368. 

— expansion in Bessel function product 
series, 246, 247. 

series, 169, 161. 

— non-periodic nature, 160. 

— relations between Ce^, Fe^, and, 247. 
Fek^, and, 163. 

fluid, vortex motion in, 313-19. 
flux, magnetic in elliptical metal core of 
solenoid, 322. 

definition, 143. 

— limiting form when 0, 143, 144. 

— normalization, 144. 

— period, 144. 

formula, asymptotic, see under asymp- 
totic. 

— for in terms of a, g, 83. 

behaviour of when g-> 0, 149, 160. 

— coefficients in series for fe^, ge^, Fe^, 
Ge^, 144, 164-7. 

- computation of, 160-4. 

— recurrence relations for, 148. 
fractional order, functions of, 19, 20, 79, 

80. 

of, classification, 372. 

frequency modulation, 6, 9, 273-82. 

ge^, see under fe„. 

Ge^, see under Fe^. 
gek,^, see under fek,^. 

Gek^, see under Fek^. 
general relationships between solutions 
of Mathieu’s equation, 66. 

— solutions of Mathieu’s equation, 69-64. 
alternative form, 70-6. 

— theory of Mathieu’s equation, 57. 
Gey„„ see under Fey*,. 

gjz, q), tee under fje, q). 
see under 

guide, wave, circular, 344-7. 

elliptical, 347-61. 

rectangular, 337-41. 

heat conduction, see under conduction. 


Hill's equation, 2, 4, 127. 

calculation of fi, 136. 

solution of, 127, 131-5. 

— — stability of solutions, 140. 

— infinite determinant, 128. 

H-waves in circular wave guide, 346. 

— in elliptical wave guide, 349. 

— in rectangular wave guide, 339. 

identity, a fundamental, 23. 

— integral, 265. 

‘imaginary’ power in electrical circuit, 
323. 

inductance of solenoid with ellipticcd 
metal core, 323, 332. 
infinite continued fraction for a, 29. 

— convergence of, 29, 33. 

for 33. 

— determinant, 67, 128. 
initial conditions, 67. 

— value problems, 9. 

integral equation, characteristic value, 
186. 

definition, 178. 

for ce„j, 180-4. 

for Ce„.. 187-92, 197. 

for Fek„„ Gek„., 191. 

for Fey„„ Gey„„ 190, 196. 

for se,^, 180, 183-7. 

for Se„., 188, 191, 194, 198. 

for yi( 2 ) 2 /*( 2 ), 

nuclei for, 180, 190, 191. 

of first kind, 179. 

— — of second kind, 211. 

solution of, 213-16. 

— order functions, clcussification, 372. 

— relations, 186, 197-200. 

integrals, miscellaneous, invplving 
Mathieu functions, 259-66. 
integro -differential equation, 214. 
interpolation for a, 35- 

— for j8, 109. 

inverse capacitance modulation, 276. 
irrotational fluid motion, 313. 
iao-p curves, 79. 

— -fi curves, 87. 

lake, circular, modes of oscillation, 303. 

— elliptical, eccentricity e -> 1 , 305. 

modes of oscillation, 301. 

limiting form of ^ as g -► 0, 45-7. 

of as 0, 81. 

as g-> 0, 82. 

of oe„„ se,„ as g -> 0, 10. 

of Ce^, Se,„ as g-> 0, 27. 

of ce,„^.^, 86,,+^ as g-> 0, 82. 
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limiting form of fe^, ge^ as 0, 144. 

of Fe^, Ge„ as 0. 166. 

of as g-> 0, 149. 

of as 0, 89. 

linear damping, dynamical system 
having, 287. 

lines of electric and magnetic force in 
wave guides, 340, 348, 350. 
line spectrum in frequency modulation, 
279. 

long rigid ribbon, scattering of e.m. 
waves by, 363. 

scattering of sound waves by, 

362. 

loud-speidcer, amplitude distortion in, 267. 

— electromechanical rectification, 272. 

— pulsatance multiplication, 273. 
lunar perigee, 2, 129, 130, 136. 

fit curves of constant, 87, 98. 

Maclaurin series solution of Mathieu’s 
equation, 74. 

Mathieu functions of first, second, third 
kinds, 372. 

Maxwell’s equations, 334r-6. 

application to wave guides, 338-9, 

342-4. 

(m + jS), functions of order, 19, 20, 79, 80. 

classification, 372. 

Melde’s experiment, 2, 289. 

application in wave propaga- 
tion, 360-6. 

— asymptotic formula, 220, 223, 225. 

— definition, 250. 

— degenerate form, 368, 369. 

— expansions in Bessel function series, 
260. 

— relationship between Fek,„ and, 251. 
membrane, circular, 298, 299. 

— elliptical, 294-8. 
microphone, condenser type, 276. 

functions of order, 88-9. 

classification, 372. 

modified Mathieu equation, 1, 26. 

functions, de^ition, 1, 26-7. 

modulation, frequency, classification, 
274-6. 

stability chart, 277. 

zones, 276. 

see under 

nodal ellipses and hyperbolae, 5, 297, 
304, 307, 311-12. 

non-linear D.E. for vibrating string, 290. 
non-periodic solutions of Mathieu’s 
equation, 9, 141. 


normalization of ceM» se.,, Ce,„, SeM> 24. 

ceu„^^, 89. 

144, 153. 

nuclei for integral equations, 180, 190-1. 

— skew -symmetrical, 190, Table 17. 
numerical solution of equations, 1 1 1-26. 

orthogonality of ce„„ se„„ 22. 

^application, 99, 206, 208, 321. 

of ce,„^P^„ 80tH-i-pi$* 24. 

— theorem for ce,^, Ce,„; se,,,, Se,„, 176. 

for ce,^, Ce,„ ; se„„ Se^, application, 

298, 329. 

oscillation of membrane, etc., see under 
vibrational modes. 

oscillatory circuit, constant resistance, 
variable capacitance, 282. 

resistanceless, variable capacitance, 

274. 

variable resistance, constant capa- 
citance, 284. 

parametric point (a, g), 63. 

— zeros of Ce„„ Se,,, 241. 

periodic coefficients, differential equation 
having, 57. 

— mass distribution on string, 290. 

— solutions of first kind, 11-16, 372. 

of fractional order, 20, 24, 81. 

periodically varying capacitance, resis- 
tance, see under oscillatory circuit. 

tension of vibrating string, 289. 

phase factor, 337. 

— velocity, 367. 

plane, the (a, g), iso-j3, iso-fi curves, 
stable and unstable regions, 39, 76, 
98. 

plate, vibration of circular, 313. 

of elliptical, 310-12. 

Pm» Pm» multipliers, 368-9. 

p(a),(ft)^ definition, 222. 

polar coordinates, 170, 189, 342, 344. 

— diagrams for diffraction of e.m. and 
sound waves, 363, 360. 

power, condition for transmission in 
circular wave guide, 346. 

in elliptical wave guide, 349. 

in rectangular wave guide, 338. 

— loss in elliptical conductor carrying 
a.c., 326. 

— transmitted down elliptical wave 
guide, calculation, 351. 

Poynting vector, 361. 
problem, electromagnetic, analogous to 
heat conduction, 331. 
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pulsatance equation, aee under equation. 

— multiplication, 273. 

qr, as & function of, 39-4 1 . 

— J3J"^ as a function of, 41-8. 

— /?, /i as a function of, 83, 97, 98. 

— negative imaginary in Mathieu’s 
equation, 48~56, 320. 

— real parameter in Mathieu’s ecjuation, 

1 , 10 . 

— zeros in, Ce^, Se,,,, Fey„„ Gey,^, 241. 

definition, 222 . 

recurrence formula for 28. 

for i 8 . 65. 

for coefficients in asymptotic series, 

221, 225. 

— . — in unstable solutions, 83. 

for/;->, grj"’, 148-9. 

relationship between Ce^, Fe^, Fey^, 
247. 

Fek,^, Fey„. 163, 165-6. 

Se., Oe„, Oey„, 247. 

Gey„, 163-4. 

resistance, rectangular metal strip to a.c., 
327. 

— effective of solenoid with circular 
metal core, 324. 

with elliptical metal core, 323. 

definition, 223. 

roots (large) of Ce,„(z,q') = 0 , Se^( 2 ,q^) — 0 , 
in 9 , 241. 

in z, 241. 

of Fey„(*, 5 ) = 0 , Gey„(z, 7 ) -- 0 , 

in z, 241. 

roots of infinite determinant for /x, 69. 

scalar potential at surface of conductor, 
324. 

scattering of e.m. and sound waves by 
elliptical cylinder, 358-66. 
second solution of Mathieu’s equation, 5 , 
141. 

modified equation, 155-7. 

se„„ see under ce„. 
see under 

Se„„ see under Ce,„. 

see under Ce*,+^. 

separation constant, 1, 174, 337, 344. 
side bands in frequency modulation, 6 , 
280. 

skew-symmetrical nucleus in integral 
equation, 190, Table 17. 
slab, current distribution due to e.m. 
field, 352. 

slit, diffraction of e.m. waves at, 366. 


slit, diffraction of sound waves at, 362. 
s^, s^, the multipliers, 368-9. 
definition, 255. 
definition, 223. 

SJq), 144-8. 

— computation, 153. 

— value as 0, 148. 

solenoid, effective resistance and induc- 
tance with metal core, 323-4. 
solution of Mathieu’s equation, a large 
^ 9 > 0, 90-6. 

circular function series, 64. 

convergence, 37, 38, 90, 169, 

257. 

exponential series, 58. 

form of, in different regions of 

(a, 9 )-plane, 77, 78. 

form of, ^ = 0 , 10 , 1 1 , 82. 

in Bessel function product 

series, 243. 

in Bessel function series, 158. 

numerical, 1 1 1-26. 

period tt, 27r, 11-16, 21 . 

period 2 « 7 r, 20 , 81. 

q series, 11-16. 

relations between, 66 . 

— unstable region of (o, 9 )-plane, 

99-103. 

spectrum, line, in frequency modulation, 
279. 

stability chart, 4, 39-41, 97-8. 

— of electrical circuit having constant 
resistance, 283. 

— of electrical oscillations, 278. 

— of long colunm, 293. 

— of solutions of Hill’s equation, 137-40. 

— of solutions of Mathieu’s equation, 59, 
60. 

stream function, 314. 

string, vibrating, constant tension, 288. 

periodic mass distribution, 290. 

— variation of tension, 289. 

sub -harmonic, in dynamical system, 
286-7. 

— in vibrating string, 3, 290. 
super-regenerative radio receiver, 285. 

theorem, expansions in terms of ce„„ 
Ce„„ se„„ Se„., 297, 302. 

— integral equation, 178. 

relation, 186. 

— non-periodicity of second solution of 
Mathieu’s equation, 141. 

— • orthogonality, 175. 
thermal diffusion in elliptical cylinder, 
328. 



INDEX 


401 


tide height in elliptical lake, 302. 
definition, 226. 

transformation, Mathieu’s equation, 25, 
26. 

to Riccati type, 91. 

— wave equation to elliptical eo- I 
ordinates, 173. 

to polar coordinates, 189, 344. 

transition, elliptical to circular section, 
core of solenoid, 323-4, 332. 

heat diffusion, 330. 

membrane, 298-9. 

plate, 313. 

wave guide, 355. 

transverse electric and magnetic waves 
in circular wave guide, 346. 

in elliptical wave guide, 349. 

in rectangular wave guide, 

338-9. 

— vibrational modes of gets in elliptical 
cylinder, 308. 

ultra high-frequency transmission in 
wave guide, 333. 
definition, 226. 

uniform canal, oscillation of water, 306. 
unstable regions of (a,g)-plane, 40, 41, 
97, 98. 

— solutions of Mathieu’s equation, 59, 
60, 84-9. 

— - — classification, 372. 

— — conjugate properties of co- 

efficients, 83. 

vector, curl of, 342. 

— differential 4>rmulae, 342. 

— potential at surface of conductor, 324. 

— Poynting’s, 351. 

velocity, phase, in wave guide, 357. 

— potential, sound, 358. 

viscous fluid flow, 314. 

vibrating system with linear damping, 

287. 

vibrational modes of gas in elliptical 
cylinder, 308. 

of membrane, 296. 


vibrational modes of plate, 309. 

of string with constant tension, 

288. X 

with periodically varying mass 

per unit length, 290. 

with periodically varying ten- 
sion, 289. 

of water in lake, 301. 

viscosity, kinematic coefficient of, 314. 
definition, 227. 

volume distribution of eddy currents in 
slab, 352. 

vorticity of fluid round elliptical cylinder, 
8,313. 

warble tone, audio, 273. 

water, oscillation in elliptical lake, 300. 

in uniform canal, 306. 

wave equation, 1, 9. 

in elliptical coordinates, 173, 301, 

310, 320, 328, 347, 358. 

— — - in orthogonal curvilinear coordi- 
nates, 343. 

in polar coordinates, 189, 344. 

in rectangular (cartesian) co- 
ordinates, 1, 170, 294, 300, 308, 320, 
328, 336, 337, 358. 

— guide, circular, 344. 

— cut-off pulsatance, 345. 

— — elliptical, 347. 

attenuation in, 354. 

— - — — cut-off pulsatance, 349. 

— power transmitted down, 351. 

rectangular, 337. 

cut-off pulsatance, 337. 

definition, 227. 

zeros of 43-5. 

— of ce,„, se^, 234, [96]. 

Ce„„ Se„, in g, 2 , 241. 

“ ^condensation of as -foo, 

238. 

Zq, multiplier for unstable solutions, 84. 
Zq, multiplier connecting two forms of 
general solution, 75. 
zones, frequency modulation, 276-7. 
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